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PREFAC^li TO PART I. 


XN t]ic following work I have aiin(3(l at writing a 

working tt?xt-])ook on Statics for the use of Junior 
Students. 

Througliout tijc book will be found a large nunilxu* 
of examples ; nu^st of them, with the exception of 
many of those at the eml of the Chapter on Friction 
and the Miscellan(‘Ous Examples at the end of the 
volume, are of an easy type. 

T have tried to make the book complete as far as 
it goes; it is suggested, howev('r, thiit the student 
should, on the first reading of the subject, omit every- 
thing marked with an asterisk. 

I must express my obligations to my friend 
Mr H. (1 Hobson, IM.A., Fellow and Li'ctnrer of 
Sidney Sussex College, Cambridge, for liis kindness 
in reading through the proof-sheets, and for many 
fruggestioirs that ho htis made fo me. 

Any e.orrections f)f errors, or hints for improvement 
will be thankfully received. 

S. L. LOXEY. 

JiAUNKS, S.W. 

Decottbar, 1890 . 



PREFACE TO THE TENTH EDITION. 


T he book has been soinev^hat altered, and 1 hope 
improved, for this edition, and the type entirely 
re-set. Graphic solutions have been introduced much 
earlier, and more use has been made of graphic methods 
throughout the book. More experimental work has also 
been introduced. 

The chapter on Work has been placed earlier, and 
much greater stress has been laid upon the Principle of 
Work. 

Sundry somewhat long analytical proofs have been 
relegated to the last chapter, and here I have not 
scrupled to introduce alternative proofs involving the 
use of the Differential Calculus. 

For ten of the new figures in this book I am much 
indebted to the kindness and courtesy of Dr R. T. 
Glazebrook, who allowed me to use the blocks prepared 
for his Statics. Most of these figures have the additional 
merit of having been drawn from actual apparatus in 
use at the Cavendish Laboratory at Cambridge. 

S. L. LONEY. 


Koyaii Holloway College 

Emolbfield Gbeen, Sukkey. 
July 2dr(2, 1906. 
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STATICS. 


CHAPTER I. 

INTRODUCTION. 

1. A Body is a portion of matter limited in every 
direction. 

2.. Force is anything which changes, or tends to 
change, the state of rest^ or uniform motion, of a body. 

3. Beit. A body is said to be at rest wlien it does 
not change its position with respect to surrounding objects. 

4. Statici is the science which treats of the action 
of forces on bodies, the forces being' so arranged ^that the 
bodies, are at rest.' 

The science which treats of the action of force on bodies 
in motion is called Dynamics. 

In the more modem system of nomenolature which is gradually 
^nisg seneral acceptance, the science which treats of the action of 
force oii*bodies is called^ Dynamics, and it has tw<^ subdiidsions, 
Statics apd Kinetics, treating of the action of forces on^bodiee which 
are at rest and in motion respectively. ^ 

6. A Particle is apportion of matter which 
definitely small in size,^ or which, for the purpose of our 
investigations, is so small that the distances between its 
different parts may be neglected. 


L. 8. 
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A body may be regarded as an iiideiiiiitely large ii umber 
o£ indefinitely small portions, or as a conglomeration of 
particles. 

^ G. A Rigid Body is a body whoso parts always 
preserve an invariable position with respect to one anotlier. 

This conception, like that of a particle, is idealistic. 
In nature no body is perfectly rigid. Every body yields, 
perhaps only very slightly, if force be applied to it. If a 
rod, made of wood, have one end firmly fixed and the other 
end be pulled, the wood stretches slightly ; if the rod be 
made of iron the deformation is very much less. 

To simplify our enquiry avc shall assume that all the 
bodies with which we have to deal are perfectly rigid. 

7« Equal Forces. Two forces are said to be e<[ual 
when, if they act on a particle in opposite directions, the 
particle remains at rest. 

8. Mass. The mass of a body is the quantity lof, 
matter in the body. The unit of mass used in England is 
a pound and is defined to \)e the mass of a certain piece of 
platinum kept in the Exchequer Office. 

Hence the mass of a body is two, three, four... lbs., 
when it contains two, three, four. . . times as much matter 
as the standard lump of platinum. 

In France, and other foreign countries, the theoretical 
unit of mass used is a gramme, which is equal to about 
15*432 grai^ The practical unit is a kilogramme (1000 
grammes), which is equal to about 2*2046 lbs. 

9. Weight. The idea of .weight is one witli which 
everyone is familiar. We all know that a certain amount 
of exertion is required to prevent any body from falling to 
the ground. The earth attracts eveiy body to itself with 



INTRODUCTION 


• 3 

a force which, as we shall see in Dynamics, is proportional 
to the mass of the body. 

Tlie force witli which the earth attracts any body to 
itself is called the weight of the body. 

10 . Measurement of Force. We shall choose, as our 
unit of force in Statics, the weight of one pound. The unit 
of force is therefore ccjual to the force which would just 
support a mass of one pound when hanging freely. 

We shall find in ]3ynamics that the weight of one 
pound is not quite the s^nne at different points of the 
earth’s surface. 

In Statics, however, we shall not have to compare forces 
at diffei’ent points of the earth’s surface, so that this vanation 
in the weight of a pound is of no practical importance ; we 
shall therefore neglect this variation and assume the weight 
of a pound to be constant. 

^ 11 . In practice the expression “ weight of one pound ” 
is, in Statics, often shortened into “one pound.” The 
student will therefore understand that ^^a force of 10 lbs.” 
means “a force equal to the weight of 10 lbs.” 

12 . Forces represented hy straight lines, A force will 
be completely known when we know (i) its magnitude, 
(ii) its direction, and (iii) its point of application, i,e, the 
point of the body at which the force acts. 

Hence we can conveniently represent a force by a 
straight line drawn through its point of appftcation; for 
a straight line has both magnitude and direction. ' f 

Thus suppose a straight line OA represents a force, 
equal to 10 lbs. weight, acting .at a point 0. A force of 
5 lbs. weight acting in the same direction would l>e repre* 
sentcd by OB^ where B bisects the distance OAy whilst a 

1—2 
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force, equal to 20 Uin. weight, would be represeiited by OC, 
where OA is produced till ^6' equals OA, 



An arrowlu‘ad is often used to denote the dinictiori in 
which a force acts. 

13 . Subdivisions of Force, There are three different 
forms untler which a force may appear when applied to a 
mass, viz, as (i) an attraction, (ii) a tension, and (iii) a 
reaction. 

14 . Attraction. An attraction is a force exerted by 
one body on another without the intervention of any 
visible instrument and without the bodies being necessarily 
in contact. The only example we shall have in this l>ook 
is the attraction which the earth has for every body ; this 
attraction is (Art. 9) called its weight. 

15 . Tensions. If we tie one end of a string to any 
point of a body and pull at the other end of the string, wo 
exert a force on the body ; such a force, exerted by means 
of a string or rod, is called a tension. 

If the string be light \i.e. one whose weight is so small 
that it may be neglected] the force exerted by the string is 
the some tlf^ughout its length. 

For example, if a weight Whe ^ 
supported by means of a light 
string x)assing over the ^smootli . 
edge of a table ii is found that the 
sfUDie force must l)e applied ^ to the 
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string wJiatovor be the pnint, By or C of the string at 
which tlie force is applied. 

Now the force at A required to support the weiglit 
is the same in eacli case \ hence it is clear that trie effect 
at A is the same whatever l)e the point of the string to 
which the tension is applied and that thes tension of the 
string is therefore the same throughout its length. 

Again, if the weight W 1x3 sup- 
ported by a light string passing round 
a smooth peg Ay it is found that the 
same force must be exerted at the other 
end of the string whatever be the 
direction {ABy ACy or AD) in which 
the string is pulled and that this force 
is equal to the weight W, 

' [These forces may be measured by attaching the free 
end of the string to a spring-balance.] 

Hence the tension of a light string passing rou'nd a 
smooth peg is the setme throughout its lemjth. 

If two or more strings be knotted together the tensions 
are not necessarily the same in each string. 

The student must carefully notice that the tension of a string is 
not proportional to its length. It is a common error to suppose mat 
the longer a string the greater is its tension ; it is true that we can 
often apply our force more advantageously if we use a longer piece of 
string, and hence a beginner often assumes that, other things being 
equal, the longer string has the greater tension. 

16 . ReoAition. If one body lean, or be prSissed, against 
another lx)dy, each body experiences a force at the point of 
contact ; such a force is called a reaction. 

The force, op action, that one body exerts on a second 
body is equal and opposite to the force, or reaction, that 
the second body exerts on t}ie first 
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Tlii« statomont. will l>o foiiiul to hoiiiclnded in Nowton’s 
Till I’d Law of Motion [Part TL, Art. 73]. 

Examples. If a ladder lean against a wall tlio force* 
exerted by the end eif tlie ladder upon the* wall is equal and 
opposite to that exerted by the wall upon the end of tlio 
ladder. 

If a cube of wood is placed upon a tnhlo the force which 
it exerts upon the table is equal and opposite? to the force 
which the tabh? exerts on it. 

17- Equilibrium. When two or more forces act 
upon a body and are so arranged that the body remains at 
rest, the forces arc said to be in equilibrium. 

18- Introduction^ or removal^ of equal and op)poHite 
forces. We shall assume that if at any point of a rigid 
body we apply two equal and opposite forces, they will 
have no effect on the equilibrium of the body; similarly, 
tliat if at any point of a body two equal and opposite 
forces arc acting they may bo removed. 

19. Principle of the Transmissibility of Force. If a 
force act at any point of a rigid hody^ it may be considered 
to act at any other point in its line of action provided that 
this latter point be rigidly connected with tlie body. 

Let a force F act at a point X of a br>dy in a direction 
AX. Take any point Pin AX and at B introduce? two 
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equal and opposite forces, cacli equal to acting in the 
directions BA and BX ; these will have no effect on the 
equilibrium of the l)ody. 

The forces F acting at A in the direction AB^ and F at 
B in the direction BA are equal and opposite; we shall 
assume that they neutralise one another and hence that 
tliey nifiy ho removed. 

We have thus left the force F at B acting in the 
direction BX and its effect is the same as that of the 
original force F at A. 

Tlio internal forces in the above body would be different 
according as the force F is supposed applied at A or B; 
of the internal forces, however, we do not treat in the 
present book. 

SlO*- Smooth bodies. If we place a piece of smooth 
polished wood, having a plane face, upon a table whose top 
is made as smooth as possible we shall find that, if we 
attempt to move the block along the surface of the table, 
some resistance is experienced. There is always some 
force, however small, between the wood and the surface 
of the table* 

If the bodies were perfectly smooth there would he 
no force, parallel to the surface of the table, between the 
block and the table; the only force between them would 
be perpend icular to the table. 

Def. When two bodies, which are in ^contact, are 
perfecfly smooth the force, or reaction, between them is 
pei*pend icular to their common surface at the point of 
contact. 



CHAPTEK II. 

COMPOSITION AND RESOLUTION OF FORCES. 

21 . Suppose a flat piece of wood is resting on a 
smooth table and that it is pulled by moans of three strings 
attached to three of its comers, the forces exerted by the 
strings being horizontal ; if the tensions of the strings be 
so adjusted that the wood remains at rest it follow's that 
the three forces are in equilibrium. 

Hence two of the forces must together exert a force 
equal and opposite to the third. This force, equal and 
opposite to the third, is called the resultant of the first two. 

22. Resultant. Def. If two or more forces JP, 

S . . . €uct u]xm a ri(/id body and if a single force^ jB, can he 
found whose effect upon the body is the same a>s that qf the 
forces S... this single force H is called the re8ul.ta/nl of 
the other forces and the forces jP, S.., are called the com- 
ponents of 

It follovm from the definition that if a force be applied 
to the body equal and opposite to the force then the 
forces acting on the body will balance and the body be in 
equilibrium ; conversely, if the forces acting on a body 
balance then either of them is ^ual and opposite to the 
resultant of the others. 
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23. Remltant of forcas miing in the mrne Btraight line. 

If two forces act on a l)ody in the same direction their 
resultant is clearly equal to their sum ; thus two forces 
acting in the same direction, equal to 5 and 7 lbs. weight 
respectively, are equivalent to a force of 12 lbs. weight 
acting in the same direction as the two forces. 

* Tf two forces act on a body in opposite directions their 
resultant is equal to their difference and acts in the direction 
of the greater; thus two forces acting in opposite directions 
and equal to 9 and 4 lbs. weight respectively are equivalent 
to a force of 5 lbs. weight acting in the direction of the 
first of the two forces. 

^ 24. When two forces act at a point of a rigid body in 
different directions their resultant may be obtained by 
means of the following 

Theorem. Parallelogram of Forces. ' If tnio\ 
forces, acting at a •point, he represented in magnitude and 
direction hy the tioo sides of a parallelogram drawn from one 
of its cmgtilar points, their residtant is represented both in 
magnitude and direction hy the diagonal of the parfdlehgrtim 
passing through that a/ngular point. 

This fundamental theorem of Statics, or rather another 
form of it, vis. the Triangle of Forces (Art. 36), was first 
enunciated by Stevinus of Bruges in the year B'JSG. Before 
his time the science of Statics rested on the Principle of 
the Lever as its basis. 

In jbhe following article we shall give an diKperimental 
proof; a more formal proof will be found in the last chapter. 

In Art. 72 of Part II. of this book will be found a proof 
founded on Newton’s I^ws of Motion. 

28. Baperlmental proof. Let F and G be two 

light pulleys attached to a fixed support; over them let 




A second string is knotted at 0 and carries a third 
scale-pan iT. 

Into the^o scale-pans are placed known weights, and the 
whole system is allowed to take up a position of equilibrium. 
Let the weights in the scale-pans, together with the weights 
of tlie scale-pans themselves, be and U llw. respectively. 
On a b]ackl)oard, or a piece of paper, conveniently 
placed Ijehind the system draw the lines OF^ 00^ OIT as in 
the figure. 
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Takin;i( some conveniont scalo (say tluve inches, or loss, 
per one Ih.) mark off OA^ OBy and OD to represent Py Qy 
and R lbs. Complete the parallelogram OACB. Then OC 
will bo found to be equal in length, and opposite in direction, 
to OD. 

But, since Py Qy and R l)alancc, thei*efore R must be 
(^qual and opposite to the resultant of P and Q. 

^J'herefore the resultant of P and Q is represented by 
OCy i.e. by the diagonal of the parallelogram whose sides 
represent P and Q. 

Tliis will be found to be true whatever be the relative 
magnitu<les of Py Qy and Ry provided only that one of them 
is not greater than the sum of the other two. 

Tn the figure P, and 12 are taken respectively to be 4, 3, and 
5 lbs. In this case, since 5^=42+32, the angle AOB is a right 
angle. 

When the experiment is pt;rformed, it will probably be 
found that the point 0 may be moved into one of several 
positions close to one another. Tlie reason for this is that 
we cannot wholly get rid of the friction on the pivots of the 
pulleys. The effect of this friction will be minimised, in 
this and similar statical experiments, if the pulleys are of 
fairly large diameter; aluminium pulleys are suitable be- 
cause they can be mode of comparatively large size and yet 
be of small weight. 

Apparatus of the solid type shown in the above figure 
is not necessary for a rough experiment. The pulleys F 
and G may have holes bored through them th?bugh which 
bradawls can be put ; these bradawls may then be pushed 
into a vertical blackboard.* ■ 

The pulleys and weights of the * foregoing experiment may be 
replaced oy three Salter’s Spring Balances. Each of these balances 
shews, by a pointer which tiuvels up and down a graduated face, what 
force is applied to the hook at its end. 
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Tliree light strings nro knotted at 0 and ait;iched to llie ends of 
the spring balances. The three balances are then drawn out to shew 
any convenient tensions, and laid on a horizontal table and fixed to it 
by hooks or nails as shewn. The readings of the balances then give 
the tensions P, and 11 of the three strings. Just as in the 



preceding experiment we draw lines Od, OB^ and OC to represent 
P, Q, and Ji on any scale that is convenient, and then verify that 00 
is equal in magnitude and exactly opposite in direction to OD, the 
diagonal of the parallelogram of which OA and OB are adjacent 
sides. 

26 . To find tlie direction and magnitude of the re- 
sultant of two forces, we liave to find the direction and 
magnitude of the diagonal of a parallelogram of which the 
two sides represent the forces, 

Bz. 1. Find the remltant of forces eyiutl to 12 ami 5 lis, weight 
respectively acting at right angles. 
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Let OA and OJi represent tlie forces so that OA is 12 units of- 
length and OU is 5 units of length; complete the rectangle OACB. 
Then 0C2=0/(»+dC2=122+5®=169. 0C=13. 

A C 5 

Also tan COA = . 

Ilcnco the resultant is a force equal to 13 lbs. weight making with 
the lirst force an angle whose tangent iiji'o, t.c. about 22° 37'. 

Ex. 2. Find the resultant of forces equal to the weights of 5 and 
Slbs. respectively acting at an angle of 6(^. 



Iict OA and Oil represent the forces, so that OA is 5 units and OB 
3 units of length ; also let the angle AOB be 60°. 

Complete the parallelogram OA OB and draw CI> perpendicular to 
OA, Then OC represents the required resultant. 

Now d/>^^Coo8CdD=3oos60°=2; O/i-'V.'/ 

Also f>C=/fC 8 in 60 “^ 3 > 2 -. 

••• 

and tan COR=®^ = ^=-3997. 

Hence the resultant is a force equal to 7 lbs. weight in a direction 
making with OJ) an angle whose tangent is *3997. 

On reference to a table of natural tangents this angle is easily seen 
to be al^ut 21° 47'. 

Tho resultant, i?, of two forces P and*'© acting at 
an angle a may be easily obtained by Trigonometry. 

For let OA and OB represent the forces P and Q acting 
at an angle a. Complete the parallelogram OACB and draw 
CD perpendicular to OA^ produced if necessary. 

Let R denote the magnitude of the resultant. 
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Tli.-n OJ) = OA + A J) - = OA + AG cos DAG 

r. P + Q COS HOD =-r^Q cos a. 

[If 1) fall between O and •! , as in llic second figure., we liuve 
0/>= OA - PA--^OA - AGcoaJ>AC=l‘- geo8(180“ - tt)=i’+ y ooso.] 



JP -- 0(P - DIP + Cir- ^^(P+Qcos af + (Q sin af 
+ ‘IPQ cos a. 


Rss VP^+Q^4-2PQcoBa 


Also 


tan cop -=■ 


DC Q sin a 
QD i\H-(>COSa 


.(i). 

(ii). 


Tlieso two equations give tli(5 required luagiiitudo ami 
direction of the resultant. 

” r 

Cor. X. If tho forces be ut right angles, wo liavo a— DO", so that 
and tan CO A =jy 


Oor. 2. If the forces bo each equal to 1 \ wo have 
ii=Vi^(l + l + 2cosa) = pV 2 (1 +cosa) 


and 


'2.2oos!'“=27>co85, 

A 2 


tan CO A = 


Psma 

P+P^sa 




CL CL 

2 sin ^ cos ^ 


2 oo 8»| 


=tan> 


2 * 


BO that the resultant of two equal forces bisects the angle between 
them ; this is obvious also from first principles. 
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EXAMPLES. I. 


^1. In the following seven examples P and Q denote two csom- 
porient forcr-s acting at an angle a and H denotes their resultant. [The 
results should also be verified by a graph and measurement.] 

^ (i). IfP=24; g= 7; a= 00"; find ii. 

^(ii). a= 90"; find g. 

" (iii). If7^= 7; g= ft; a-^ 60"; find A'. 

' (iv). lfP= fi; g= 9; a = 120"; find iJ. 

y (v). ;i; g= 5;Ji^7; find a. 

(vi) . If i'=13; g = 14; o=sin-> find K. ■ 

(vii) . If i’= 5; Jf= 7; o= 60"; find Q. 

X 2. Find the greatest and least resultants of two forces whose 
magnitudes are 12 and 8 lbs. weight respectively. 

^ 3. Forces equal respectively to .H, 4^5t and 6 lbs. weight act on a 
particle in directions respectively north, south, east» and west; find 
the direction and magnitude of their resultant. 

^ 4. Forces of 84 and 187 lbs. weight act at right angles; find their 
resultant. ^ 

^ 5. Two forces whose magnitudes are P and Py'2 lbs. weight act 
on a particle in directions inclined at an angle of 13e5" to each other; 
find the magnitude and direction of the resultant. 

6. Two forces acting at an angle of 60° have a i-csultant equal to 
2Ay3ibs. weight; if one of the forces be 2 lbs, weight, find the other 
force. 


7, Find the resultant of two forces equal to the weights of 13 and 
11 lbs. respectively acting at on angle whose tangent is Verify by a 
drawing. ^ 


^ 8. Find the resultant of two forces equal to the weights of 10 and 
9 lbs. respectively acting at an angle whose tangent is 1*^ Verify by a 
drawing. ^ 

9. Two equal forces act on a particle; find the anglo between 
them .when the square of their ^sultant is equal to three timeb their 
product. 


^ 10. Find the magnitude of two forces such that, if they act at 
right angles, their resultant is ^10 lbs. weight, whilst when they act at 
an angle of 60° their resultant is ^13 lbs. weight. 


Uii'rAiif 



16 


STATICS 


Exs. 1 


11. Find the angle between two equal forces T when their 

p 

resultant is (1) equal to 7’, (2) equal to — . 

12. At what angle do forces, equal to and (A -li), act so 

that the resultant may be 

13. Two given forces act on a particle; find in what direction a 
third force of given magnitude must act so that the resultant of the 
three may be as great as [lossible. 

14. By drawing alone solve the following: 

(i) . lfP=10; g = ir>; a-- 37"; find 7i\ 

(ii) . Ifi"= 9; 7; lind ii. 

(iii) . IfF= 7; g= 5; find a. 

(iv) . IfP=:7-3; J2=8*7; a= 65^; find g. 

28. Two forces, given in iiiagnitudo and direction, have 
only one resultant ; for only one parallelogram can be con- 
structed having two lines OA and OB (Fig. Art. 27) as 
adjacent sides. 

29. A force may Ihj resolved into two coinjxinents in 
an infinite number of ways; for an infinite number of 
parallelograms can be constructed having OG as a diagonal 
and each of these parallelograms would give a pair of such 
components. 

30. The most important case of the resolution of forces 
occurs when we resolve a force into tw'o components at 
light angles to one another. 

Suppose we wish to resolve a force I'opresented by 
OG, into tVo components, one of which is in the direction 
OA and the other is ix3rpendicular to OA. 

Draw CM pei'pondiculur to OA and complete the parab 
lelogram OMCN^ The forces repi*esentcd by OM and ON 
have os their i*e8ultant the force OC, so that OM and ON 
are the required components. 
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Ijtit thn angUs A OC l)e «. 



A 


Then OM = OC cos a ■■ = F cos a, 

and ON - MO 0(7 sin a - /^^sin a. 

[If the point M lie in OA produced biickwards, as in the second 
figure, the component of F in the dii*ection OA 

=s - OM= - OC cos C0ii/=: - OC cos (180° - o) = OCcos a = Fcos a. 

Also the component perpendicular to OA 

= ON=MC= OCsin COM=F8m o.] 

Hence, in each cjise, the required components are 
i'^’costt and j^sina. 

Thus n force equal to 10 lbs. weight acting at an angle of 60° with 
the horizontal is equivalent to 10 cos 60° (=10 x ^=5 lbs. weight) in a 

horizontal direction, and 10 sin 60° ( = 10 x = »5 x 1*732 = 8*66 lbs, 

weight) in a vertical direction. 

31. Def. The Resolved Part of a given force in a > 
given direction is the component in the given direction 
which, with a component in a direction perpendicular to the 
given direction, is equivalent to the given force. 

Thus in the previous article the resolved part of th^ 
force F in the direction OA is F cos a. Hence 

Resolved Part of a given force in a given directum is .j 
obtained by multiplying the given force by the ^ine of the [> 
angle between die given force and die given direction, . ^ 

^2, A force cannot pVoduce any effect in a direction 
perpendicular to its own line of action. For (Fig. Art. 30) 
there i.s no reason why the force ON should have any 
tendency to make a particle at.O move in the direction OA 


4f 


2 


L. B. 
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rather than to make it move in tlio direction AO produced ; 
hence tlie force O 2 V cannot have any tendency to make the 
particle move in either the direction OA or AO produced. 

For example, if a railway carriage be standing at rest 
on a railway line it cannot be made to move along the rails 
by any force which is acting horizontally and in a direction 
perpendicular to the rails. 

33. The resolved part of a given force in a given 
direction represents the wliole effect of the force in tlie given 
direction. For (Fig. Art. 30) the force OC is completely 
represented .by the forces ON and OM. But the force ON 
has no effect in the direction OA. Hence the whole effect 
of the force F in the direction OA is represented by OM^ 
i.e. by the resolved part of the force in the direction OA. 

d4. A force may be resolved into two components in any two 
assigned directions. 

Let the components of a force F, represented by OC, in the 



directions OA and OB be rc4]uircd and let the angles yf OC and COB 
be a and p respectively. 

Draw CM parallel to OB to meet OA in M and complete the 
parallelogram OMCS. 

Then OJl/^and ON are the required components. • 

Since 3/C and ON are parallel, we have 

OCM^p; also OAfC= 180® - CMA = 180® - (o +/3). 

Since the sides of the triangle 03fC are projjortional to the sines 
of the opposite angles, we have 

OM _ MC _ OC^_ 

Bin OC3/ ” sin J/OC ~ sin 03/0' 
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OM _MJ0 _ F 
sin ~ sin a sin (a + /S) ’ 

Hence the required components are 

,, sinfl , Rina 

sin (a + )9) sm (a -4 /8) 

35 . The student must carefully notice that the com- 
ponents of a force in two assigned directions are not the 
same as the resolved parts of the forces in these directions. 
For example, the resolved part of F in the dirc^ction OA is, 
by Art. 30, Fcos a. 


EXAMPLES, n. 

1 , A force equal to 10 lbs. wciRlit is inclined at an angle of 30® to 
the borizontal; find its resolved parts in a horizontal and vertical 
dii'ection respectively. 

2, F;nd the resolved part of a force P in a direction making (1) an 
angle of 45®, (2) an angle equal to cos~'^ (ya) with its direction. 

3, A truck is at rest on a railway line and is pulled by a hori- 
zontal force equal to the weight of 100 lbs. in a direction making an 
angle of 60® with tlie direction of the rails ; what is the force tending 
to urge the truck forwards? 

4, Besolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60® to eacli other. Verify by a graph and measurement. 

5, Besolve a force of 50 lbs. weight into two forces making angles 
of 60® and 45® with it on opposite sides. Verify by a graph and 
measurement. 

6, Find the components of a force P along two directions making * 
angles of 80° and 46® with P on opposite sides. 

7, If a force P be resolved irito two forces making ^glea of 45° 
and 16® with its direction, shew that the latter force is 

8, * Find a horizontal force amd a force inclined at an angle of 60° . 
with the vertical whose resultant shall be a given vertical force F . 

9, If a force be resolved into two* component forces and if one 
component be at right angles to the force and equal to it in magnitude, 
find the direction and magnitude of the other component. 


2—2 
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Exs. n 


10. A force equal to the weight of 20 Ihq. acting vertically up- 
wards is resolved into two forces, one being horizontal and equal to 
the weight of 10 lbs. ; what is the magnitude and direction ot the 
other force? 

11. By a graphic construction and measurement resolve a force 
equal to 35 lbs. wt. into components making angles of 98” and 40° with 
it on opposite sides. 

36 . Triangle of Forces. If three forces^ acting at 
a pointy he represented in nmgrdtmle and directum hy the 
sides of a triangle^ taken in order^ they will he in eqni 
lihriuni. 

Let the forces 1\ Qy and K acting at tlie point 0 be 
represented in magnitude and direction by the sides A By 



BCy and CA of the triangle ABC \ they shall be in equi- 
librium. 

Complete the parallelogram ABGD. 

The forces represented by BO and AJ) are tlio same, 
since BG and AD are equal and parallel. 

Now the resultant of the forces AB and ADy is, by the 
parallelogram of forces, represented by AC. 

Hence the resultant of AB, BC, and GA is equal to the 
resultant of forces AC and CA, and is therefore zero. 

Hence the three forces P, Q, and R are in equilibrium. 

Cor. ^ Since forces represented by AB, /?6\^aud CA 
are in equilibrium, and since, when three forces are in 
equilibrium, each is equal and opposite to the resultant 
of the other two, it follows that the resultant of AB and 
BC is equal and opposite to CM, i«e. their resultant is 
represented by AC, 
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Hence the resultant of two forces, acting at a {loint 
and represented by the sides AB and BC of a triangle, 
is represented by the third side AC, 

/ 37 . In tlie Triangle of Forces the student must carefully note 

that the forces must be parallel to the sides of a triangle taken in 
order f i.e, taken the mma way rmuuL . 

For example, if the first force act in the direction A 77, the second 
must net in the direction BC\ and the third in the direction CA ; 
if the second force were in the direction C/7, instead of Z?C, the forces 
would not be in equilibrium. 

The three forces must also act at ajpoint ; if the lines of action of 
the forces were BC, CA, and -d/TtlSlsy would hot bo in equilbrium ; for 
the forces A B nnd BC would have a resultant, acting at B, equal and 
parallel to AC. The system of forces would then reduoe to two equal 
and parallel forces imting in opposite directions, and, as we shall 
sec in a later chapter, such a pair of forces could not bo in 
equilibrium. 

. 38 . The coiivcrso of tho Triauglo of Forces is also 

true, mz, that If three forces actiwj at a point he in equir"^ 
libHum thit/ can he reirrescnted in maejnitnde and directimt 
hi/ the sides of any irlanyle which is drawn so as to have its 
sides respectreeJ y parallel to the directions of the forces. 

Let the three forces P, and A*, dieting at a point O, 
be in equilibriuni. Measure olF lengths OL and OM along 
tho directions of F and Q to represent these forces respec- 
tively. 



Complete the parallelogram OLNM and join ON, 

Since the three forces /^, Q, and 11 are in equilibrium, 
each must bo equal and opposite to the resultant of the 
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oilier two. Hence li must be C(|ual and opposite to the 
resultant of P and (J, and must therefore be represented 
by NO. Also LN is equal and parallel to OM. 

Hence the three forces Pj'Q, and B are parallel and 
proportional to the sides OL^ LN, and NO of the triangle 
OLN. 

liny other triangle, whose sides are parallel to those of 
the triangle OLN, will have its sides proportional to those 
of OLN and therefore proportional to the forces. 

Again, any triangle, whose sides are respectively jier- 
{lendicular to those of the triangle OLN, will have its sides 
proportional to the sides of OAiTand therefore proportional 
to the forces. 

39. The proposition of the last article gives an easy 
graphical method of deteriuining the relative directions of 
three forces which arc in equilibrium and whose magni- 
tudes are known. AVo have to construct a triangle whose 
sides are proportional to the forces, and this, by Euc. I. 22, 
can always be done unless two of the forces added together 
are less than the third. 

40. !Fh60r6ni. If three forces acting on a 
jHirticle keejy it in equilibrium, each is p?'oportio 7 tal to the 
sine of the angle betwee^i the other tw6. 

Taking Fig,, Art 38, let the forces P, Q, and be in 
equilibrium. As before, measure off lengths OL and OM to 
represent/che forces P and Q, and complete the parallelo- 
gram OLNM, Then NO represents if. 

Since the sides of the triangle OLN are proportional to 
the sines of the opposite angles, we hava 
OL LN NO 
sin LNO " i^riLQN "" b^LN‘ 
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But 

sill LNO = sin NOM= sin (180® — QOR) = sin QOR^ 
sin LON ^ sin (180® — LOR) ~ sin ROP^ 
and sin OLN - sin (180® — POQ) -■ sin POQ, 

LN= OM, 

OL OM NO 

mi QOR sin Sop sin POO’ 

P J2 

sin QOR sin POP siu 7*00 

41 . Polygon of Forces. If any number of farces^ 
acting on a particle^ he represented^ in magnitude and 
direction^ by the sides of a polygon^ taken hi order, the 
forces shall he hi eguilibrhmi. 


F 


Let the sidess^yl/j, PC, CD, DE, EF and FA of the 
polygon -dPCPPP represent the forces acting on a particlo 
0. Join AG, AD and AE, 

By the corollary to Art. 36, the resultant of forces AB 
and BC is represented by AG, ^ 

Similarly the resultant of forces AG and CD is,i*eprc- 
sented by AD ; the resultant of forces AD and DE by AE; 
and the resultant of forces AE and EFhy AF, 

Hence the resultant of all the forces is equal to the 
resultant of AF and FA, he, the resultant vanishes. 




Also 
H eiice 

i.e. 
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JleiicG t]iG forces aro in cqiiilibriuiii. 

A similar luctluKl of proof will apply wliatev(3r bo tlio 
number of forces. It is also clear from the proof that the 
sides of the polygon need not be in the same plane. 

The converse of the Polygon of Forces is not true; for tlic r.itios of 
the sides of a iwlygon are not known when the dirooLions of the sides 
are known. For eicample, in the above figure, we iniglit take any 
point A' on AB and draw A'F* parallel to A F to meet EF in F ' ; the 
new polygon A'BCBEF* has its sides respectively parallel to those of 
the polygon ABCDEF but the corresponding sides aro clearly not 
proportional. 


42 . 2'hc rGnultant of two forces, actiiMj at a lutini 0 iu 
directions OA ami OB and represented in mmjnitudc hy 
A. OA a'tul fji . OB, is represented by (A + /x) . OC, ichere C is 
a point in A B such that A . CA — p . CB» 

For let 0 divide the line AB, such that 

A.6M^/x.C7;. 


B 



O 


Complete the parallelograms OCAD and OCBK. 

By the parallelogram of forces the force A . OA is 
equivalent y:) forces represented by A. OC and \,0D, 

Also the force p . OB is equivalent to forces represented 
by p , OG and p . OB, 

Hence the forces A . OA and p . OB are. together equiva- 
lent to a force (A + p) 00 ^gotber with forces A . OD and 
a. OB. 
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But, (since X . OD = X . CA = /i . CB = /a . 0-^) these two 
latter forces arc equal and opposite and therefore are in 
equilibrium. 

Hence the resultant is (X + /a) . OC. 

Cor. Tlie resultant of forces represented by OA ainl 
OB is 206^, where C is the middle point of AB, 

This is also clear from the fact that OC is half tljo 
diagonal OD of tJie parrdlelogram of which OA and OB arc 
adjacent sides. 


EXAMPLES, m. 

1. Til ICC forces artiriR at a point are in equilibrium; if they 
make aiifjlcs of 120° with one iinotlier, shew that they are equal. 

If the angles are G0°, 150°, ami 150°, in what proportions are the 
forces ? 

2. Throe forces acting on a particle are in equilibrium ; the aiifrle 
bctwiien Uio first and second is 90° and that between the second and 
third is 120°; find the ratios of the forces. 

3, Forces equal to 7F, 5F, and 8F acting on a particle aro in 
equilibrium; find, by geometric constmetion and by calculation, the 
angle between the latter pair of forces. 

4. Forces equal to 5F, 12P, and VSV acting on a particle arc in 
equilibrium; find by geometric construction and by calculation the 
angles between their directions. 

5, Construct geometrically the directions of two forces 2P and 
3P wdiich make equilibrium with a force of 4P whose direction is 
given. 

6, The sides AB and AC of a triangle ABC aro bisected in J) and 
B ; shew that the resultant of forces represented by BB and J)C is 
represented in magnitude and direction by |-PC. 

7. P is a particle acted on by forces represented by X . AP and 
X . PB where A and B aro two fixed points; shew tliat theV resultant 
is constant in magnitude and direction wherever the point P may be. 

8, ABCJJ is a parallelogram ; a particle P is attracted towards A 
and C by forces which are proportiomd to PA and PC rcsj^tivoly and 
repelled from B and 7) by forces proportional to PB and PP; shew 
that P is in equilibrium wherever it is situated. 

The following are to be solved by saometrlo eenstruotton. In 
each case P and Q are two forces inclined at an angle a and R is their 
resultant making an angle $ with P. 
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9. -P=251bs. wt., Q~20lbs. wt. and ^-35 ”; find li and a. 

10. P = 50 kilog., y=60 kilog. and Ji = 70 kilog. ; find a and 0, 

11. P-30, P -=40 and a=130°; find Q and 0. 

12. P=60, a = 75° and f?=40°; find Q and A*. 

13. P=60, A-=40 and ^ = 50°; find Q and a. 

14. P z. 80, a = 55° and 11 = 100 ; find Q and 6, 

15. A boat ia being towed by means of a ropo which makes an 
angle of 20° with the boat's length; assuming that the resultant 
reafdion 11 of the water on the boat is inclJiiod at 40° to the boat’s 
length and that the tension of the roiH) is equal to 5 cwt., find, by 
drawing, the resultant force on the boat, supposing it to be in the 
direction of the boat’s length. 


EXAMPLES. IV. 

^ 1. Two forces act at an angle of 320°. The greater is represented 
by 80 and the resultant is at right angles to the less. Pind the latter. 

/ 2. If one of two forces be double the other and the resultant be 
equal to the greater force, find the angle between the forces* 

f' 3. I'wo forces acting on a particle are at right angles and are 
balanced by a third force making an angle of 150° with one of them. 
The greater of the two forces being 3 lbs. weight, what must bo the 
values of the other two ? 

4. The resultant of two forces acting at an angle equal to Jda 
of a right angle ia perpendicular to the smaller component. The 
greater being equal to 30 lbs. weight, find tlie other component and 
the resultant. 

5. The magnitudes of two forces are as 3 : 5, and the direction of 
the resultant is at right angles to that of the smaller force ; (K)mpare 
the magnitudes of the larger force and of the resultant. 

6. The sum of two forces is 18, and the resultant, whoso direction 
is perpendicular to the lesser of the two forces, is 12 ; find the magni- 
tude of the forces. 

7. If^wo forces P and Q a<it at such an angle that Jt—P, shew 
that, if P bo doubled, the new resultant is at right angles to Q, 

8. The resultant of two forces P and Q is equal to and 
makes an angle of 30° with the direction of P ; show that P is either 
equal to, or is double of, Q. ^ 

9. Two forces equal to 2P and P respectively act on a particle ; if 
the first be doubled and tho second increased by 12 lbs. weight the 
direction of the resultant is unaltered; find the value of P. 
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10. The resultant of two forces P and Q Resting at an angle 0 is 
equal to (2«H-1 )n/P-+ ; when they act at an angle 90°-^?, the 
resultant is (2ja- ; prove that 


11. The resultant of forces P and is li; if Q ho doubled jB is 
doubled, whilst, if Q be reversed, U is again doubled ; shew that 

P:Q: n :: ^/2 : ^/3 : ^/2. 

12. If the resultant, J2, of two forees P and Qj inclined to one 
another at any given angle, make an angle 0 with the direction of /*, 
show that tlic resultant of forces (P+P) and Q, acting at the same 

0 

given angle, will make an angle - with the direction of (P+ Ji). 

a 


13. Three given forces acting at a point are in equilibrium. If 
one of them be turned about its point of application through a given 
angle, find by a simple construction the resultant of the three, and, if 
the inclination of the force continue to alter, shew that the inclination 
of tlie rc.'-niltant alters by half the amount. 

14. Decompose a force, whose magnitude and lino of action are 
given, into two equal forces passing through two given points, giving 
a geometrical constmetion, (1) when the two points are on the same 
side of the force, (2) when they are on opposite sides. 

15. Two given forces act at two given points of a body ; if they 
are turned round those points in the same direction through any two 
equal angles, shew that their resultant will always pass through a 
fixed point. 

16. A, B, and G are three fixed points, and P is a point such 
that the resultant of forces PA and PB always passes through C ; shew 
that the locus of P is a straight line. 

17. A given force acting at a given point in a given direction is 
resolved into two components. If for all directions of the components 
one remains of invariable magnitude, shew that the extremity of the 
line representing the other lies on a definite circle. • 

18. Shew that the system of forces represented by the lines 
joining any point to the angular points of a triangle is equivalent to 
the system represented by straight lines drawn from the same point to 
tlie middle points of the sides of the triangle. 

10. Find* a point within a quadrilateral such that, if it be acted 
on by forces represented bv the lines joining it to the anguhir points 
of the quadrilateral, it will be in equilibrium. 
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20. Four forces act alon^ and arc pi-oportional to the sides of tlio 
quadrilateral AliClJ; three act in the directions AJi, IWt and CO and 
the fourth acts from A to D; find Uie magnitude and direction of 
their resultant, and determine the point in which it meets CO, 

21. The sides ItC and J)A of a quadrilateral A BCD are bisected 
in F and JI respectively; shew tluit if two forces parallel and equal to 
A B and DC tict on a particle, then the resultant is parallel to IIF and 
equal to 2 . HF. 

22. The sides AB^ BC^ C/>, and OA of a qutulrilatoral A BCD arc 
bisected at A’, F, 6r, and H respectively. Shew that the resultant of the 
forces acting at a point which are represented in magnitude and 
direction by EG and IIF is represented in magnitude and direction 
hj AC, 


23. From a point, P, within a circle whoso centre is fixed, 
straight lines Pvl, , Pdo, FA.^, and PA^ arc drawn to meet the circum- 
ference, all being equally inclined to the radius through V\ shew 
tliat, if these linos rciiresent forces radiating from P, their result- 
ant is independent of the magnitude of the radius of the circle. 



CHAPTER HI. 

COMPOSITION AN]) RKSOLUTION OF FOIICKS(wm</«m«;). 

43 . The. suiu of the resolved parts of Uco forces in 
a given direction is equal to the resolved part of their re- 
sultant in the same direction. 

TiCt OA and OB represent the two forces i* and <?, and 
OC tyifir resultant so that OACB is a paraIl(*loi,a*ain. 



Let OX be the given direction; draw AL^ BAf, and CN 
per|)eridicular to OX and A T perpendicular to GN. 

The sides of the two triangles OBM^ ACT are respec- 
tively parallel, and OB is equal to AC in magnitude; 

/. OM=AT=^LN. 

Henso ON - OL + LN = OL + OM, 

.But OZ, OAfy and ON" represent respectively tljo resolved 
parts of Py Qy and B in the direction OX. 

TTence the thedrem is proved.* 

The theorem may easily lie extended to the resultant of 
any number of forces acting at a point. 
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44, To find resnUaut of any number of forces 
in one plaim acting vyon a particle. 

Ijet the forces Q, R... act upon a particle at 0. 


Y( 



Through 0 draw a fixed lino OX and a line 0 Fat right 
angles to OX, 

Let the forces P, Q, R , ... make angles a, y... with 
OX. 

The components of the force P in the directions OX 
and 0 Y are, by Art. 30, P cos a and P sin a respectividy ; 
similarly, the components of Q are Qcmfi and Qm\^; 
similarly for the other forces. 

-Hence the forces are equivalent to a component, 

P cos a -i-Q COS P -^R cos y . . . aloilg ox, 
and a component, 

P sin a + Q sin p R sin y . . . along 0 Y. 

Let tliese components be X and Y respectively, and let 
F Ije their resultant inclined at an angle 0 to OX. 

Since F in equivalent to /"’costf along OX, and Xsintf 
along 0 Yy wo have, by the previous article, 


* FconO-X. »••(!), 

and Xsind - Y ' (2). 

Hence, by squaring and aclcfing, 


Y 

Also, by division, tan ^ y • 
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These two equations give M' and 6^ i.e., the magnitude 
and direction of the required resultant. 

Bz. 1. A i^article ia acted upon by three forcca^ in one plane, equal 
to 2, 2^2, and 1 Iba. weight respectively ; the first is horizontal, the 
second acts at 45° to the horizon, and the third is vertical; find their 
resultant. 

Here A’=-2 + 2v'2cos4r>°+0=2 + 2^2 . ;.,--=4, 

r=0+2V2sin45“ + l = 2^2 . 1--3. 

Hence — 4; JJ’sind = 3; 

J'’=\/#+ 32=5, and tan^=f . 

The resultant is therefore a force equal to 5 lbs. weight acting at 
an angle with the horizonhil whose tangent is f , i.e. 36° 52'. 

Bz. 2. A particle is acted upon by forces represented by P, 
2P, dtJSP, and 4P ; the angles between the first and second, the 
second and third, and the third and fourth are 60°, 90°, and 160° 
respectively. Shew tlutt the resultant is a force P in a direction 
inclined at an angle of 120° to that of the first force. 

In this example it will be a simplification if we take the fixed line 



OX to coincide with the direction of the first force P; let XOX' and 
I'Oy' be the two fixed Hnes at right anglps. 

The second, third, and fourth forces are respectively in the first, 
second, and fourth quadrants, and we have clearly 

BO-Y=60°; COX':^30°; and DOX=60°. 
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The first force has no component along 01'. 

The second force is equivalent to components 2 7^ cos 60° and 
2/* sin 60° along OX and 01' respectively. 

The third force is equivalent to forces 

3^3Pcos30° and 3;^3Psin30° 
along OA'' and OF respectively, 

i.c. to forces - 3^3Pcos30° and 3Ay3Psin.30° along OX and OF. 

So the fourth force is equivalent to dPcosGO® and 4Psin60° along 
OA' and 01'', i.e. to 4Pcos 60° and -47^ sin (>0° along OA' and OV'. 
Hence A'=P + 2Pcos 60°-3v'3Pcos30° + 4PcosG0° 


and r= 0 -I- 'iP sin 60° + i^'SP sin 30° - iP sin C0° 


Hence, if i^'be the resultant at an angle 6 with OA, we have 

F=:JX^T^=P, 

and t;infl = 'S= - 120°, 

A 

so that the resultant is a force P at an angle of 120° with tlie first 
force. 


45. Graphical Construction. The resultant of 
a system of forces acting at a point m.ay also be obtairu^d 
Vjy means of the Polygon of Forces. For, (Fig. Art. 41,) 
forces acting at a point 0 and represented in magnitude 
and direction by the sides of the polygon ABGDEF vltq in 
equilibrium. Hence the resultant of forces represented by 
AB, BO y CD, DE, and EF must be equal and op[>osite to 
the remaining force FA, i,e,, the resultant must be repre- 
sented by AF, 

It follows that the resultant of forces F, Q, K, S, and 2^ 
acting on a particle may bo obtained thus ; take a point A 
and draw AB parallel and proportional to F, and in 
succession BO, CD, DE,, and EF parallel and proportional 
respectively to Q, R, S, and 2'\ the required resultant will 
bo represented in magnitude and direction by the line AF* 
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The same construction would clearly apply for any 
number of forces, 

Bx. Four forces equal to 2, 1 and 3 kilofframmes wt. act along 

straight lines OP, OQ, Oil atul OS, such that L POg=40^, / <^0/i=100'', 
and i 7iO.S> -125°; find their resultant in magnitude and direction. 


D 



Draw AB parallel to OP and equal to 2 inches; through B draw BC 
parallel to oO and equal to 2*5 inches, and then C2> parallel to 077 and 
equal to 1 inch, and finally DE parallel to OS and equal to 3 inches. 
On measurement we have AE equal to 2*99 inches and / BAE equal 
to a little over 14°. 

Hence the resultant is 2*95 kilogrammes wt. acting at 14° to OP. 

examples. V. 

[Questions 2, 8 , 4, 6 , and 8 are suitable for graphic solutions,'] 

,^1. Forces of 1, 2, and JS lbs. weight act at a point A in 
directions AP^ AQ, and AJi, the angle PAQ being 60° and PAIt a 
right angles find their resultant. * 

2. A particle is acted on by forces of 5 and 8 lbs. weight which 
are at right angles and by a force y>f 4 lbs. weight bisecting the angle 
between them ; find tlie force that will keep it at rest. 

3. Three equal forces, P, diverge from a point, the middle one 
being inclined at an angle of 60° to each of the others. Find the 
resultant of the three. 


L. 8, 


3 
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4. Three forces 10Z\ and 13P act in one plane on a particle, 
the anj'le between any two of their directions being 120 '. Find the 
inagiiitiude and direction of their rcsulhuit. 

5. Forces 27^, 3P, afid 4P act at a point in directions parallel to 
the sides of an equilateral triangle taken in order; find the magnitude 
and line of action of tlie resulhint. 

6. Forces Pj , P., , P^ i and P4 act on a particle O at the centre of a 
square ABCD\ I\ and 1\ tict along the diagoiuils OA and Oif, and 
P3 and P4 perpendicular to the sides AH and HC. If 

P, : P, : P3 : P4 :: 4 : 6 : 5 : 1, 
find the magnitude and direction of their resultant. 

7. AHCD is a square ; forces of 1 lb. wt., 6 lbs. wt., and 9 lbs. wt. 
act in the directions AH^ AC^ and AJ) respectively; find the magnitude 
of their resultant correct to two places of decimals. 

8. Five forces, acting at a point, are in equilibrium; four of 
them, whose resi>ective magnitudes are 4, 4, 1, and 3 lbs. weight make, 
in succession, angles of 60° with one another. Find the magnitude 
of the fifth force. Verify by a drawing and measurement. 

9. - Four equal forces P, Q, P, and S act on a particle in one 
plane; the angles between P and Q, between Q and P, and between 
P and H are all equal and that between P and S is 108°. Find their 
resultant. 

10. Forces of 2, 5, n-nd 2 lbs. wt. respectively act at 

one of the angular points of a regular hexagon towards the five other 
angular points ; find the direction and magnitude of the resultant. 

11. Forces of 2, 3, 4, 5, and 6 lbs. wt. respectively act at an 
angular point of a regular hexagon towards the other angular points 
taken in order; find their result^t. 

12. Shew that the resultant of forces equal to 7, 1, 1, and 3 lbs. 
wt. respectively acting at an angular point of a regular pentagon 
towards the other angular points, taken in order, is V71 lbs. wt. 
Verify by a. drawing and measurement. 

13. Fqual forces P act on an anfralar point of an octagon towards 
each of the other angular points ; find their resultant. 

By the use of trigonometrical Tables, or hr a gn^lo construction 
find the magnitude (to two places of decimals) and the direction (to 
the nearest minute by calculation, and to the nearest degree py 
drawing) of the resultant of , 

14. three forces equal to 11, 7, and 8 lbs. weight, making angles 
of 18° 18', 74° 50', and 130°20'.with a fixed line, 
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15 . four forces equal to 4, 3, 2, and 1 lb, weight, making angles 
of 20^ 40‘’, 60", and 80'" with a fixed line, 

16. four forces equal to 8, 12, 15, and 20 lbs. veight, making 
angles of 30®, 70°, 120° 15', and 1.55° with a fixed line, 

17. Ihree forces (miuhI to 85, 47, and 63 kilog. wt. acting along 
lines OA, 01$, and ()C, where Z AO/$ = 78^ and Z /fOC’= 125". 

46 . Jltid the covulitions of equilibrium of any 
nuinHier of forces actimj upon a ptvrticle. 

Lot the forces act upon a particle 0 as in Art. 44. 

Tf the forces balance one another the resultant must 
vanish, Le. F must be zero. 

Hence .Y*^+ 7^ = 0. 

Now the sum of the squares of two real quantities 
cannot -be zero unless each quantity is separately zero ; 

A” = 0, and 7 0. 

Hence, if the forces acting on a particle be in equi- 
librium, the algebraic sum of their resolved parts in two 
directions at right angles are separately zero. 

Conversely, if the sum of their resolved parts in two 
directions at right angles separately, vanish, the forces are 
in equilibrium. 

For, in this case, both X and 7 are zero, ajid therefore 
is zero also. 

Hence, since the resultant of the forces vanishes, the 
forces are in equilibrium. 

• 

47 . When there are only three forces acting on a 
particle the conditions of equilibrium are often most ejisily 
found by applying Jjami's Theorem (Art. 40). 


3—2 
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48« Ex. 1. A h(Mhj of 65 Ihtt. wfiffht ia suaprmlrd by tiro atringa 
of lengths 5 and 12 feet attached to tiro points in the anine horizontal 
line whose distance ajHirt is 13 feet ; find the tensions of the stringa. 

Let A C and BC bo the two Btrings, so that 

AC=rift., BG=12fL, andAB=13fL 



Since 13-= 12^+5-, the angle ACB is a right angle. 

Tjet the direction Cltl of the weight be produced to mtiot AB ml); 
also let the angle CliA be d, so that 

I ^CZ)=90°~ / 7?C7>= / CBD = 0. 

Let Tj and be the tensions of the strings. Py Lanil’s theorem 
we have 

r, ^ . 

sin ECB sm si n A CB ’ 

r, _ ^ 65 

ninBCJ) sint^ sin 90*^’ 

7'j = 65 cos d, and 7 3 = 65 sin 0, 

^ 12 ^ AC 5 

But «>'>« = Si = 13 = 

7^1 = 60, and 7’2=25 lbs. wt. 

Otherwise thus; The triangle ACB has its sides respectively per- 
pendicular to the directions of the forces 7, , 73 , and 65; 

7\ _ ^ _ 65 , 

*’ BC^'CA^AB' 

( n/y A f! 

/. Ti = 65^-^ = 6 Q, and r 3 = 65j^ = 25. 

Oraphieally ; produce BG to mebt a vertical line through A in O. 
Then ACO is a triangle having its sides parallel to the three forces 
7|, Tj, and W, Hence it ia the triangle offerees, and 

r, _ T, _ W 
" c0~ OA' 
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XSx. 2. A Hrimj ABCDf aWivhed to two fi.red jmnts A and 7), has 
two equal weight^j W, knotted to it at B and G and rests with the 
])ortUms AB and CD inclined at ainjles of 30° and 60° respeetivehj 
to the. vertical. Find the tensions of the portions of the string and the 
inclimitum if BG to the vertical. 

Let the tensions in the strings be 7’,, Y^jand Y 3 respectively and 
let BC be inclined at an angle 0 to the vcrtic^. 

[N.B. Tlio string BG pulls B towards G and pulls G towards 
the tension being the same throughout its length.] 

Since B is in equilibrium the vertical coni^ncnts and the hori- ' 
zontal components of the forces acting on it must both vanish 
(Art. 46). 



Hence 1\ cos 30° - cos 0=sW. . . (1)» 

and Yj sin 30° - Yg sin ^=0 (2). 

JiimilarJy, since G is in equilibrium, 

Y’3 cos 60° + Y’a cos IK (3), 

and 7 3 sin 60° - Y 3 sin ^ = 0 (4) . 

From (1) and (2), substituting for T,, wo have 

Y3[cot30°sin^-co8^]= r3[^3 sin ^-cos 0] (5). 

So from (p) and (4), substituting for Y3, we have 

W = Yg [cot 60° sin 6 + cos 9] = sin ^ + cos (6) ; 


therefore from (5) and (6), 

^/3 sin 0 - cos sin 0 + cos 0 ; 

2Bin^=2;^3oos^ ; 

.*. tiin^-^/3, and hence ^=60°. 
Substituting this value in (5), we hiive 
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Hence from (2), we have 

and from (4) 


sin 60“ 


Sind 
““ »sin60“ 


-IK. ^3, 
=r3=iK. 


Hence tlic inclination of JJ(7to the vertical is 60'\ anti the tensions 
of the portions AB^ liC^ and CB are IK, and W respectively. 


EXAMPLES. VI. 

1. Two men carry a weight Jr between them by means of two 
ropes fixed to the weight ; one rope is inclined at 45° to the vertical 
and the other at .30° ; find the tension of each rope. 

2. A body, of mass 2 lbs., is fastened to a fixed jwint by mtians 
of a string of length 25 inches; it is at^ted on by a horizontal force F 
and rests at a distance of 20 inches from the vertical line through 
the fixed point ; find the value of F and the tension of the string. 

3. A body, of mass 1.30 lbs., is snsponded from a horizontal beam 
by strings, whose lengths are respectively 1 ft. 4 ins. and 6 ft, 3 ins., 
the strings being fastened to the l^am at two points 5 ft. 5 ins. apart. 
What are the tensions of the strings? 

4. A body, of mass 70 lbs., is suspended by strings, whoso lengths 
are 6 and 8 feet respectively, from two points in a horizontal lino 
whose distance apart is 10 feet; find the tensions of the strings. 

5. A mass of 60 lbs. is suspended by two strings of lengths 
9 and 12 feet respectively, the other ends of the strings being attaclicd 
to two points in a horizontal lino at a distance of 15 feet apart ; find 
the tensions of the strings. 

6. A string suspended from a ceiling supports throe bodies, ejich 
of mass 4 lbs., one at its lowest point and each of the others at 
equal distances from its extremities; find the tensions of the parts 
into which the string is divided. 

7. Tw 9 equal masses, of weight ir, are attached to the extrcmil ies 
of a thin string which passes over 3 tacks in a wall arranged in the 
form of an isosceles triangle, with the base horizontal and with a 
vertical angle of 120°; find the pressure on each tack. 

8. A stream is 96 feet wide and a boat is dragged down the middle 
of the stream by two men on opposite banks’, each of whom pulls 
with a force equal to 100 lbs. wt. ; if the ropes bo attached to the same 
pint of the &>at and each bo of length 60 feet, find the resultant 
force on the boat. 
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9. A strinff passing over two smooth parallel bars in tlio same 
horizontal plane has Wo equal weights fastened to its ends and 
another equal weiglit is fastened to a point of the string between the 
bars ; find the position of equilibrium of the system and the thrust 
upon each bar. 

10. A string is tied to two points in a horizontal plane ; a ring of 
weight 27 lbs. can slide freely along the string and is pulled by a 
horizontal force equal to the weight of P lbs. If in tlie position of 
equilibrium the portions of the string be inclined at angles of 45^ and 
75° to the vertical hud the value of P. 

11. Two weightless rings slide on a smooth vertical circle and 
through the rings passes a string which carries weights at the two 
ends and at a point between the rings. If equilibrium exist when 
the rings are at points distant 30° from the highest point of the circle, 
find the relation between the three weights. 

12. Two masses, each equal to 112 lbs., are joined by a string 
which passes over two small smooth pegs, A and P, in the same 
horizontal plane ; if a mass of 5 lbs. be attached to the string halfway 
between A and P, find in inches the depth to which it will descend 
below the level of AJ^t supposing ^P to be 10 feet. 

Wliatr would happen if the small mass were attached to any other 
point of the string? 

13. A body, of mass 10 lbs.. Is suspended by two strings, 7 luid 24 
inches long, their other ends being fastened to the extremities of a 
rod of length 25 inches. If the rod be so held that the body hangs 
immediately below its middle point, find the tensions of the string. 

14. A heavy chain has weights of 10 and 16 lbs. attached to its 
ends and hangs in equilibrium over a smooth pulley ; if the greatest 
tension of the chain bo 20 lbs. wt., find the weight of the chain. 

15. A heavy chain, of length 8 ft. 9 ins. and weighing 15 lbs., 
has a weight of 7 lbs. attached to one end and is in equilibrium 
hanging over a smooth peg. What length of the chain is on each 
side? 


16. A body is free to slide on a smooth vertical circular wire and 
is connoted by a string, equal in length to the radius of the circle, 
to the highest point of the circle ; find the tension of tlfte strijig and 
the reaction of the circle. 

17. A uniform plane lamifia in the form of a rhombus, one of 
whose angles is 120°, is supported by two forces applied at the centre 
ill the directions of the dii^nals sa that one side of the rhombus 
is horizontal ; shew that, if P and Q be the forces and P bo the 
greater, then 
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18. The ends of a driving rein are passed through two smooth 
rings which ara fastened, one to each side of the bit. They are then 
doubled back and tied to fixed points in the headpiece one on each 
side of the horse’s head. Find the pressure produced by the bit on 
the horse’s tongue by a given pull P of the driver. 

]9. Three equal strings, of no sensible weight, are knotted 
together to form an equilateral triangle ABC and a weight W is 
suspended from A . If the triangle and weight be supported, with BG 
horizontal, by means of two strings at B and C, each at the angle 
of 135° with JBC, shew that the tension in BG is 

-^( 3 -^ 8 ). 

20. Three weightless strings AC^ BCy and AB are knotted to- 
gether to form an isosceles triangle whose vertex is C. If a weight }V 
be suspended from C and the whole be supported, with ^ If horizontal, 
by two forces bisecting the angles at A and B, find the tension of the 
string AB, 

21. A weightless string is suspended from two points not in the 
same horizontu line and passes through a small smooth heavy ring 
which is free to slide on the string ; find the position of equilibrium of 
the ring. 

If the ring, instead of being free to move on the string, be tied to 
a given point of it, find equations to give the ratio of the tensions of 
the two portions of the string. 

22. Fonr pegs are fixed in a wall at the four highest TOints of a 
reg^ar hexagon (the two lowest points of the hexagon being in a 
horizontal straight line) and over these is thrown a loop supporting a 
weight W ; the loop is of such a length that the angles formed by 
it at the lowest pegs are right angles. Find the tension of the string 
and the pressures on the pegs. 

23. Bx^dain how the force of the current may be used to urge 
a ferry-boat across the river, assuming that the centre of the boat 
is attached by a long rope to a fixed point in the middle of the 
stream. 

24 . Explain how a veoiel is enabled to sail in a direction nearly 
opposite to that of the wind. 

Shew also that the sails of the vessel should he set so as to bisect 
the angle between the heel and the apparent .di'^ectUm of the wind in 
order that the force to urge the vessel forward way be as great as 
possible, 

[Let AB be the direction of the keel and therefore that of the 
ship’s motion, and OA the apparent direction of the wind, the angle 
GAB being acute and equal to a. Let (7 be the direction of the sw, 
AC being between OA and AB and the angle BAG being $, 



COMPOSITION AND RESOLUTION OF FORCES 41 


Let P bo the force of the wind on the sail; resolve it in directions 
along and pei-pcndiculartothesail. The component (ATJ =)Pcos(a ™ 0) 
along the sail has no effect. The comiwnent (I^A =) Psin (o - 0) per- 
pendicular to the sail may again be resolved into two, viz. (NA=z) 
Psin(o - ^)eos^ perpendicular to AB and (il/d=)PBin(a-&)sm& 
along AB. 



i 


The former component produces motion sideways, i.e. in a direction 
pei-pendicular to the length of the ship. This is called lee-way and is 
considerably lessened by the shape of the keel which is so designed as 
to give the greatest possible resistance to this motion. 

The latter component, P sin (a - ^) sin along ilP is never zero 
unless the sail is set in either the direction of the keel or of tlie wind, 
or unless a is zero in which case the wind is directly opposite to the 
direction of the ship. 

Thus there is always a force to make the ship move forward ; but 
the rudder has to be continually applied to counteract the tendency 
of tlie wind to turn the boat about. 

This force = JP[co8 (a - 20) - cos a] and it is therefore greatest when 

cos (a -29) is greatest, i.e. when a -29=0, i.e. when when 

the direction of the sail bisects the angle between the kdel and the 
axiparent direction of the wind.] 

49. Examples of graphical solution. Many 
probleniB which would be difficult or, at any rate, very 
laborious, to Bolve by analytical methods are comparatively 
easy to solve graphically. 
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'J'hose queHtions aro of coinuioii occurruiice hi en- 
gineering and otlier practical work. There ia generally 
little else involved l)eBides the use of the Triangle of Forces 
and Polygon of Forces. 

The instruments chiefly used are: — Coinjmsses, llulers, 
Scales and Diagonal Scales, and Protractors for measuring 
angles. 

The results obtained are of course not mathematically 
accurate; but, if the student be careful, and skilful in 
the use of his instruments, the answer ought to bo trust- 
worthy, in general, to the first })lace of decimals. 

In the following worked out examples the figures are 
rwluccd from the original drawings; the student is recom- 
mended to re-draw them for himself on the scale mentioned 
in each example. ^ 

60. Bx. 1. JCDB ia a atrbiff tvhoae emU are attached to tiro 
pointSt A and which are in a horizontal line and are aeven feet 
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apart. Tha Irntfths of AC, CD, and DB are 3j| 3, and 4: feet respec- 
tively, and at C is attached a vm*-pound v'ciyht. An unkmrwn weiyht 
is attached to D of such a niaynitwle that, in the position of equilihriuni, 
('DB is a riffht anyle. Find the nuignittule of this weiyht and the 
tensions of the strings, 

lict 'J\ , 7 2 , ftnd be the required tensions and let .x lbs. bo tho 
^vcigbt at D. 

Take a vertical line OL, one inch in length, to represent the 
weight, one pound, at C. Through () draw OM parallel to^lC’, and 
through L draw LM parallel to CD. 

lij the triangle of forces OM represents 2\, and LM represents 

Produce OL vertically downwards ;ind through M draw MN 
parallel to BD. 

Then, since IjM represents 2\,, it follows that T.. is represented by 
J/.V,and®byi2^. 

By actual measurement, we have 

0J/= 3*05 ins., 2*49 ins., il/iV~5*l ins., 

and NL=i5‘6^ ins. 

J fence the weight at D is 5*63 lbs. and the tensions arc respectively 
3*05, 2*49, and 5*1 lbs. wt. 

Ex. 2. A and B are tiro jnnnts in a horizontal line at a distance 
of Infect apart ; AO and OB are two strings of lengths 6 and 12 feet 
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nirryintjy at 0, a body of weipht 20lhsi.; d third utrwffy attached to the 
body at O, ^>r/.N'.srM otvT a small smooth imlley at the middle poiat^ C, of 
.1 Ft and is attached to a hotly of weight 5 lbs,; find the tensions of the 
strings A 0 and OB. 

Let Tj and 1\ bo tlio required tensions. On OC mark off OL, 
equal to one inch, to represent the tension, 5 lbs. wt., of the string OC. 
J^raw LJ/ vertical and equal to 4 inches. Through M draw MN^ 
parallel to Oil, to„moct AO produced in 

Then, by the Polygon of Forces, the lines ON and NM will 
represent the tensions 1\ and T.^. 

On measurement, ON and NM are found to be respectively 3-9 and 
2*45 inches. 

Hence 2\=^5x 3*9 =19*5 lbs. wt., 

and ^2=5 X 2*45 12*25 lbs. wt. 

fix. a. The Crane. The essentials of a Crane are reprosented 
in the annexed figure. AB is a vertical pt^st; AO a bourn, called the 
jib, capable of turning about its end A ; it is supported by a wooden 
bar, or chain, CD, called the tic, which is attached to a point i> of the 
I)ost A B. At (7 is a pulley, over which passes a chain one end of which 



is attached to a weight to bo lifted and to the other end of which, is 
applied the force wliich raises W. This end is usually wound round 
a drum or cylinder. The tie CD is Bometimes horizontal, ahd often 
the direction of the chain CK coincides with it. In the above crane 
the actions in the jib and tic may be determined graphically as follows. 

Draw KL vertically to represent W on any scale, and then draw 
LM equal to KL and parallel to CE\ through M draw MN parallel to 
AC and KN parallel to DC. ' 
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Then KLMN ia a polygon of forcea for the equilibrium of C; for 
we asHiime the tension of the chain to be unaltered in passing over the 
pulley C, and hence that the tension of CK ia equal to W. Hence, if T 
be the thrust otJC and T the pull of C’D, we have 

_ W 

MN'~ NK~‘ KL' 

Hence T and 'U are represented by MN and NK on the same scale 
that KL represents IV. 


EXAMPLES. Vn. 

[77/fi following erainph^g are to he solved hy geometric constructiim.'] 

1. A boat is towed along a river by means of two ropes, attached 
to the same point, which are pulled by two men who keep at opposite 
points of the bank «'50 feet apart; one^ope is 30 feet long and is pulled 
with a force equal to the weight of 35 lbs., and the other rope is 
45 feet long; tlie boat is in this way made to move uniformly in a 
straight lino; find the resistance offered to the boat by the stream and 
the tension of the second rope. 

2. The jib of a crane is 10 feet long, and the tie-rod is horizontal 
and attached to a point 6 feet vertically above the foot of the jib; find 
the tension of the tie-rod, and the thrust on the jib, when the crane 
supports a mass of 1 ton. 

3. A and B are two fixed points, B being below A^ and the 
horizontal and vertical distances between them are 4 feet and 1 foot 
respectively ; A C and BC are strings of length 6 and 3 feet respectively, 
and at C is tied a body of weight 1 cwt. ; find the tensions of the 
strings. 

4. A BCD is a light string attached to two points, A and 2), in the 
same horizontal line, and at the points B and C are attached weights. 
In the position of equilibrium the distances of the points B and C 
below the line AI) are respectively 4 and 6 feet. If the lengths 
of .4 if and Cl) be respectively 6 and 8 feet and the distance A I) he 
14 feet, find the weight at C, the magnitude of the weight at B being 
4 lbs. 

5. A framework A BC is kept in a vertical plane with AB hori- 
zontal by supports at A and B; if the lengths AB, BCy nn^CA be 10, 
7, and 9 feet respectively, and a weight of 10 cwt. be placed at (7, find 
the reaptions at A and B and the forces exerted by the different 
portions of the framework. 

6. A framework ABC is supported at A and B so that it is in a 
vertical plane with A B horizontal, and a weight of 200 lbs. is hung 
on at C^; if d ^=5 feet, BC=4^ feet, and AC— 3 feet, find the tensions 
or thnists in ACajnd CB, and the reactions at A and B. 
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7. Tlie jib of a crane is 20 feet long, the tie 16 feet, and the post 
10 feet. A luiid of 10 ewis. is hung at the end of a cliiiin which 
passes over a pulley at the end of the jib and then along the tie. 
Find the thrust in the jib and the pull in the tie. 

8. In the hgure of Ex. 3, Art. t50, the tie DC is horizontal and 
the chain coincides with it; if H'=500 lbs., AC=11 feet, and 
J)C=5 feet, find the actions along DC and AC. 

9. In the figure of Ex. 3, Art. 50, the angle and the 

angle A CD = 15^; the chain EG coincides with DC; if W be one ton, 
find the forces exerted by the parts ACy CD. 

10. In the figure of Ex. 3, Art. 50, D^l - 15 foot, DC= 20 feet and 
AG --'30 feet, and a weight of one ton is suspended from C, find the 
thrusts or tensions produced in AG, CD, and DA when the chain 
coincides with 

(1) the jib GA, 

(2) the tie CD. 

11. In the figure of Ex. 3, Art. 50, the jib .4C is 25 feet long, 
the tie CD is 18 feet, yfD = 12 feet and AEszS feet; find the tensions 
or thrusts in AC and CD, when a weight of 2 tons is sus^xjiided from 
the end of the chain. 

12. A BCD is a frame-work of four weightless rods, loosely jointed 
together, AB and AD being each of length 4 feet and BC and CD of 
length 2 feet. The hinge C is conneck'd with A by means of a fine 
string of length 5 feet. Weights of 100 lbs. eivch are attached to B 
and D and the whole is suspended from A . Shew that the tension in 
AC is 52 lbs. weight. 

13. In the preceding question, instead of the string AC b, weight- 
less rod BD of length 3 feet is us^ to stiffen the frame; a weight of 
100 lbs. is attached to G and nothing at B and D, Shew that the 
thrust in the rod BD is about 77 lbs. weight. 

14. In question 12 there are no weights attached to B and D and 
the whole framework is placed on a smooth horizontal table; the 
hinges B and D are pressed toward one another by two forces each 
equfd to the weight of 26 lbs. in the straight line BD, Shew that the 
tension of the string is about 31*6 lbs. weight. 

15. ^BCD is a rhombus formed by four weightless rods loosely 
joint^ tc^ether, and the figure is stiffened by a weightless rod, of 
one half the length of each of the four rods, joined to the middle 
points ot A B and AD. If this frame be suspended from A and a 
weight of 100 lbs. be attached to it at G, shew that the thrust of the 
cross rod is about 115*6 lbs. weight. 
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PARALLEL FORCES. 

51. In Cluiptera n. and iii. we have shewn how to 
find the resultant of forces which meet in a point. In 
the present chapter we shall consider the composition of 
parallel forces. 

In the ordinary statical problems of every-day life parallel 
forces are of constant occurrence. 

Two parallel forces are said to be like when they act 
in the same direction; when they act in opposite parallel 
d inactions they are said to Ix) unlike. 

52- To find the resenltant of two •parallel forces citing 
upon a rigid hody^ \ \ :/ 

Case 1. Let the forces he like. 

Let P and Q be the forces acting at points A and B of 
the l)ody, and let them be represented by the lines AL and 
BM. 

Join AB and at A and B apply two equal and opposite 
forces, each equal to S, and acting in the directions BA and 
AB respectively. Let these forces be represented hy AD 
and BE, These two forces balance one another and have 
no efS^t upon the equilibrium of the body. 

Complete the parallelograms ALFD and BMOE\ let 
the diagonals FA and GB be produced to meet in C, Draw 
OQ parallel to AL or BM to meet ABinC, 
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The forces P and S at A liavo a resultant P ^ , represented 
by AF. Let its point of application bo removed to 0, 



So the forces Q and S at 7i liave a resultant repre- 
sented by BG, Let its point of application be transferred 
to 0. 

The force P^ at 0 may be resolved into two forces, 
S parallel to A and P in the direction OC. 

So the force at 0 may be resolved into two forces, 
S parallel to JiF, and Q in the direction OC. 

Also these two forces S acting at 0 are in equilibrium. 

Hence the original forces P and Q are equivalent to a 
force (P + Q) acting along 7X7, i.e. acting at C parallel to 
the original directions of P and Q. j 

To determine the position of the poirU C, The triangle 
OCA is, by construction, similar to the triangle ALF} 

^ OC P 

P.CA^S.OC, 


so that 


( 1 ). 



PARALLEL FORCES 


49 


So, since the triangles OCR and BMG are similar, we 
have 

OC ^ Mr Q 
cn "" MG "" S ^ , 

bothat Q.Cn^S.OG {’!), 


Hence, from (1) and (2), wo have 
l\GA^Q,CR, 
CA Q 
~CB ” P^ 


that 


i.c’. C divides the lino AB hUermUly in tlie inverse ratio of 
the forces. 


Ca.S6 II. L*it the Joi'ces he Unlike. 

Ijot P, Q be the forces (/' being the greater) acting at 
points A and B of the body, and let them be represented by 
the lines AL and BM, 

Join ABy and at A and B apply two equal and oppe^ite 
forces, each e(|ual to S^ and acting in the directions BA 
and AB respectively. Iict these forces be represented by 
AB and BE respectively; they balance one another and 
have no cfiect on the equilibrium of the body. 

Complete the parallelograms A LED and BMGE^ and 
produce the diagonals AF and GB to meet in 0. 

[Theso" diagonals will always meet unless they be parallel, in 
which case the forces P and Q will bo equal.] 

Draw 00 parallel to AL or BM to meet AB in C. 

The forces P and S acting at A have a resultant 
represented by AF, Let its point of application be trans- 
ferred to 0. 

So the forces Q and S acting at B have a resultant 
represented by BG. Let its point of application be trans- 
ferred to 0, 


L. 8. 


4 
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Tlie force at 0 may be resolved into two forces, 
S pirallel to ADy and P in tho direction CO produced. 



ISo the force! Qi at 0 may bo resolved into two forces, 
S parallel to BEy and Q in the direction 0(7. 

Also these two forces S acting at 0 are in equilibrium. 

Hence the original forces P and Q arc equivalent to 
a force P — Q acting in the direction CO produced, 

Le, acting at (7 in a direction parallel to that of P, 

To determine the position of the point (7. The triangle 
OCA is, by construction, similar to the triangle FDA ; 

’* CA'~ DA^ ad"' S^ 

so that P. CA-8 .OC (1), 

AIso^ since the triangles OCB and BMG are similar, wo 
have 

PC BM Q 
CB'^MG'^ S* 

so that Q . CB - S . OC 

Hence, from (1) and (3), P. CA = Q . CB, 


( 2 ). 
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Hence ^ clivicies tlie lino A7J externally 

in tlio inverse ratio of the forces. 

To BUm up ; If two parallel forces, P and Q, act at 
points A and Ji of a rigid Inxly, 

(i) their resultant is a force whose line of action is 
pai-alhd to the lines of action of the component forces; 
also, when the component forces arc like, its direction is 
the s;ijiie as that of the two forces, and, when the forces 
are unlike, its direction is the Scamo as that of the greater 
coinponeiit. 

(ii) the point of application is a point G in A B such 
that 

P.AC=-Q.BC. 

(iii) the magnitude of the rcsultiuit is the sum of the 
two component foi’ces when tlm for*ces are like, eind the 
difterenco of the two component forces when they are 
unlike. 


53. Case of failure of tlix jn'ccedimj construction. 

In the second figure of the last article, if the forces 
P and Q be equal, the triangles FDA and GEB arc equal 
ill all i*e8[)ecta, and hence the angles DAF and EBG will be 
equal. 

Ill this case the lines ili«^^and GB will be parallel and 
will not meet in any such point as 0 ; hence the oongtruction 
fails. 

Hence there is no single hirce which is equivalent to two 
equal unlike parallel forces. 

We sliall return to the consideration of this case in 
Chapter vi. 


4—2 
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54 . If wo liiive a iiuiiilxu* of like parallel forces acting 
on a rigid body we can find tlicir resultant by successive 
applications of Art. 53. AVo must find the i*esultant of the 
firat and second, and then the resultant of this resultant 
and the third, and so on. 

The magnitude of the final resultant is the sum of the 
forces. 

If the parallel forces be not all like, the inagnituchs f)f 
the resultant will be found to Ixj the algebraic sum of the 
forces each with its proper sign prefixed. 

Later on (see Art. 114) will be found formulae for 
calculating the centre of a system of parallel forces, i.e. the 
point at wliicli the resultant of the system acts. 

55 . liesidlaiit of two imralhl forces. Exiyerimental 
verification. 

Take a uniform rectangular bar of wood about 3 fcM^t 
long, whaso cross-sect ioii is a square of side an inch or 
rather more. A f^*e of this bar should be graduated, say 
in inches or half inches, fis in the figure. 



Let tlie ends A and B be supported by spring balances 
which are attached firmly to a support. For this purpose 
a Salter’s circular balance is the more convenient form as 
it drops much less tlian the ordinary form when it is 
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filroiclit'd. Oil tlio bar AR let iliere l>e a movable loop C 
carry inpf a book from which weights' can be suspended ; 
tliis loop can bo moved into any position along the bar. 

Before putting on any weights, and when C is at the 
middle point of AB^ let the readings of the balances I) and 
E be taken. The bar being uniform, these readings should 
b(i the same and equal to R (say). 

Now hang known weights, amounting in all to on 
to f7, and move C into any position on the bar. Observe 
1 he new readings of the balances D and Ey and let them be 
P and Q respectively. 

Then F~R{-I\) and Q - R{—Qi) are the additional 
readings due to the weight Wy and therefore .and are 
the forces at D and E w’hich balance the force W at 

Tt will bo found that the sum of 

Pi and Qi is equal to W (1). 

Again measure carefully the distances ACi and RCi. 

Tt will bo found that 

PixACi-^Qi. BCi (2). 

In other words ths resultant of forces Pj and at A 
aud B is equal to acting at f7j, where 

Pi.AGi^Qi.BCi. 

But this is the result given by the theoretical investigation 
of Art. 52 (Case T). 

Perform the experiment ag.ain by shifting the position 
of Cj, keeping W the same; the values of P^ .ami will 
alter, but their sum will still be IP, .and the new value of 
Pi. AC I will be found to be equal to the new value of 
Qi.BCi. 

Simil.aiTy the theoixmi of Art. 52 will be found to be 
true for any position of C^ and any v.aluo of IP. 
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Nmnericalillustratiou, Supp<W 0 tlio weiglit of tlio boam and tlie 
attached iipparatiiij (witliont any weights) to be *2 lbs. Then tho 
original reading, i2, of the balances will be each 1 lb. l^it on 
a weight of 4 lbs. at C and move C to f’j until the rejulings of tho 
balances A and li arc respectively 4 and ‘2 lbs. 

Then a force 4 lbs. at C\ is balanced by a force 3 lbs. (--4-1) at 
A and lib. ( = 2-1) at if. 

Measure the distances ACi and TIC,; they will be found to bo 
9 inches and 27 inches respectively (assuming tho length A /> to be 
3 feet, i.e, 36 inches). 

We thus have Pj . ^ (7^ = 3 x 9, 

and <)i.JfCi=:lx27, 

and these are equal. 

Hence tlic truth of Art. 52 (Case I) for this case. 

Ihdike parallel forces. 

Til the Lust experiment tho force.*? P,, W and at d, 
C\y and B are in equilihrium, ho that the resultant of l\ 
iipwaids and W downward.s is equal and opposite to <?,. 
Measure the distance.^ AB and C^B. Tlieu it will ho 
found that 

Qi-w-P, 

and 1\.AB .W.G,Ii. 

Hence tho truth of Art. 52 (Case IT) i.s verified. 

56. Ex. A horiz(mtalro(lj6fertlo7i0ywJu)fieweiffhtmfti/hevpffhrtedy 
rests oil two supports at its extremities ; a bmly, of weiytil 6 cwt., is 
suspended frmu the rod at a distance of feet f nmt one end; find the 
reaction at each point of support. If one support could only hear a 
thrust equal to the vndyht ofl cwt., what is the greatest distance from 
the other support at which the body could be suspended t 



IjfitAB be the rod and R and S the reactions at the points of sup- 
port. Let C be the point at -which the body is suspended so that 



PARALLEL FORCES 


05 


A 0—3^ and (77?-^2j feet. Por equilibrium the resultant of Ji and S 
must balance 6 cwt. Hence, by Art. 52, 

li + S=6 (1), 


and 


5’ “AC "“a I 7 


Solving (1) and (2), wo have -B=2 » 


_7 

~r 




Hence the reactions 


are 2^ and 3i cwt. respectively. 

If the reaction at A can only be equal to 1 cwt., S must be 5 cwt. 
Hence, if A C be .r, we have 


l_.RC_6-.r 
5"AC“ x~ 
x=^5 feet. 

Hence i>'C is 1 foot. 


EXAMPLES. Vin. 

In the four following examples A and B denote the points of appli- 
cation of parallel forces P and Q, and C is the point in which their 
resiiltiint 11 meets AB, 

1. Find the magnitude and position of the resultant (the forces 
being like) when 

(i) P=4; <? = 7; A/l=ll inches; 

(ii) P=H; y=19; An=i\teei-, 

(iii) P=6; Q=5-, AB=-dleei. 

2. Find the magnitude and position of the resultant (the forces 
being unlike) when 

(i) P=17; Q=25; A7?=8 inches; 

(ii) P=23; Q=15; A2?=40 inches; 

(iii) F=26; g=9; AH=3feet. 

3. The forces being like, 

(i) if P=8; 17; AC=4^ inches; find Q and AB; 

(ii) if g = H; AC=7 inches; AJf=8| inches; find Pand J2; 

(iii) ifP=6; AC=:9 inches; CP=8 inches; find g and P. 

4. The forces being unlike, 

(i) ifP=:8; P=17; AC=43^ inches; find g and AP; 

(ii) if g=ll; A(7= - 7inches; AP=:8j inches; findPandP; 

(iii) if P=6; A (7= ~ 9 inches; AB =sl2 inches; find Q and P. 
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^ 5. Find two ]ike parallel forces acting at a distance of 2 feet 
apart, wliieh are equivalent to a given force of 20 lbs. wt., the line 
of action of one being at a disttince of 6 inches from the given force. 


G, Find two unlike parallel forces acting at a distance of 18 
inches apart which are equivalent to a force of 30 lbs. wt., the greater 
of the two forces being at a dishinco of 8 inches from the given force. 


7. Two parallel forces, P and Q, act at given points of a body ; 

pi 

if Q be changed to , shew that the line of action of the resultant is 
the same as it would be if the forces were simply interchanged. 


8. Two men carry a heavy cask of weight ij cwt., which hangs 
from a light pole, of length 6 feet, each end of which rests on a 
shoulder of one of the men. The point from which the cask is hung 
is one foot nearer to one man than to the other. What is the pressure 
on each shoulder? 


9. Two men, one stronger than the other, have to remove a 
block of stone weighing 270 lbs. by means of a light plank wliose 
length is 6 feet; the stronger man is able to carry 180 lbs. ; how must 
the block be placed so as to allow him that share of the weight? 

10. A uniform rod, 12 feet long and weighing 17 lbs., can turn 
freely about a point in it and the rod is in equilibrium when a weiglit 
of 7 lbs. is hung at one end ; how far from the end is the point about 
which it can turn? 

N.B. The weight of a tmifomi rod nuiy he token to act at its 
middle point. 

11. A straight uniform rod is 3 feet long; when a load of 3 lbs. 
is placed at one end it balances about a point 3 inches from that end ; 
find the weight of the rod. 

12. A uniform bar, of weight 3 lbs. and length 4 feet, passes over 
a prop and is supported in a hoiizontal position by a force equal to 
1 lb. wt. acting vertically upwards at the other end; find the distance 
of the prop from the centre of the beam. 

13. A heavy uniform rod, 4 feet long, rests horizontally on two 
pegs which are one foot apart; a weight of 10 lbs. suspended from 
one end, or a weight of 4 lbs. suspended from the otlier end, will just 
tilt the rod up; find the weight of the rod and the distances of the 
X)ogs from the centre of the rod. 

14. A uniform iron rod, 2i' feet long and of weight 8 lbs., is 
placed on two rails fixed at two points, A and in a vertical wall. 
AP is horizontal and 5 inches long; find the distances at which the 
ends of the rod extend beyond the rails if the difference of the thrusts 
on the rails bo Gibs. wt. 
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15. A uniform beam, 4 feet Ion", is supported in a horizontal 
position by two pro^js, which are 3 feet apart, so that the beam pro- 
jects one foot beyond one of tlie props; shew that the force on one 
prop is double that on the other. 

16. A straight weightless rod, 2 feet in length, rests in a horizon- 
tal position between two pegs placed at a distance of 3 inches apart, 
one peg being at one end of the rod, and a weight of 5 lbs. is suspended 
from tlie other end ; find the i^ressure on the pegs. 

17. One end of a heavy uniform rod, of weight ir, rests on a 
smooth horizontal plane, and a string tied to the other end of the 
rod is fastened to a fixed point above the plane; find the tension 
of the string. 

18. A man carries a bundle at the end of a stick which is placed 
over his shoulder; if the distance between his hand and his shoulder 
be changed how does the pressure on his shoulder change ? 

19. A man carries a weight of 50 lbs. at the end of a stick, 3 feet 
long, resting on his shoulder. He regulates the stick so that the 
length between his shoulder and his hands is (i) 12, (ii) 18 and (iii) 24 
inches ; how great are the forces exerted by his hand and the pressures 
on his shoulder in cacli case ? 

20. Three parallel forces act on a horizontal bar. Each is equal 
to 1 lb. wt., the right-hand one acting vertically upward and the other 
two vertically down at distances of 2 ft. and 3 ft. respectively from 
the first; find the magnitude and x)osition of their resultant. 

21. A portmanteau, of length 3 feet and height 2 feet and whose 
centre of gravity is at its centre of figure, is carried upstairs by two 
men who liold it by the front and back edges of its lower fjvce. If this 
be inclined at an angle of 30° to the horizontal, and the weight of the 
portmanteau be 1 cwt., find how much of the weight each supports. 
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57- Def. The moment of a force ahmit a given pmnt 
is the product of the force and the perpendicular drawn 
from the given point upon the line of action of the force. 
Thus the moment of a force F about a given point 0 is 



F X wliero OF is tlie perpendicular drawn from 0 iijkui 

the lino of action of F. 

It will be not<^d that the moment of a force F about 
a given point 0 never viinishes, unlasa either the force 
vanishes^or the force pisses through the point al)Out which 
the moment is taken. 

. 58. Qeometriced representation of a nwnmd. 

Suppose the force F to be represented in magnitude, 
direction, and line of action by the lino ATI. Tjnt 0 Ix) any 
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given point and Outlie perpendicular from 0 upon or 
A B produced. 

\ 

A N B 

Join OA and OB, 

15y derinition the moment of A' about 0 is Fx ON, i,e, 
A B X ON, But AB x ON is equal to twice the sirea of the 
triangle OAB [for it is equal to the area of a rectangle 
whr»se base is AB and whoso heiglit is ON], Hence the 
moment of tlm force about the point 0 is represented by 
twice the area of the triangle OAB, i,e, by tvnen the a/rea of : 
tlie irimigle wlmste hose is the line rejrresenting the force aml \ 
whose vertex is the yoint about which the rmnnent is taken, \ 

59 . Physical meaning of the mommt of a force about a 
point. 

Suppose the Ixxly in the figure of Art. 57 to bo a plane 
lamina \i,e, a Ixxly of very small thickness, such as a piece 
of sheet-tin or a thin piece of board] resting on a smooth 
table and suppose the point 0 of the body to be fixed. 
The effect of a force F acting on the body would be to 
cause it to. turn about the point 0 as a centre, and this 
effect would not be zero unless (1) the force /^weref zero, or 
(2) the force /’passed through 0, in wliich case the distance 
ON would vanish. Hence the product F x ON would seem 
to be a fitting measure of the tendency of F to turn the 
body about 0, This may bo experimentally verified as 
follows ; 
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Tifit the lamina Ix) at rest under the action of two strings 
whose tensions are ^and which are tied to fixed points 
of the lamina and whose lines of action lie in the piano of 
the lamina. Let OilTand ONy be the perpendiculars drawn 
from the fixed point 0 upon the lines of action of F 
and 

If wo ine.asure the lengths ON and ON^ ainl also the 



forces Fand Fj, it will be found that the product F, ON 
is always equal to the product F^ . ON^. 

Hence the two forces, F and Fj, will have equal but 
opposite tendencies to turn the body aliout 0 if their 
momenta about 0 have the s^ime magnitude. 

These forces F and F^ may be measured by carrying 
the strings over light smooth pulleys and hanging weights 
at their ends sufficient to give equilibrium ; or by tying the 
strings to the hooka of two spring balances and noting tlie 
readingifof the balances, as in the cases of Art. 25. 

60. SSaqpeiiment. To “sAew that if a hody^ having 
one povid fixed^ he acted upon hy two forcee and it he at reMy 
then the mfynwnJte of the two forcee about the fxed point a/re 
equal hut opposite. 
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Take the bar used in Art 55 and suspend it at G so 
tliat it rests iu a horizontal position ; i£ the bar be uniform 



C will bo its middle point ) if it be not uniform, then C will 
bo its centre of gravity [Chapter ix]. The beam must be 
so suspended that it turns easily and freely about C. 

Wlhen the forces are 'parallel From any two points 

B of the bar suspend carriers on which place weiglits 
until the beam again balances in a horizontal position. 

Let r bo the total weight, including that of the carrier, 
at and Q the total weight similarly at B. Measure 
carefully the distances AC and BC. 

Then it will bo found that the products P.AC and 
Q.BC are%qual. 

The theorem can be verified to be true for more than 
two forces by placing several such carriers on the bar and 
putting weights upon them of such an amount that equi- 
librium is secured. 

In every such case it will be found that the sum of the 
moments of the weights on one side of C is equal to the 
sum of the moments of those' on the other side. 

ITAen tJte forces are 'not paralleL Arrange the bar os 
before but let light strings be attached at A and B which 
after passing over light pulleys support carriers at their 
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other eiuls. Let these carriers have wcjights put upon 
them until the beam Ijalances in a horizontal ijosition. 



L( 5 t P and y bo the total weiglits on the carriers 
including Ui (3 weights of the carriers tlmmstil ves ; tlusso will 
be the tensions of the strings at A and 

Measure the jiorpcndicular distances, p and </, from C 
upon OA and OB nispectively. 

Then it will be found that 

P.p^Q.q. 

61 . Ponitive and neyative mwn&iUs, In Art. 57 the 
force F would, if it were the only force Jicting on the 
lamiiui, make it turn in a direction opposite to that iii 
which the hands of a watch move, when the watch is laid 
on the table with its face upwards. 

The fcreo would, if it were the only force acting on 
the lamina, make it turn in the same direction as that in 
which the hands of the watch inove. 

The moment of F about 0, i.e, in a direction is said 
to be posiiivey and the moment of about 0, i.e, in a 
direction is said to bo wgaiive. 
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Algebraic a am of momenta* 'Jlie algebraic sum of the 
iiioiiiciits of a set of forces alx>ut a given point is tlio sum 
of the inoiiHuits of the forces, each uioinent having its 
proper sign prefixed to it. 


Bs. ATiCD is a square; aloiuj 
the sides A li, CB^ DC, and DA forces 
art equal respectively to 6, *5, 8, and 
VI Ihs. wt. Find the alyehraic sum 
of their moments aliout the centre, O, 
of the sqiuire, if the side of the square 
be A feet, 

Tlio forces along DA and A B lend 
to turn the squaru about O in tlio 
positive dii*ection, whilst the forces 
along the sides DC and CB tend to 
turn it in the negative direction. 

The perpendicular distance of O 
from each force is 2 feet. 



Hence the moments of the forces ai'o respectively 

+ 6x2, -5x2, -8x2, and +12x2. 

Their algebraic sum is therefore 2 [6-5-8 + 12] or 10 units of 
moment, ix. 10 times the moment of a force equal to 1 lb. wt. acting 
ut the distance of 1 foot from 0. 


62. Theorem. TJic algebraic aitm of the momenta of 
any two forcea ahoni any yoinA in their plane ia equal to the 
mornent of their rea^dtant about the aame point. 

Case X. Lei the forcea meet in a point* 

Let P and Q acting at the point A be the two forces and 
0 the point about which the moments are taken. Draw OC 
parallel to the direction of P to meet the line of action of 
Q in the point G, ' 

Let AG represent Q in magnitude and on the same 
scale let AB represent P\ complete the parallelogram 
ABDGy and join OA and OB. 

Tlien AD represents the resultant, 7t\ of P and Q. 




64 


ISTATICS 


(a) if 0 1)0 without the angle DAC^ as in the lit*st 
figure, we have to show tliat 

2 A 0^1/? + 2 A 0AC^2 A GAD, 

[For tho moments of P and Q about O are in tho same direction.] 



Since AB and OD are parallel, wo have 

^OAB.= aDAB=^/^ACD. [Euc. I. 37] 
:.2A0AB + '1^0AG-^2aACD + 2a0AG^~2^0AD. 

{p) If 0 bo witliin tho angle GADy as in the second 
figure, wo Jiave to shew that 

2 A d(9/? - 2£^A0G - *2 a AOD. 

[For the moments of P and Q about O aro in opposite directions.] 
As in (a), we have 

t.AOB- aDAB^ a AG I). 

2 A yfOP - 2 A « 2 A A(7/> - 2 A Oil(7 - 2 A 

Case II. Let the fwreee he j^aralld, * 

6 -..n A 
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liet P and Q l)e two parallel forces and R (=- P + Q) 
their resultant. 

From any point 0 in tlieir phine draw OACB perpen- 
dicular to the forces ,to .meet them in A, C7, and li respec- 
tively. 

By Art* 53 we have P . AC — Q . CB V'^ ^ 

the sum of the moments of P and Q about 0 
^q[ob+p. OA 
=^Q\OC + CB)-^P{OG -AC) . 

=.{P + Q)OC + Q.CB-P.AC 

- (P + Q ) . OCy by equation (1), 

- moment of the resultant about 

If the point about which the moments are taken be 
between the forces, tis O^y the moments of P and Q have 
opposite signs. 

In this case %e have 

Algebraic sum of moments of P and Q alxiut 0i 
^P.O^A-Q,OJi 

- P{Ofi + GA)^Q {CB^O^G) 

^(P^Q).0,G + P.CA^Q.CB . 

= (P + (?) , OiCy by equation (1). 

The case when the point has any other position, as also 
the case when the forces have opposite parallel directions, 
are left for the student to prove for himself. 

68. ^ Case I of the preceding propqfiition may be otherwise proved 
in the following manner : 

Let the two forces, P and Q,*^be represented hy AB and AG re- 
spectively and let AD r^resent the resultant B so that ABDC is a 
parallelogram. 

Let 0 be any mint in the plane of the forces. Join OA and draw 
BL and CMy pandlel to OAy to meet AD’in L and Jf respectively, 

5 


L. 8. 
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h>inco tlio Bidos of ilio triangle ACM are rcspi'ctivoljr parallel to the 
Bides of the triangle IWL, and since AC is equal to IW, 

AM=Ll), 

aOAM= a old. [Euc. I. 38] 

First, let O fall without the angle CAD, as in the first figure. 



Then 2 aOAB + 2a OA C 

=:2aOAL + 2aOAM lEuc. i. 37] 

= 2aOAL + 2aOLD 

=z2aOAD. 

Hence the sum of the moments of P and Q is equal to that of li. 
Secondly, let O'fall within the angle CAD^ as in the second Hgure. 
The algebraic sum of the moments of P and Q about 0 
s^2aOAB-2aOAC 

=2aOAL^2aOAM [Euc. I. 37] 

A OATj — 2 a old 
{ — 2aO^J) 

-moment of B about O. 

64h If the point 0 about which the moments are taken 
lie on the resultant, the moment of the resultant about the 
point vanishes. In this case the algebraic sum of the 
moments of the compdnent forces about the given point 
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vanishes, i,e. The viovicnts of two forces about any jioint on 
the line of action of tJieir resultant cure equal and of oppomt^ 
sign. 

The student will easily lie able to prove this theorem 
independently from a figure ; for, in Art. 62, the point 0 
will be found to coincide with the point D and we have 
only to shew that the triangles ACO and ABO are now 
e<iual, and this is obviously true. 

65. G-eneralised theorem of moments. If any 

number of forces in one platce acting on a rigid body Jiave a 
resultcuiLt, the algebraic sum of their moments about any point 
in their plane is equal to the moment of their res^dtant. 

For let the forces be jP, Qj A*, /SV- and let 0 be the 
point about which the moments are taken. 

Let Pi be the resultant of P and (?, 

Pg be the resultant of Pj and P, 
i 3 be the resultant of P^ and 
and so on till the final resultant is obtained. 

Then the moment of P^ about 0 = sum of the momenta 
of P and Q (Art. 62) ; 

Also the moment of Pg about 0 ~ sum of tho momenta 
of P, and R 

= sum of the mpments of 1\ Qy and P. 

So tho moment of I\ about 0 

= sum of tho moments of Pg and B 
~ sum of the moments of P, Q, P, and 
and so on until all tho forces have been taken. 

Hence the moment of the. final resultant 
^ algebraic sum of the moments of the component forces. 

Cor. It follows, similarly as in Art. 64, that the alge- 
braic sum of the moments of any number of forces about a 

* 6—2 
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point on the line of action of their resultant is zero; so, 
conversely, if the algebraic sum of the moments of any 
number of forces about any point in their plane vanishes, 
then, either their resultant is zero (in which case the forces 
are hi equilibrium), or the resultant passes through the 
point about which the moments are taken. 

66 . The theorem of the previous article enables us to 
find points on the line of action of the resultant of a system 
of forces. For we have only to find a point about which 
the algebraic sum of the moments of the system of forces 
vanishes, and then the resultant must pass through that 
point. This principle is exemplified in Examples 2 and 3 
of the following article. 

If we have a system of parallel forces the resultant is 
known both Jn magnitude and direction when one such 
point is known. 

67. fix. 1. A rodf b feet long^ supported by two vertical strings 
attached to its ends^ has weights of 4, 6, 8, and 10 lbs, hung from the 
rod at distances of 1,2, 3, and 4 feet from one end. If the weight of 
the rod be 2 Ibs,^ what are the tensions of the strings! 

Jj/etAF be the rod, B, C, D, and E the points at which tlie weights 

, /vS 

B C O D E ^ e 

‘nrtyTTL 

''s 

ar&hung; let (? be the middle point; we shall assume that the weight 
of the ira acts here. 

liCt It sad 8 be the tensions of the strings. Binoe the resultant of 
the forces is zero, its moment about A must be zero. 

Hence, by Art. 65, the algebraic sum of the moments about A 
must vaoiph. 
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Therefore 4x1] 6x 2f*2x2.v + 8x34-10x4-*Six5=0, 

Ti, 9=4 + 12 + 5 + 24 + 40 = 85, 

,9=17. 

Similarly, taking moments about h\ we have 

5B=10 X 1 + 8 X 2 + 2 x2j + 6x3 + 4x4 = 65, 

Je = 13. 

The tension It may be otherwise obtained. For the resultant of the 
weights is a weight equal to 30 lbs. and that of It and S is a force 
equal to J2 + S, But these resultants balance one another. 

Jf + fir= 30 ; 

J2 = 30-*9£=30-17=13. 


Bx. a. Forces eqtuil to P, 2P, 3P, ami 4P act along the sides of a 
square APGD taken in order; find the vuignitwlef directum ^ and line 
of action of the resultants 

Let the side of the square Ixs a. 

The forces P and 3P are, by Art. 62, equal to a parallel force 2P 
acting at i?, where I>E is g . 

The forces 4P and 2P arc, similarly, equal to a force 2P acting at 
a point F on CD where DF is «. 

Let the lines of action of these two components meet in O, Then 
the final resultant is equal to 2PJ2 acting in a direction parallel 
to CA, 






4P 
O . 


3P 


"I® 

r2P 

O 


Q 
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otherwise thus; without making any geomctrio construction 
(which is often tedious) tlie line of action of the resultant force can 
ho easily obtained by using the theorem of Art. 65. 

Let the line of action meet JD and CD in Q and li. 

Since Q is a point on the line of action of the resultant the algo- 
bmic sum of the momenta of the four forces about Q must be zero; 

P(DQ + a)+2P(a) = 3P.DQ; 



So for the point Ji we have 

P.a + 2P(JiI) + a) = 4P.JiD; 



Also the components of the forces perpendicular to CD are 4P - 2P, 
i.e. 2Pf and the components parallel to CD are 3P-P, i.e. 2P, 
Hence the magnitude of the resultant is 2»J2P, 


Sx. a. Vurce» eqmil to 3P, 7P, anti 5P act along the sides AD, 71(7, 
and CA of an equilateral triangle ADC ; find the niagnitiule^ direction, 
and line of action of the resultant, 

•Let the side of the triangle be a, and let the resultant force meet 



the side PC in Q. Then, by Art. 65, the momenta of the forces about 
Q vanish. 

3Px(<;)C+rt)sin60°=5Px(?(7sin60®. 



The 6um*of the components of the forces perpendicular to PC 
s=6Psin 60®-3Psin60°=P^3. 

Also the sum of the components in the direction PC 
=7P - SPoofl 6(P - 3P0OS 60°=3P. 

Hence the resultant is P^12 inclined at an angle tan'^^- , i.e. 

9 

30”, to PC and jmssing through Q where CQ=SPC, 
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EXAMPLES. IX. 

X 1, Tho side of a square ABCD is 4 feet; along the lines CJi, BA, 
LA, and LB, respectively’ act forces equal to 4, 3, 2, and 5 lbs. weight; 
find, to the nearest decimal of a foot-pound, the algebraic sum ol the 
moments of the forces about C. 

X 2. The side of a regular hexagon ABCLEF is 2 feet ; along the 
sides AB, GB, LC, LK, EF, and FA act forces respectively equal to 1, 
2, a, 4, 5, and 6 lbs. wt. ; find the algebraic sum of the moments of 
the forces about A^ 

* 3. A pole of 20 feet length is placed with its end on a horizontal 
plane and is pulled by a string, attached to its upper end and inclined 
at 30° to the horizon, whose tension is equal to 30 lbs. wt. ; find the 
horizontal force which applied at a point 4 feet above the ground will 
keep the pole in a vertical position. 

« 4. A unifonn iron rod is of length 6 feet and mass 9 lbs., and 
from its extremities are suspended masses of 6 and 12 lbs. respec- 
tively; from what point must the rod be suspended so that it may 
remain in a horizontal position ? 

#5. A unifoim beam is of length 12 feet and weight 50 lbs., and 
from its ends are suspended bodies of weights 20 and 30 lbs. respec- 
tively; at what point must the beam be supported so that it may 
remain in equilibrium? 

^ 6. Masses of 1 lb., 2 lbs., 3 lbs., and 4 lbs. are suspended from a 
unifonn rod, of length 5 ft., at distances of 1 ft., 2 ft., 3 ft., and 4 ft. 
respectively from one end. If the mass of the rod be 4 lbs., find the 
position of tho point about which it will balance. 

« 7. A uniform rod, 4 ft. in length and weighing 2 lbs., turns freely 
about a point distant one foot from one end and from that end a 
weight of 10 lbs. is suspended. What weight must be placed at the 
other end to produce equilibrium? 

• 8. A heavy uniform beam, 10 feet long, whose mass is 10 lbs., is 
supported at a point 4 feet from one end; at this end a moss of 6 lbs. 
is placed; find the mass which, placed at the other end, would give 
equilibrium. 

^ 9. The horizontal roadway of a bridge is 30 feet loitg, weighs 
6 tons, and rests on similar supports at its ends. What is tlie tlirust 
borne by each support when a carriage, of weight 2 tons, is (1) htUf- 
way across, (2) two- thirds of tho way across? 

* 10. A light rod, AB, 20 inches long, rests on two pegs whoso 
distance apart is 10 inches. How must it be placed so that the 
reactions of the pegs may be equal when weights of 2W and Sir 
respectively are suspended from A and B ? 
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A light ixxl, of length 3 feet, hiis equal weights attached to it, 
one at 9 inches from one end and the other at 15 inches from the other 
end ; if it be supported by two vertical strings attached to its ends and 
ii the strings cannot support a tension greater than the weight of 
1 cwt., what is the greatest magnitude of the equal weights? 

12. A heavy uniform beam, whose mass is 40 lbs., is suspended 
in a horizontal position by two vertical strings each of which can 
sustain a tension of 35 lbs. weight. How far from the centre of the 
beam must a body, of mass 20 lbs., be placed so that one of the strings 
may just break ? 

-^3. A uniform bar, AB^ 10 feet long and of mass 50 lbs., rests on 
the ground. If a mass of 100 lbs. be laid on it at a point, distant 
3 feet from B, And what vertical force applied to the end A will just 
begin to lift that end. 

14. A rod, 16 inches long, rests on two pegs, 9 inches apart, with 
its centre midway between them. The greatest masses that can bo 
suspended in succession from the two ends without disturbing the 
equilibrium are 4 lbs. and 5 lbs. respectively. Find the weight of the 
r(^ and the position of the point at which its weight acts. 

15. A straight rod, 2 feet long, is movable about a hinge at one 
end and is kept in a horizontal position by a thin vertical string 
attached to the rod at a distance of 8 inches from the hinge and 
fastened to a Axed point above the rod ; if the string can just support 
a moss of 9 ozs. without breaking. And the greatest mass that can 
be susTOnded from the other end of the rod, neglecting the weight of 
the rod. 


16. A tricycle, weighing 5 stone 4 lbs., has a small wheel sym- 
metrically ploc^ 3 feet behind two large wheels which are 3 feet apart ; 
if the centre of gravity of the machine be at a horizontal distance of 
9 inches behind the front wheels and that of the rider, whose weight 
is 9 stone, bo 3 inches behind the front wheels. And the thrusts on 
the ground of the different wheels. 

17. A tricycle, of weight 6 stone, has a small wheel symmetri- 
cally placed 3 ft. 6 ins. in front of the line joining the two largo 
wheels which are 3 feet apart ; if the centre of ^vitv of the machine 
be distant horizontally 1 foot in front of the hind wheels and that of 
the rider, whose weight is 11 stone, be 6 inches in front of the kind 
wheels, A&d how the weight is distributed on the different wheels. 

18. A dog-oort, loaded with 4 cwt., exerts a force on the horse’s 
back equal to 10 lbs. wt. ; And the position of the centre of gravity of 
the load if the distance between the pad and the axle be 6 feet. 

19. Forces of 3, 4, 5, and 6 lbs. wt. respectively act along the sides 
of a square ABCD tcUcen in order; And the magnitude, dii'ection, and 
line of action of their resultant. 
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20. ABCD is a square; along AB, CD, AD^ and DC equal forces, 
r, act; find their resultant. 

21. ABCD is a square the length ef whose side is one foot ; along 
AB^ BC, DCt and i4D act forces proportional to 1, 2, 4, and 3 respec- 
tively; shew that the ro.sultant is parallel to a diagonal of the square 
and find where it cuts the sides of the square. 

22. ABCD is a rectangle of which adjacent sides AB and BC are 
equal to 3 and 4 feet respectively ; along AB^ BCt and CD forces of 30, 
40, and 50 lbs. wt. act ; find the resultant. 

23. Three forces P, 2P, and 3P act along the sides AB, BC, and 
CA of a given equilateral triangle ABC; And the magnitude and 
direction of their resultant, and find also the point in which its line 
of action meets the side BC. 

24. A BC is an isosceles triangle whose angle A is 120^ and forces 
of magnitude 1, 1, and ^^3 lbs. wt. act along AB, AC, and BC; shew 
that the resultant bisects BC and is parallel to one of the other sides 
of the triangle. 

25. 1^'oroea proportional to AB, BC, and 2CA act along the sides 
of a triangle ABC taken in order; shew that the resultant is repre- 
SGnte<l in magnitude and direction by CA and that its lino of action 
meets BC at a point X where CX is equal to BC. 

26. ABC is a triangle and D, E, and F are the middle points of 
the sides; forces represented by AD, '^BE, and ^CFsct on a particle 
at the point where AD and BE meet; shew that the resultant is 
rei)resented in magnitude and direction by \AC and that its line of 
tiction divides BC in the ratio 2 : 1. 

27. Three forces act along the sides of a triangle; shew that, if 
the sum of two of the forces be equal in magnitude but opposite in 
sense to the third force, then the resultant of the three foroes passes 
through tlie centre of the inscribed circle of the triangle. 

28. The wire passing round a telegraph pole is horizontal and 
the two portions attached to the pole are inclined at an angle of 60° 
to one another. The pole is supported by a wire attached to the 
middle j^int of the pole and inclin^ at 60° to the horizon ; shew that 
the tension of this wire is 4^3 times tliat of tlio telegraph wire. 

29. At what height from the base of n pillar must the end of a 
rope of ^ven length be fixed so that a man standing on the ground 
and pulling at its other end with a given force may have the 
tendency to make the pillar overturn ? • 
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30. magnitude of a force is known and also its momenta 
about two given points A and i?. b'ind, by a geometrical construction, 
its line of action. 

31. Find the locus of all points in a plane such that two forces 
given in magnitude and position shall have equal moments, in the 
same sense, round any one of these points. 

32. AB is a diameter of a circle and BP and BQ are chords at 
right angles to one another ; shew that the moments of forces repre- 
sented by BP and BQ about A are equal. 

33. A cyclist, whose weight is 150 lbs., puts all his weight upon 
one p^ol of his bicycle when the crank is horizontal and the bicycle 
is prevented from moving fonvards. If the length of the crank is 
6 inches and the nidias of the chain-wheel is 4 inches, find tho 
tension of the chain. 



CHAPTER VL 

COUPLES. 

68. Def. Two ejjiml unlike parallel forces, whose 
lines of action are not the same, form a couple. 

The Arm of a couple is the perpen- 
dicular distance l>etwcen the lines of action 
of the two forces which form the couple, 
is the perpendicular drawn from any 
point lying on tlie line of action of one of 
the forces upon the lino of action of the 
other. Thus the arm of the couple (P, P) 
is the length AB, 

The Moment of a couple is tlio product 
of one of the forces forming the couple 
and the arm of the couple. 

In the figure the moment of the couple is P x AB, 
Examples of a couple are the forces applied to the 
handle of a screw-press, or to the key of a clock in winding 
it up, or by the hands to the*handle of a door in opening it. 

A couple is by some writers called a Torque ; by others 
the word Torque is used to denote the Moment of the 
Couple. 
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69. Theorem. TJie algehraic mim of Hie moments of 
the two forces forming a couple about any point in thevr 
plane is constant^ and equal to the moment of the couple^ 

Let the couple consist of two forces, each equal to JP, 
and let 0 be any point in their plane. 


O 


A 


P 

. B 



Draw GAB perpendicular to the linos of action of tlic 
forces to meet them in A and B respectively. 

The algebraic sum of the moments of the forces about 0 
= iP . 07? - P . 0^ = P (07? - Oyl) = 7? 

= the moment of the couple, and is therefore the same 
wliatever be the point 0 about which the moments are 
taken. 


70. Theorem. Two couples, acting in om plane upon 
a rigid body, whose Tnoments are equal and opposite, baJmice 
one another. 

Let one couple consist of two forces (P, P), acting at 
tlie ends of an arm p, and let the other couple consist of 
two forces {Q, Q), acting at the ends of an arm q, 

Caae 1. I^et one of the forces P meet one of the forcej^ 
0 in a point 0, and let the other two forces meet in 0\ 
From Cy draw perpendiculars, (IM and (IN, upon the 
forces which do not pass through 0*, so that the lengths of 
these perpe^iculars are p and q respectively. 
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Since the luoiiicuts of the couples are equal in magni- 
tude, we have 

F,p-^Q.q, 

Le., 1\ Q . ffN. 

Hence, (Art. 64), 0' is on the 
lino of action of the resultant of 
F and Q acting at 0, so that 00* 
is the direction of this I'esultant. 

Similarly, the resultant of F 
and Q at 0* is in the direction 
OV, 

Also these resultants are equal in magnitude ; for the 
forces at 0 are respectively equal to, and act at the same 
angle as, the forces at 0*. 

Hence these two resultants destroy one another, and 
therefore the four forces composing the two couples are in 
equilibrium. 

Case 11. Let the forces composing the couples be all 
parallel, and let any straight line perpendicular to their 
directions meet them in the points A, By Gy and Dy as in 
the figure, so that, since the moments are equal, we have 
F.AB^Q.GD (i). 

Let L be the point of application of the resultant of Q 
at C and F at By so that 

F.BL^Q.CL (Art. 52) (ii). 






pt 
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By subtracting (ii) from (i), wo have 

1\AL = Q.LD, 

so that L is the point of application of the resultant of P 
at Aj and Q at />. 

But the magnitude of eacli of these resultants is 
{P + Q\ and they have opposite directions ; hence they are 
in equilibrium. 

Therefore the four forces composing the two couples 
balance. 


71- Since two couples in the same plane, of equal ]>ut 
opposite moment, balance, it follows, by reversing the 
directions of the forces composing one of the couples, that 

Any two couples of equal moment in the same plam are 
e^iuivalenL 

It follows also that two like couples of equal nionicnt 
are equivalent to a couple of double the moment. 

72- Theorem. Any number of couples in the same 
plane acthig on a rigid body are equivalent to a sinyle 
couple^ whose moment is equal to the algebraic sum of the 
moments of the cmiples. 

For let the couples consist of forces (P^ P) whose arm 
is p, ((?, Q) whose arm is q^ (j?, R) whose arm is r, etc. 
Replace the couple ((?, Q) by a couple whoso components 
have the same lines of action as the forces (7^, i^). The 
magnitude of each of the forces of this latter couple will 
be -Y, where X.p^Q.q^ (Art. 71), 

so that* 

P 

So let the couple (Tf, R) bo replaced by a couple 

( R-. R^i whoso forces act in the same lines as the 
P Pl 
forces (P, 
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Similarly for tiie other couples. 

Hence all the couples are equivalent to a couplt^ each (rf 

Q T 

whose forces is + © - + i? - + • • . acting at an arm p. 

V V 

The moment of this couple is 

{r^QUBU..\p, 

i.e.y + ^ . 9^+ i?. .... 

Hence the original couples are equivalent to a single 
couple, wiiose moment is equal to the sum of their moments. 

If all the component couples have not the same sign we 
must give to each moment its proper sign, and the same 
proof will apply. 


EXAMPLES X. 

1. A BCD is a square whose side is 2 feet ; along AB^ BG^ CD^ and 
DA act forces equal to 1, 2, 8, and 5 lbs. wt., and along AC and DB 
forces equal to and lbs. wt. ; shew that they are equivalent 
to a couple whose moment is equal to 16 foot-pounds weight. 

2. Along the sides AB and CD of a square ABCD act forces each 
equal to 2 lbs. weight, whilst along the sides AD and CB act forces 
each equal to 5 lbs. weight ; if the side of the square bo 3 feet, find 
the moment of the couple that will give equilibrium. 

3. ABCDEF is a regular hexagon ; along the sides AB, CB, DE, 
and FE act forces respectively equal to 5, 11, 5, and 11 lbs. weight, 
and along CD and FA act forces, each equal to x lbs. weight. Find 
X, if the forces be in equilibrium. 

A A horizontal bar AB, without weight, is acted upon by a 
vertical downward force of 1 lb. weight at if, a vertical upward force 
of 1 lb. weight at B, and a downward force of 6 lbs. weight at a 
given point C inclined to the bar at an angle of 30°. Fin% at what 
point of the bar a force must be applied to balance these, and find 
also its magnitude and direction. . 

73. Theorem. The effect of a couple upcfn, a rigid 
hody is mwUered if it be tranfferred to way plcme pa/raUel to 
ite owa^ the arm remaining pcmdld to its original posiJtion^ 
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Let the couple consist of two forces 1% wlipso arm 
is ABy and let their lines of action bo AC and BD, 



IjQi AiBi be any line equal Jind parallel to AB, 

Dkiw AiCi and B^D^ parallel io AG and BD respeo 
tively. 

At Ai introduce two equal and opposite forces, efu;h 
equal to P, acting in the direction A^Ci and the opposite 
direction A^E, 

At B^ introduce, similarly, two equal and opposite forces, 
each equal to P, acting in the direction B^D^ and the 
opposite direction 

These forces will have no effect on the equilibrium of 
the body. 

Join and A^By and let them meet in 0; then O is 
the middle point of both AB^ and A^P. 

The forces P at P and P -acting along A^E have a re- 
sultant 2P acting at 0 parallel to BD, 

The forces P at A and P acting along B^F luwe a 
resultant 2P acting at 0 parallel to AO, 
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Tlieso two result>ants are equal .and opposite, .and tliere- 
for(> balance. Jlenco we hav(i left the two forces {P, P) at 
and 7?, acting in the directions and i.e., 

parallel to the directions of the forces of the original 
couple. 

Also the jdane through A^C^ and B^D^ is parallel to the 
pl.ane through AG .and BD, 

Hence the theorem is proved. 

Cor. From this proposition and Art. 71 we conclude 
that A couple may he replaced hy any other couple acting in 
a paridlel plane^ provided that the irwm&tUa of the two couples 
are the same, 

74. Theorem. A simjle fm'ce and a couple acting in 
the same plane upon a rigid I>ody cannot jyioduce equilihrmtm^ 
h'lU are equivalent to the single force acting in a directum 
parallel to its original direction, 

liCt the couple consist of two forces, each equal to /*, 
their lines of action being OB and Of) respectively. 

Let the single force be Q, 

Case 1. If Q bo not parallel to tlie forces of the couple, 
let it be produced to meet one of them in 0, 

Then P and (?, acting at 0, are equivalent to some force 
7?, acting in some direction OL which lies l>etweon OA and 
OB, 

Let OL be produced (backwards if necessary) to meet 
the other force of the couple in 0^ aud let the point of 
application of 7? be transferred to Oj. 

Draw OiAi parallel to 0A\ 

Then the force 7? may be resolved into two forces Q and 
P, the former acting in the direction OiA^^ and the latter in 
the direction opposite to 0j<7, 

L. s. 
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Tliis latter force P is Imlancod by the second force P of 
the couple acting in the direction OiC, 



Hence we have left as the resultant of the system a 
force Q acting in the direction OiAi parallel to its original 
direction OA, 

Case 11. Let the force Q bo parallel to one of the 
forces of the couple. 



Let 0^0 meet the force Q in 0^ 

The parallel forces P at 0 and Q at ©a are, by Art. 62, 
equivalent to a force (P + Q) acting at some point 0, in a 
direction parallel to OB, The unlike parallel forces (P + Q) 
at ©3 and P at ©j are, simrlarly, equivalent to a force Q 
acting at some point ©4 in a direction parallel to ©,/>« 
Hence the resultant of the system is equal to the single 
force Q acting in a direction parallel to its original direc- 
tion. 
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v' 76. If three forcee^ acting upon a rigid hody^ he repre- 
8*.nted in mxignitude, direction^ and line of action hy the sides 
of a triangle taken in order^ they are equivalent to a couple * 
whose moment is represented hy twice the area of the triangle. 
Let ABC be the triangle and (J, and R the forces, so 
that /*, <2, and R are represented by the sides BC, CA, and 
AB oi the triangle. 

Through B draw LBM parallel to the side AC^ and iu- 
trf)duce two equal and opposite 
forces, equal to at J?, acting 
in the directions BL and BM 
rc'spectively. By the triangle 
of forces (Art. 36) the forces P, 
and Q acting in the straight 
line BL^ are in equilibrium. 

Hence wo are left with the 
two forces, each equal to 
acting ill the directions CA and BM respectively. 

These form a couple whose moment is x BNy where 
BN is drawn perpendicular to CA, 

Also Q X BN— CA X BN^ twice the area of the triangle 
ABC, 

Cor. In a similar manner it may be shewn that if 
a system of forces acting on one plane on a rigid body bo 
represented in magnitude, direction, and line of action by 
the sides of the polygon, they are equivalent to a couple 
whose moment is represented by twice the area pf the 
polygon. 
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CHAPTER VII. 


EQUILIBRIUM OF A RIGID BODY ACTED ON BY 
THREE FORCES IN A PLANE. 

76. In the present chapter we shall discuss some 
simple cases of tlie equilibrium of a rigid body acted upon 
by three forces lying in a plane. 

By the help of the theorem of the next article we shall 
find that the conditions of equilibrium reduce to those of a 
single particle. 

77- Theorem. 1/ three forcee^ acting in iyne •plane 
upon a rigid body^ keep it in equilibrium^ they munt eiilmr 
meet in a point or he parallel. 

If the forces be not all parallel, at Ujast two of them 
must meet ; let these two be P and (?, 
and let their directions meet in 0. 

The third force if shall then pass 
through the point 0. 

Since the algebraic sum of the 
moments of any number of forces about 
a point in their plane is equal to the 
moment of their resultant, 

therefore the sum of the ^oinente of /*, (?, and R aliout 
0 is equal to the moment of their resultant. 

But this resultant vanishes since the forces are in equi- 
librium. 
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Hence the sum of the moments of l\ and R about 0 
is zero. 

But, since P and Q both pass through 0, their moments 
about 0 vanish. 

Hence the moment of R about 0 vanishes. 

Hence by Art. 57, since R is not zero, its line of action 
must pass through 0. 

Hence the forces meet in a point. 

OtherwlM. The resultant of P and Q must be some force passing 
tl trough O. 

But, since the forces P, Q, and Parc in equilibrium, this resultant 
must balance P. 

But two forces cannot balance unless they have the same line of 
action. 

Hence tlic line of action of P must pass through O. 

78 . By the preceding theoi'em we see that the 
conditions of equilibrium of throe forces, acting in one 
plane, are easily obtained. For the three forces must meet 
in a point; and by using Lami’s Theorem, (Art. 40), or 
by resolving the forces in two directions at right angles, 
(Art. 46), or by a graphic construction, we can obtain 
the required conditions. 

Bz. 1. A heavy uniform rod AB is hinged at A to a fixed pointy 
and rests in a jfosition inclined at 60 ® 
to the horizontal^ being acted upon try 
ii horizontal force F applied at the 
lower end B: find the action at the 
hinge and the nwgnitxuU of F, 

Let the vertical through C, the 
middle point of the rod, meet the 
horizontal lino through B in the point 
I> and let the weight of the rod bo W, 

Thero are only threo forces acting 
on the rod, viz., tho force P, tho 
weight Wy and the imknown reaction, 

P I of the hinge. 

These three forces must therefore 
meet in a point. 




86 


STATICS 


Now F und W meet at 1> ; hence the direction of the action at 
the hinge must be the line DA. 

Draw AE perpendicular to Eli^ and let the angle ADK be $. 

Then tantf=^ = ^^^=2tan60“=V3. 

ED EB ^ 

Also, by Lami’s Theorem, 

_F 

sin }P^DA " sin ADD ~ sin jVDB * 


and 


».e.. 


rr 


sih(90° + d) sin (180° -61) 811190° * 

,, „,COB^ - W'' JV 

/. F= ir -r— T = ircot e = = - 5 - 

sm^ 2,^3 6 ^ 

p= wJ^= >r\/r+"cotJtf= w./~. 

smd V 12 


OtberwlM^; ADE'\s a triangle of forces, since its sides are parallel 
to the forces. Hence 6 can be measured, and 

IT 

AD~^ ED'”AE' 


Bz. a. A uniform rod, AB, is inclined at an angle of 60° to the 
vertical with one end A resting against a smooth 
vertical wall, being supported by a string attached 
to a point C of the rod, distant 1 foot fromB, and 
also to a ring in the wall veriically altove A ; if 
the length of the rod be ^ feet, find the position of 
the ring and the inclination and tension of the 
string. 

Let the perpendicular to the wall through A 
and the vertic^ line through the middle point, 

G, of the rod meet in O. 

The third force, the tension T of the string, 
must therefore pass through O, Hence CO pro- 
duced must pass through D, the position of the 
ring. 

Let ^e angle CDA be $, and draw CEF horizontal to meet OG in 
E and tne wall in F, 

♦ i. * /./.r. CG Bin CQE 

Ihen tan tan COEss^^s^ 



l.Bin60®_ 1 

*8. CO* 60* 
.•.''8=80®. 

.'. ACD^^W'-SmiKP. 
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Honce AD=AC=^'6 feet, giving the position of the ring. 

If i2 be the reaction of the wall, and W be the weight of the 
beam, we have, since the forc^ are proportiomil to tlie sides of the 
triangle AOD^ 

T W 

OD'~AO''bA‘ 

• T— W ^ W — 

" DA co8 30‘»"' V3’ 

and Jt= JKtan 30“ = r . - . 

DA 


Bz. a. A rwl wlum centre of gravity divides it into two portionSt 
whose lengths are a and has a string ^ of length Z, tied to its ttoo ends 
and the string is slung over a snutll smooth peg ; find the position of 
equilibrium of the rod, in which it is not vertical, 

fN.B. The centre of gravity of a body is the point at which its 
weight may be assumed to act.] 

Let AB he the rod and C its centre of gravity; let 0 be the peg 
and let the lengths of the portions AO 
and OB of the string be x and y respec- 
tively. 

Since there are only three forces 
acting on the body they must meet in 
a point. 

But the two tensions pass through 
0; hence the line of action of the 
weight W must jpass through O, and 
hence the line CO must bo vertical. 

Now the tension T of the string is 
not altered, since the ptring passes 
round a smooth mg; hence, since W 
balances the resultant of two equal forces, it must bisect the angle 
between them. 

I AOCs I BOC=a. (say). 

Hence f =s 5 . [Euo. vi. 3.] 

y CB b '■ 

Alsu x+y=U 

.*. solving these equations, we have 



X y I 

"tt+Tp 
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Also, from the triangle AOB^ we have 
(a + + !/■■* - 2.ry cos 2a = (.r + y)- - 2xy (1 -|- cos 2o) 

= (.r + y)^ -- 4xy cos'-* o = Z- - 
4^ ab 


4 . — ,,„co3^a. 
(rt4-/;)2 


.(ii). 


This equation gives a. 

Let 0 be the Inclination of the rod to the horizon, so that 


OCA --^90^+0, 


From the triangle AGO we have 

Bin (90°+g )^^Q^.-c^ I 

sin a AC a a + h* ^ 

• ^ Zsina 
COB $ = - , giving e. 

Also, by resolving the forces vertically, we have 2:Z’coBa=lF’, 
giving 1\ 

Numerical Example, If the length of the rod bo 5 feet, the length 
of the string 7 feet, and if the centre of gravity of the rod divide it in 
the ratio 4 : 8, shew that the portions of the string are at right angles, 
that the inclination of the rod to the horizon is tan"* and that the 
tension of the string is to the weight of the rod as ^2 : 2. 


XSs. 4. A heavy uniform rod, oflenyth 2a, rests partly within and 
partly without a fixed smooth hemispherical howly of radius r; the rim 
of the howl is horizontal, and one point of the rod is in contact with the 
rim ; if 0 he the inclination of the rod to the horizon, shew that 

2rco3 2^=acoB 0, 

Let the figure represent that vertical section of the hemisphere 
which passes through the rod. 

Let AB be the rod, G its centre of gravity, and C the point where 
the rod meets the edge of the bowl. 

The reaction at A is along the line to the centre, O, of the bowl ; 
for AO ia the only line through A which is perpendicular to the 
surface of the bowl at A. 

Also the reaction at C ia perpendicular to the rod ; for this is the 
only direction that is perpendicular to both the rod and the rira of 
the bowl. 

These two reactions meet in a point D; also, bv £uo. m. 31, 
Z> must lie on the geometrical sphere of which the bowl is a portion. 

Hence the vertical line through O, the middle point of the rod, 
must pass through D. 
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Through A draw AE horizontal to meet DCf in E and join OC, 



Since OG and AE arc parallel, 

lOCA= iCAE=0. 

Since 00= OA , / 0AC=i i OCA = 0. 

Also Z (?I)C=90^- z DGC=e. 

Now AE =AG cos 0=a cos 

and AE=AI) cos 20=2r cos 20. 

2r cos 20 = a cos 0^ giving 0. 

Also, by Laiiii’s Theorem, if jR and S bo the reactions at A and C, 
wo have 

Ji S IF 

sin 0 ““ sin ^ DG ” sin a1)C * 

. R ^ ^ W 

sin 0 “ cos 20 cos 0 ’ 

Numerical Example. If r = ^<i, then wo have ^=30", and 

a 

B=S=W'^. 

Bz. 6 . A beam whose centre of gravity divides it into two por- 
tionjij a and &, is placed inside a smooth sphere ; shew thatf if $ he its 
inclination to the horizon in the position of equilibrium and 2a he the. 
angle subtended by the beam at the centre of the sphere^ then 

b-~a * 

tan 0=T — tana. 

b+a 

In this case, both the reactions, R and at the ends of tlie rod 
pass through the centre, 0, of the sphere. Hence the centre of gravity, 
Gf of the rod must be vertically below 0. 

Lot OO meet the horizontal line through A in N. 

Draw OD perpendioular to AB. 
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Then lAO!)^ lJi()l)=.a, 

and L DOCr=:W- L J)00= I 



Hence 

a ^ACr _ AD- GD OD tin ADD -ODUinGOD 
b ” GD ^ BD~^ GJ) ~ 6T) i'^n DOD + Oi>liin GOD 
^ tan a - tan 0 
" tan a + tan 0 ‘ 

, „ h— a . 

tan6^=, tana. 

hi-a 

This equation gives 0. 

Also, by Lanii’s TJieorcm, 

It ^ 

sin J)OG “ sin AOG "" sin AOB ' 

B S __ IV 

sin (a + ~ sin (a - sin 2a * 

giving the reactions. 

Numerical Esrample, If the rod be of weight 40 lbs., and subtend 
a right angle at the centre of the sphere, and if its centre of gravity 
divide it in the ratio 1 : 2, shew that its inclination to the horizon 
is tan"^ jf, and that the reactions are and 16^5 lbs. weight 
respectiv^y. 

Bx. O. SheiD how the forces which act on a kite maintain it in 
equilibrifLin^ proving that the perpendicular to the kite must lie between 
the direction of the string arid the vertical. 

Let AB be the middle line of the kite, B being the mint at which 
the tail is attached'; the plane of the kite is perpendicular to the 
plane of the paper. Let G be the centre of gravity of the kite 
inclqding its toil. 

The action of the wind may be resolved at each point of the kite 
into two components, one jNsrpendicular to the kite and the other 
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along its surface. The latter oompononts have no effect on it and 
niay be neglected. The foiiuer components compound into a single 



force R perpendicular to the kite which acts at a point 11 wliich is 
a short distance above G, 

R and W meet at a point 0 and through it must pass the direction 
of the third force, viz. the tension Tot the string. 

Draw KL vertically to represent the weight ir, and LM pirollel 
to HO to represent R, 

Then, by the triangle of forces, MK must represent the tension 'T 
of the string. 

It is clear from the figure that the line MK must make a gretiier 
angle with the vertical LK than the line LM, 

i.e. the perpendicular to the kite must lie between the vertical 
and the direction of the string. 

From the triangle of forces it is clear that both T and W must 
be smaller than the force R exerted by the wind. 

79 . Trigonometrical Theorems. There are two 
trigonometrical theorems which are useful in Statical 
Problems, viz. If P he any point in the hose of a 
tricmgle ABC^ amd if CP divides AB into two parts m 
and n, and the angle C into two parts a a/nd and if 


the cmgle CPB he 6, then 

(m n) cot $ 7n cot a - n cot p (1), 

(m-^n)cotO=:sncotA-‘7ncotB ( 2 ). 
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Foi 


m AP A P PC AC P ^inPBG 

n PB “ PC * PB “ sin PAC ' sin PCB 


sin a , sin (tf + j3) 


, since 180"-(/3 + ^), 


~ sin (tf - a) ‘ sin P 
^ sin a (sin cos P + cos 0 sin P) _ cot P + cot 0 
~ sin P (sin 6 cos a — cos 0 sin a) cot a — cot B ’ 
m cot a — w cot /? = (m + w) cot . 


Again 

m __ sin ACP sin PBC 
n sin PA G sin PCB 

sin {B - A) sin B 
sin A * sin \B + B) 

(sin B cos A — cos B sin A ) sin B 
sin A (sin^ cos B + cos B sin //) 
cot A — cot B 
cot + cot ‘ 


c 



(m + tC) cot & n cot A — m cot B, 

As an illustration of the use of these formuluo take £x. 6 of 
Art. 78. Here formula (2) gives 

(a + h) cot 0GB = 6 out 0^2? - rt cot OB A , 

(a+&) tan ^=6 tana — a tana. 

Other illustrations of their use will bo found later on in this book. 


EXAMPLES. XI. ; . ^ 

1. A. uniform rod, AB^ of weight TF, is movable in a vertical 
plane about a hinge at and is sustained in equilibrium by a weight 
P attached to a string BCP passing over a smooth peg Cy AG being 
vertical ; it AO he equal to ABy she^ that P= W con ACB, 

' , 2* A uniform rod can turn freely about one ot, its ends, and is 
pulled aside *from the vertical by a horizontal force acting at the 
other end of the rod and equal to half its weight; at what inclination 
to the vertical will the rod rest? 
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^3, A rod ATty hinged at is supported in a horizontal position 
by a string BCy making an angle of 45“ with the rod, and the rod has 
a mass of 10 lbs. suspended from B. Neglecting the weight of the 
rod, find the tension of the string and the action at the hinge. 

4. A. uniform heavy rod AB hixs the end A in contact with a 
smooth vortical wall, and one end of a string is fastened to the rod 
at a point C, such that AC=^ABy and the other end of the string is 
fastened to the wall ; find the length of the string, if the rod rest in 
a position inclined at an angle to the vertical. 

5. -dCB a uniform rod, of weight W ; it is supported {B being 
uppermost) with its end A against a smooth vertical w^l AD by means 
of a string Cpy DB being horizontal and CD inclined to the wall at 
an angle of 30^. Find the tension of the string and the reaction of 
tlic wall, and prove that AC=^AB, 

6. A uniform rod, ABy resting with one end A against a smooth 
vertical w^all is supported by a string BC which is ti^ to a point C 
vertically above A and to the other end B of the rod. Draw a diagram 
shewing the lines of action of the forces which keep the rod in equi- 
librium, and shew that the tension of the string is greater than the 
weight of the rod. 

7. A uniform beam AB, of given Icn^h, is supported with its 
extremity. A, in contact with a smooth wall by means of a string CD 
fastened to a known point C of the beam and to a point D of the wall ; 
if the inclination of the beam to the wall be given, shew how to find 
by geometrical construction the length of the string CD and the height 
of D above A, 

For the problem to be possible, shew that the given angle BAD 
must be acute or obtuse according as if C7 is less or greater than }AB, 

8. A uniform rod, of length a, bangs against a smooth vertical 
wall being supported by means of a string, of len^h Z, tied to one end 
of the rod, the other end of the string being attached to a point in the 
wall ; shew that the rod can rest inclined to the wall at an angle d 

given by cos® . What are the limits of tlie ratio of a : Z that 

equilibrium may bo possible ? 

9. Equal weights P and P ore attached to two strings if CP and 
BCP passing over a smooth peg C. AB is a heavy beam, of weight W, 
who^ centre of gravity is a feet from A and b feet from B ; shew that 
AB is inclined to the horizon at an angle 
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10. A heavy uniform beam is hung from a fixed point by two 
strings attached to its extremities ; if the lengths of the strings and 
beam be as 2 : 3 : 4, shew that the tensions of the strings and the 
weight of the beam are as 2 : 3 : i^IO. 

11. A heavy uniform rod, 15 inches long, is suspended from a 

fixed point by strings fastened to its ends, their lengths being 9 and 
12 inches ; if ^ be the angle at which the rod is inclined to the vertical, 
shew that 25 sin 0 = 24. 

12. A straight uniform rod, of weight 3 lbs., is suspended from a 
peg by two strings, attached at one end to the peg and at the other to 
the extremities of the rod ; the angle between the strings is a right 
angle and one is twice as long as the other ; find their tensions. 

13. Two equal heavy spheres, of 1 inch, radius, are in equilibrium 
within a smooth spherical cup of 3 inches radius. Shew that the 
fiction between the cup and one sphere is double that between the two 
spheres. 

14. A sphere, of given weight TF, rests between two smooth 
planes, one vertical and the other inclined at a given angle a to the 
vertical ; find the reactions of the planes. 

15. A solid sphere rests upon two parallel bars ^ich are in the 
same horizontal plane, the distance between the bars being equal to 
the radius of the sphere ; find the reaction of each bar. 

16. A^^mooth sphere is supported in contact with a smooth 
vertical wall by a string fastened to a point on its surface, the other 
end being attached to a point in the w(Ul ; if the length of the string 
be equal to the radius of the sphere, find the inclination of the string 
to„ the vertical, the tension of the string, and the reaction of the wall. 

17. A picture of given weight, hanging vertically against a smooth 
wall, is supTOrted by a string passing over a smooth peg driven into 
the wall; the ends of the string are fastened to two points in the 
upper rim of the frame which are equidistant from the centre of the 
rim, and the angle at the peg is 60° ; compare the tension in this case 
with what it will be when the string is shortened to two-thirds of its 
length. 

18. A picture, of 40 lbs. wt., is hung, with its upper and lower 
edges horizontal, by a cord fastened to the two upper comers and 
passing ofer a-nail, so that the parts of the cord at the two sides of 
the nw are* inclined to one another at an angle of 60°. Find the 
tension of the cord in lbs. weight., 

19. A picture hangs symmetrically by means of a string passing 
over a nail and attached to two rings in the picture; what is the 
tension of tfai string when the picture weighs 10 lbs., if the strins be 
4 feet long and the nail distant 1 ft. 6 inches from the horizontal line 
joining the rings? 
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. 20. A picture frame, rectan^lar in shape, rests against a smooth 

vertical wall, from two points in which it is suspended by pamllel 
strings attached to two points in the upper edge of the back of the 
frame, the length of each string being equal to the height of the 
frame. Shew that, if the centre of gravity of the frame coincide with 
its centre of figure, the picture will hang against the wall at an angle 

tan"^ 5 - to the vertical, where a is the height and h the thickness of 
od 

the picture. 

21. It is required to hang a picture on a vertical wall so that it 
may rest at a given inclination, a, to the wall and be supported by a 
cord attached to a point in the wall at a given height h above the 
lowest edge of the picture ; determine, by a geometrical construction, 
the point on the back of the picture to which the cord is to be 
attached and find the length of the cord that will be required. 

22. A rod rests wholly within a smooth hemispherical bowl, of 
radius r, its centre of gravity dividing the rod into two portions of 
lengths a and b. Bhew that, if 6 be the inclination of the rod to the 

horizon in the position of equilibrium, then sin ^= 5 — t’-- -» 

2nJ'r^ — ah 

find the reactions between the rod and the bowl. 

23. Ill smooth hemisxdierical cup is placed a heavy rod, equal 
in length to the radius of the cup, the centre of gravity of the rcxl 
being one- third of its length from one end ; show that the angle made 
by the rod with the vertical is tan“* (3^*1) • 

24. A unifonn rod, 4 inches in length, is placed with one end 
inside a smooth hemispherical bowl, of which the axis is vertical and 
the radius inches ; shew that a quarter of the rod will project over 
the edge of the bowl. 

Prove also that the shortest rod that will thus rest is of length 
2^2 inches. 


The following ozamplea aro to bo oolvod grapbloallg. 

25. A heavy beam, Ail, 10 feet long, is supported, A uppermost, 
by two ropes attached to it at A and B which are respectively incUned 
at 65® and 60® to the horizontal; if AB be inclined at 20® to the 
horizontal, find at what distance from A its centre of gravity is. 
Also, if its weight be 200 lbs., find the tensions of the two ropes. 

26. A light rod A£, of length 2 feet, is smoothly jointed to a fixed 

supj^rt at A and rests horizontally; at i>, where ADqeO inches, it 
wrios a weight of 10 lbs., being supported by a light rod CBy where 
C is exactly underneath A and AC=:6 kiohes; find the thrust in tlio 
rod CB. - 
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27. AB lA & uniform bnam turning on a pivot at C and kopt in 
equilibrium by a light string AD attached to the highest pt)int A and 
to a point 1> vertically below C. If AB = ‘6 tt.y AC -ltt., 6V> = 2ft., 
and J)A =2‘7 ft., and the weight of the beam be 10 lbs., find the 
tension of the string and the reaction of the pivot. 

28. A cantilever consists of a horizontal rod AB hinged to a fixed 
support at A, and a rod DO hinged at a point G of AB and also 
hinged to a fixed point D vertically below A. A weight of 1 cwt. 
is attached at B; find the actions at A and 0, given that AB=: 6 ft,, 
AC =2 ft., and AD = ^ ft., the weights of the rods being neglected. 

29. The plane of a kite is inclined at 50° to the horizon, and its 
weight is 10 lbs. The resultant thrust of the air on it acts at a point 
8 inches above its centre of gravity, and the string is tied at a point 
10 inches above it. Find the tension of the string and the thrust 
of the air. 



CHAPTER VIIL 


GENERAL CONDITIONS OF EQUILIBRIUM OF A 

BODY ACTED ON BY FORCES IN ONE PLANE. 

80 . Theorem. Any system of forces^ acting in one 
ftlane upon a rigid hody^ can be reduced to either a single 
force or a single couple. 

By the parallelogram of forces any two forces, whose 
directions meet, can be compounded into one force; also, 
by Art. 52, two parallel forces can be compounded into one 
force provided they are not equal and unlike. 

First compound together all the i)arallel forcei^ or sets 
of parallel forces, of the given system. 

Of tlie resulting system take any two forces, not form- 
ing a couple, and find their resultant next find the 
resultant of Ry^ and a suitable third force of tlie system ; 
then determine the resultant of R^ and a suitable fourth 
force of the system; and so on until all the forces have 
been exhausted. 

Finally, wo must either arrive at a single force, or we 
shall liave two equal parallel unlike forces forming a 
couple. • 

V (^.system of forces act in 09ie 
plane upon a rigid hody^ and if the algebraic sum qf their 
moments about each of three points in the plane {not lying in 
the same straight line) vanish separatdyy tJiC system qf forces 
is in efjiuUibrium, 


h. a 


7 
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For any such system of forces, by tlio last article, 
reduces to either a single force or a single couple. 

Ill our case they cannot reduce to a single couple ; for, 
if they did, the sum of their moments about any point in 
their plane would, by Art 69, be equal to a constant which 
is not zero, and this is contiury to our hypothesis. 

Hence the system of forces cannot reduce to a single 
couple. 

The system must therefore either be in equilibrium or 
reduce to a single force F, 

Let the three points about which the moments are taken 
l>e A, B, and (7. 

Since the algebraic sum of the moments of a system of 
forces is equal to that of their resultant (Art. 62), therefore 
the moment of F about the point A must be zero. 

Hence F is either zero, or passes through A, 

Similarly, since the moment of F about B vanishes, 
F must be either zero or must pass through B, 

i.e.f F is either zero or acts in the line AB, 

Finally, since the moment about 0 vanishes, F must bo 
either zero or paas through C, 

But (since the points A^ B, C are not in the same 
straight line) the force cannot act along AB and also pass 
through G, 

Hence the only admissible case is that F should be zero, 

that the forces should be in equilibrium. 

• 

The system will also be in equilibrium if (1) the sum of the 
moments about each of two pointo, A and semrately vanish, and 
if (2) the sum of the forces resolVed along AB be zero. For, if (1) 
holds, the resultant, by the fore^ing article, is either zero or acts 
along AB, Also, if (2) be true there is no resultant in the direction 
AB\ henoo the resultant force is zero. Also, aa in the foregoing 
article, there is no resultant couple. Hence the system is In equi- 
librium. 
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82. Theorem. A system of forces^ acting in one plane 
npon a rigid hodyj is in equilihrinm^ if the sum of tlieir c&mpo- 
Qients parallel to each of two lines in their plane he zero^ and if 
the algebraic sum of their moments about a/ny point be zero also. 

For any such system of forces, by Art. 80, can be 
i\*<luced to either a single force or a single couple. 

In our case they cannot reduce to a single force. 

For, since the sums of the components of the forces 
p.arallcl to two lines in their plane arc separately zero, 5 
therefore the components of their resultant force parallel to 
these two lines are zero also, and therefore the resultant 
force vanishes. 

Neither can the forces reduce to a single couple ; for, if 
they did, the moment of this couple about any point in its 
plane would be equal to a constant which is not zero ; this, 
however, is contrary to our hy{)othesis. 

Hence the system of forces must be in equilibrium. 

83. It will be noted that in the enunciation of the last 
article nothing is said about the directions in which we are 
to resolve. In practice, however, it is almost always desir- 
able to resolve along two directions at right angles. 

Hence the conditions of equilibrium of any system of 
forces, acting in one plane upon a rigid body, may be ob- 
tiiined as follows ; 

I. Equate to zero the algebraic sum of the re* 
aolvedpartsof all the forces in some fixed direction. 

II. Equate to zero the algebraic sum of the 
resolved parts of all the forces in a perpendicular 
direction. 

III. Equate to zero the algebraic sum of the 
moments of the fbrees about any point in their 
plane. 


T— 2 
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I and II ensure tliat there shall be no motion of the 
body as a whole ; III ensui*es that there shall be no motion 
of rotiition about any point. 

The above three statical relations, together with the 
geometrical relations holding between the component 
portions of a system, will, in general, be sufficient to deter- 
mine the equilibrium of any system acted on by forces 
which are in one plane. 

In applying the preceding conditions of equilibrium to 
any particular case, great simplifications can often be intro- 
duced into the equations by properly choosing the directions 
along which we resolve. In general, the horizontal and 
vertical directions are the most suitable. 

Again, the position of the point about which we take 
moments is important j it should be chosen so that as few 
of the forces as possible are introduced into the equation of 
momenta 


84 . We have shewn that the conditions given in the previous 
article are sufficient for the equilibrium of the system of forces ; they 
are also necessary. 

Suppose we knew only that the first two conditions were satisfied. 
The system of forces might then reduce to a single couple ; for the 
forces of this couple, being equal and opposite, are such that their 
components in any direction would vanish. Hence, resolvina in any 
third direction would give us no additional condition. In tiiis case 
the forces would not be in equilibrium unless the third condition were 
satisfied. 

Suppose, again, that we knew only that the components of the 
system along one given line vanished and that the moments about a 
given point vanished also; in this cose the forces might reduce to a 
single force through the given point perpendicular to the given line ; 
hence we see that it is necessary to have the sum of the components 
parallel to another fine zero also. 
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85 . We shall now give some examples of the applica- 
lion of the general conditions of equilibrium. In solving 
any statical problem the student should proceed as 
follows j 

(1) Draw the figure according to the conditions given. 

(2) Mark all the forces acting on the body or bodies, 
taking care to fissume an unknown reaction (to be deter- 
mined) wherever one body presses against another, and 
to mark a tension along any supporting* string, and to 
assume a reaction wherever the body is hinged to any other 
body or fixed point. 

(3) For each body, or system of bodies, involved in . 
the problem, equate to zero the forces acting on it resolved . 
along two convenient perpendicular directions (generally 
horizontal and vertical). 

(4) Also equate to zero the moments of the forces 
alx)ut any convenient point. 

(5) Write down any geometrical , relations ootmecting 
the lengths or angles involved in the figure. 

ZSz. 1, A heavy uniform beam rents with (m£ end upon a horizontal 
planCi and the other end upon a given inclined plane; it is kept in 
equilibrium by a string which is attached to the end resting on the 
horizontal plane and to the intersection of the inclined and horizontal 
planes; gii'en that the inclination (a) of the beam to the horizontal is 
one-half that of the inclined plane, find the tension of the string and the 
reactions of the planes. 

Let AJi be the beam, AO the horizontal, and OB the inolined 
plane. 
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Let ^'bo the tension of the string AO^ W the weight of the body, 
li tind S the reactions at A and B respectively vertical and pcrj;)cn- 


dicular to OB. 

Besolving horizontally and vertically wo have 

!Z’=/Vsin2a (1), 

]r=A* + *Vcos2a (2). 

Also, taking moments about A^ wo have 

ir . a cos a = S .AB sin ABL = S . 2a cos a (3), 

where 2a is the length of the beam. 


These three equations give the circumstances of the equilibrium. 

From (3), we have 

from (2), J{=7r-|jKooa2a=ir(l-^OOB2o). 

Also, from (1), 

r=^sin2o. 

Hence the reactions and the tension of the string are determined. 

Suppose that, instead of the inclination of the beam to the horizon 
being given, the length of the string were giyen { = l say). 

Let us assume the inclination of the beam to the horizon to bo f/. 

The equations (1) and (2) remain the same as before. 

The equation of moments would be, however, 

W,a cos 0=1^. AB sin ABL = S.2a cos ABO 

= S . 2a cos {2a -0) (4). 

Wo should have a geometrical equation to determine 0y viz., 

Z __ 0-4 _ sin^BO_ sin(2a- 
^ “ AB ^ sin^ OB~' sin 2a * 

This latter equation determines d, and then the equations (1), (2), 
and (4) would give T, JZ, and S. 

This question might have been solved by resolving along and 
perpendicular to the beam; in each equation wc should then havo 
involved each of the quantities T, iZ, and IT, so that the resulting 
equations would have been more complicated than those above. 

It was also desirable to take moments about A ; for this is the 
only convenient point in the figure through which pass two of the 
forces which act on the body. 

Bz. 2. A beam whone centre of gravity divides it into portionSf of 
lengths a and h respectively^ rests in equilibrium with its ends resting 
on two smo>}th planes inclined at angles a and p respectively to the 
horizon, thiplaim intersecting in a horizontal line; find the inclination 
of the hetitn to the ftorizon and the reactions of the planes. 
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Let the planes be OA and OB, and let AB be the rod, 'whose centre 
of gravity is G, so that OA and GB are a and h respectively. 

Let B and S be the reactions at A and B perpendicular to the 
inclined planes, and let 0 be the inclination of the beam to the 
horizon. 


O' 



Besolving vertically and horizontally, we have 


Jicos(i-l-*9coSj8=Tr (1), 

J2sina=/>sinj8 (2), 

Also, by taking nionients about O, we have , 


B . OA sin GAL=S. GBsin OBM. 

Now lGAL==90^-BAO= 90° - (a - 0) , 

and / GBM=90^ -- ABO =90^ -ip + e). 

Henoo the equation of moments becomes 

B.acoa(a-0) = S ,hcos{p+0) (3). 

From (2), wo have 

R _ S _ BcoBa + Scosp _ W , 

sin/S"" sina"’sin/3co8a + sinaoos/3’” sm(a+/9) * '* 

These equations give JR and S; also substituting for B and S iu (3) 
we have 

a sin cos (a- 0):=h sin a cos (jS + 0) ; 

a sin p (cos a cos d + sin a sin 0) = h sin a (cos poos0- sin sin 0 ) ; 
(a+b) sin a sin p sin ^=:cos 0 {b sin a cos p-a cos a sin p ) ; 

/. (a + 6) tan 0=lb cot /3 - a cot a (4), 

giving the value of 0. 

OtherwlM tliiia; Since there are onlv three forces acting on the 
body this question might have been solvea by the methods of the last 
chapter. 
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For the three forces 11^ and 7r, must meet in a point O'. 
The theorem of Art. 79 then gives 

(a + h) cot O'GA ^hcoip-a cot a, 
i,e, {a + h) tan ^=: 2) cot - a cot a, 
which is equation (4). 

Also Lami’s Theorem (Art. 40) gives 

n S _ W 

sin n(yO ” sin AO^G^ sin A &B • 
sinjS sin a sin(o+^) ‘ 


Bz. a. A ladder^ whose weight U 192 Ihs. and whose length is 25 
feet, rests with one end against a smooth vertical wall ami with the 
other end upon the ground; if it he prevented from slipping hy a peg 
at its lowest point, and if the lowest point he distant 7 feet from the 
wall, find the reactions of the peg, tlte ground, and the wall. 


Let AB be the rod and G its middle point ; let Ji and Ji, be the 
.... ’ - file hori- 


reactions of the ground and wall, and 8 
zontal reaction of the peg. Let the angle GAO be 
a, so that 

AO 7 

and hence 


‘26’ 


/ 4^_ /576__24 

“V 625"V 626 ”25’ 


sin a 


Equating to zero the horizontal and vertical 
components of the forces acting on the rod, we have 

13-192=0 

and J?i-#S»=0 

Also, taking moments about A, we have 

192 X AO cos a=12i X AB sin a 
.-. i2|=192x^oota=96x-2^=s28. 
Hence, from (1) and (2), 

jf2=192 and iS’=28. 



The required reactions are therefore 28, 192, and 28 lbs. weight 
respectively. 

The resultant of R and 8 must by the last chapter pass through O', 
the point of intersection of the weight and J3|« 
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XSz. 4. One end of a uniform rod is attached to a hingcy and the 
other end is supported by a string attached to the extremity of the rod^ 
and the rod and string are inclined at the same anylcj 0^ to the hori- 
zontal; if W he the tveight of the rody shew that the action at the 

hinge is ^ tjs+cosec^d. 

Let Ali bo the rod, G its middle point, and BD the string meeting 
the horizontal line through A in J). 



Let the tension of the string bo 2\ 

The action at the hinge is unknown both in magnitude and 
direction. Let the horizontal and vertical components of this action 
bo X and T, as marked in the figure. Draw BE perpendicular to AD, 
Then AD=2AE=2ABco8$, 


Besolving horizontally and vertically, we have 

A’=rcosf? 

y+rsin^=Tr 

Also, taking moments about A, we have 

W,AC cos ^ = T , AD sin r . 2AB cos 0 sin 0 

From (3), r= W^, — . 

' ' 2ABsin0 4 sin 9 

lienee, by (1) and (2), 

X= -j- cot d, and r= 

4 4 4 


( 1 ). 

( 2 ). 

( 3 ). 


Therefore the action at the hinge = 

ss^ (^9+cot®^= ^ /v/s+ooseo*^. 

If DB meet the direction of W in J/, then, by the last chapter, 
AM is the direction of the action at A, Hence, if CN be parallel to 
AMy then CMN is a triangle of forces. 
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Bz. 5. A uniform heavy rod can turn freely about one end, which 
is fixed; to this end is attached a striny which supports a sphere of 
radius a. If the Icnyth of the rod he 4a, the lenyth of the striny a, and 
the wciyhts of the sphere and rod he ench W,find the inclimitions of the 
rod and striny to the vertical and the tension of the string. 

Let OA bo the rod, OG the string, B the centre of the sphere, and 
I> the point in which the rod touches the sphere. 



Between the sphere and the rod at V there is a reaction, 11, per- 
pendicular to 01), acting in opposite directions on the two bodies. 

The forces which act on the sphere only must bo in equilibrium ; 
and so also must the forces which act on the rod. 


Since there are only three forces acting on the sphere they must 
meet in a point, viz., the centre of the sphere. 

Hence OCB is a straight line. 

Let $ and 0 be the inclination of the rod and string to the 
vertical. 


Therf 


sm{0+^)=Q^ 


2a 


1 

2 * 


so that (1). 

The forces acting on the rod are the reaction at I), the weight of 
the rod, and the action at the hinge 0, 

If we take momenta about O we shall avoid this action, and we 
have 


W, 2a sin jR . OD^R . 2a cos 80^ 


( 2 ). 
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From tho conditions of equilibrium of the sphere, 
T R W 


Bin(0 + ^'^) sin0 sin 60® 

Therefore, from (2) and (3), 

sin 0 _R _ sin 0 
oo“s8(F^'“Tr'“sin60®‘ 

0=e;, and henoe, from (1), 

^?= 0 = 15 ®. 

Substituting in (3), we have 

2'= = V ( V2 4 x/6) = 1-1153 X 11', 

sm60° /v/b 6 ' ^ 

’[(3V2-s/6) = -2988x IF. 


.(3). 


EXAMPLES. XXL 


1, A uniform b<ram, A/i^ whoso weight is 7r, rests with one end, 
Af on a smooth horizontal piano AC. The other end, i?, rests on a 
plane CR inclined to tlio former at an angle of 60°. If a string CA, 
equal to C/7, prevent motion, find its tension. 


2. A ladder, of weight ir, rests with one end against a smooth 
vertical wall and with the other resting on a smooth floor; if the 
inclination of the ladder to the horizon be 60®, And, by calculation 
and graphically, the horizontal force that must be applied to the lower 
end to prevent the ladder from sliding down. 


3. A beam, of weight IF, is divided by its centre of gravity C into 
two portions AG and 17 C, whose lengths are a and b respectively. The 
beam rests in a vertical plane on a smooth floor AD and against a 
smooth vertical wall DR. A string is attached to a hook at D and to 
the beam at a point P. If T be the tension of the string, and d and 0 
be the inclinations of the beam and string respectively to the horizon, 


shew that 


T=W 


ft cos 0 

(ft + 6) sin (^-0)’ 


4. A ladder rests at an angle a to the horizon, with its ends rest- 
ing on a smooth floor and against a smooth vertical wall, the lower 
end being attached by a string to the junction of the wall and floor; 
find the tension of the string. 

Find also the tension of the string when a man, whose weight is 
ono-half that of the ladder, has ascended the ladder two-thirds of its 
length. 
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Exs. XII 


/ 5. One end of a uniform beam, of weight is placed on a smooth 
horizontal plane; the other end, to which a string is fastened, rests 
against another smooth plane inclined at an angle a to the horizon ; the 
string, passing over a pulley at the top of the inclined plane, hangs 
vertically, and supports a weight P; shew that the beam will rest in 
all positions if 2P= W sin a. 

6, A heavy uniform beam rests with its extremities on two smooth 
inclined planes, which meet in a horizontal line, and whose inclinations 
to the horizon are a and /3 ; find its inclination to the horizon in the 
position of equilibrium, and the reactions of the planes. 

7, A uniform beam rests with a smooth end against the junction 
of the ground and a vertical wall, and is supported by a string 
fastened to the other end of the beam and to a staple in the wall. 
Find the tension of the string, and shew that it will be one-half 
the weight of the beam if the length of the string be equal to the 
height of the staple above the ground. 

8, A uniform rod PC, of weight 2 lbs., can turn freely about P 
and is supported by a string .dC, 8 inches long, attached to a point A in 
the same horizontal line as P, the distance AB being 10 inches. If 
the rod be 6 inches long, find the tension of the string. Verify by 
a drawing and measurement. 

9, A uniform rod has its upper end fixed to a hinge and its other 
end attached by a string to a fixed point in the same horizontal plane 
as the hinge, the length of the string being equal to the distance 
between the fixed point and the hinge. If the tension of the string be 
equal to the weight IV of the rod, shew that the rod is inclined to the 
horizon at an angle tan~^ 7 , and that the action of the hinge is equal 

W 

to a force iJlO inclined at an angle tan*^ \ to the horizon. 

10, A rod is movable in a vertical plane about a hinge at one end, 
and at the other end is fastened a weight equal to half the weight of 
the rod ; this, end is fasteno<l by a string, of length Z, to a point at a 
height c verticfilly over the hinge. Show that the tension of the string 

IW 

is — I where yv is the weight of the rod. 


11. 54 P is. a uniform rod, of length 8a, which can turn freely 
about the end A^ which is fixed; C is a smooth ring, whose weight is 
twice that of the rod, which can slide on the rod, and is attached by a 
string CD to a pdint^ in thq same horizontal plane as the point A ; if 
AD and CD be e^h of length a, find the position of the ring and the 
tension of the string when the system is in equilibrium. 

8hew also that the action on the rod at the fixed end Aisn, hori- 
zontal force equal to 'where W is the weight of the rod. 
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12, A rigid wire, without weight, in the form of the aro of a circle 
subtending an angle a at its centre, and having two weights P and 
Q at its extremities, rests with its convexity downwards upon a hori- 
zontal plane ; show that, if 0 be the inclination to the vertical of the 
radius to the end at which P is suspended, then 


tan 0= 


QB ina 
P+15 cos a* 


13. A smooth hemispherical bowl, of diameter a, is placed so 
that its edge touches a smooth vertical wall ; a heavy uniform rod is 
in equilibrium, inclined at 60° to the horizon, with one end resting on 
the inner surface of the bowl, and the other end resting against the 

wall; shew that the length of the rod must be a + -^. 

14. A cylindrical vessel , of height 4 inches and diameter 3 inches, 
stands upon a horizontal plane, and a smooth uniform rod, 9 inches 
long, is placed within it resting against the edge. Find the actions 
between the rod and the vessel, the weight of the former being 6 ounces. 

15. A thin ring, of radius It and weight IF, is placed round a 
vertical cylinder of radius r and prevented from falling by a nail 
projecting horizontally from the cylinder. Find the horizontal re- 
actions l^tween the cylinder and the ring. 

.1 16. A heavy carriage wheel, of weight TV and radius r, is to be 

" draped over an obstacle, of height A, by a horizontal force F applied 
to tim centre of the wheel ; shew that F must be slightly greater than 

r-h 


il; < 17. A. uniform beam, of length 2a, rests in equilibrium, with one 
'^d resting against a smooth vertical wall and with a point of its 
lentil resting utou a smooth horizontal rod, which is parallel to the 
wall and at a mstance h from it; shew that the inclination of the 
beam to the vertical is 



t 

18. A circular disc, PC'/), of radius a and weight TF, is supported 
by a smooth band, of inappreciable weight and thickness, which sur- 
rounds the disc along the arc PCP’and is fastened at its extremities to 
the point in a vei*tical wall, the portion AD touching the wall and 
the plane of the disc being at right angles to the wall. If the length 
of the band not in contact with the disc be 27i, shew that the tension 

of the band is ~ - , and find the reaction at P. 
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Exs. xn 


19. Two equal uniform heavy straight rods are connected at one 
extremity by a string and rest upon two smooth pegs in the same 
horizontal lino, one rod upon one peg and the other upon the other ; 
if the distance tetween the pegs be equal to the length of eacli rod and 
the length of the string be half the same, shew that the rods rest at an 
angle 0 to the horizon given by 2cos^ 0=1. 


20. A uniform rod, whose weight is ir, is supported by two fine 
strings, one attached to each end, which, after passing over small 
fixed smooth pulleys, carry weights and respectively at the other 
ends. Shew that the rod is inclined to the horizon at an angle 


Wsl2 

21, A uniform rod, of weight TT, is supported in equilibrium by 
a string, of length 2Z, attached to its ends and passing over a smooth 
peg. If a weight W' be now attached to one end of the rod, shew that 
it can be placed in another position of equilibrium by sliding a length 

IW^ 

string over the peg. 

22. is a, straight rod, of length 2a and weight \1F, with the 
lower end A on the ground at the foot of a vertical wall AC^ B and C 
being at the same vertical height 2b above A ; a heavy ring, of weight 
jr, is free to move along a string, of length 2Z, which joins B and C, 
If the system be in equihbrium with the ring at the middle point of 
the string, shew that 

,X(X + 2) 






23. A given square board ABCD^ of side b, is supported hori- 
zontally by two given loops of string OA CO and OBDO passing under 
opposite comers and hung over a fixed hook O ; find the tensions of 
the strings, if the height of O above the board be b. 

24. A gate weighing 100 lbs. is hung on two hinges, 3 feet apart, 
in a vertic^ line which is distant 4 feet from the centre of gravity of 
the gate. Find the magnitude of the reactions at each hinge on the 
assumption that the whole of the weight of the gate is borne by the 
lower hinge. 


25. A triangle, formed of three rods, is fixed in a horizontal 
position^ and a homogeneous sphere rests on it; shew that the 
reaction on each rod is proportional to its length. 

26. A light triangular frame stands in a vertical plane, G 
being uppermost, on two supTOrts, A and B, in the same hori- 
zontal line and a mass of 18 lbs. weight is suspended from (7. If 
ifB=:if C=18 feet, and BG=5 feet, find the reactions of the supports. 

27. The sides of a trian^lar framework are 13, 20, and 21 inches 
in length; the longest side Mts on a horizontal smooth table and a 
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weir'll t of 63 lbs. is suspended from the opposite angle. Find the 
tension in the side on the table. Verify by a drawing and measure- 
ment. 

28. A bowl is formed from a hollow sphere, of radius a, and is so 
placed that the rtulius of the sphere drawn to each point in the rim 
makes an angle a with the vertical, whilst the radius drawn to a point 
A of the bowl makes an angle /3 with the vertical ; if a smooth uniform 
rod remain at rest with one end at A and a point of its length in 
contact with the rim, shew that the length of the rod is 

. a-p 

sin /3 sec . 

86 . In the following articles the conditions of equi- 
librium enunciated in Art. 83 will be obtained in a slightly 
different manner. 

*87- Theorem. Any systeyn of forces^ acting in one 
'plane U 2 )on a rigid body, is equir>alent to a force acting 
at an arbitrary point of the body togetlier with a emtph. 

Let P bo any force of the system acting at a point A of 
tlie l)ody, and h^t 0 bo any arbitrary point. At 0 introduce 



two equal and opposite forces, the magnitude of each being 
P, and let their lino of action be parallel to that of P. 
These do not alter the state, of equilibrium of the body. 

The force P at A and the opposite parallel force P 
at 0 form a couple of moment P . p, where p is the per- 
pendicular from 0 upon the line of action of the original 
force P. 
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Hence the force at -4 is equivalent to a parallel force 
r at 0 and a c<3uple of inonient P . 

So the force Q nt P is equivalent to a pjirallel force 
Q nt 0 and to a couple of moment Q . where q is the 
perpendicular from 0 on the line of action of Q, 

The same holds for each of the system of forces. 

Hence the original system of foiees is equivalent to 
forces P, Q, P... acting at 0, parallel to their original 
directions, and a number of couples ; these are equivalent 
to a single resultant force at 0^ and a single resultant 
couple of moment 

+ ©.< 7 + .... 

* 88 . By Art. 74 a force and a couple cannot balance 
unless each is zero. 

Hence the resultant of P, P,... at 0 must bo ztu'o, 
and therefore, by Art. 4G, the mm of their remVmd parts 
in two directvyns must separately vanish 

Also the moment P/3+(?g+,.. must be zero, ic., the 
algebraic sum of the moments of the forces about an arbitrary 
point 0 must vanish also. 


*80. Bx. ABCD U a sqtiare; along the sides AB, BC, DC, and 
DA act forces equal io 1, 9, 6 , and 3 Ihs, weight; find the force, pissing 
through the centre of the square, and the couple which are together 
equivalent to the given system. 

Let 0 be the centre of the square and let OX and OY be perpendi- 
cular to the sides BC, CD respectively. Let 
the side of the square be 2a. 

The force 9 is equivalent to a force 9 
along OY together with a couple of moment 
9. a. 

The force 3 is equivalent to a«foroe -3 
along OY together with a couple of moment 
3. a. 

The force 5 is equivalent to a force 6 
along OX together with a couple of moment 
— 5. a. 
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The force 1 is equivalent to a force 1 along OX together 'vvith a 
couple of moment 1 . a. 

Hence the moment of the resultant couple is 9</ + 3rt-5« + l .a, 

i.e,, 8 .a. 

The component force along OX is 6 and the component along OY 
is 6. 

Hence the resultant force is one of 6^y2 lbs. 'weight inclined at 45° 
to the side AB, 


EXAMPLES. XIII. 

1. A square is acted u^n by forces equal to 2, 4, 6, and 8 lbs. 
weight along its sides taken in order; find the resultant force and the 
rtisultant couple of these forces, when the resultant force goes through 
the centre of the square. 

2. ABCD is a square ; along DA, AB, BC, CD, and DB act forces 
equal to P, 3P, 5P, IP, and 9^2P; find the force, passing through A, 
and the couple, which are together equivalent to the system. 

3. Forces equal to 1, 2, 3, 4, 5, and 6 lbs. weight respectively act 
along the sides AB, BC, CD, DP, KF, and FA of a regular hexagon; 
lind the force, passing through A, and the couple, which are together 
equivalent to the system. 

4. Given in position a force equal to 10 lbs. weight and a couple 
consisting of two forces, each equal to 4 lbs. weight, at a distance of 
2 inches asunder, draw the equivalent single force. 


Constrained body. 

^ 90 . A body is said to be constrained when one or 
more points of the body are fixed. For example, a rod 
attached to a wall by a ball-socket has one point fixed and 
is constrained. 

If a rigid body have two points A and B fixed, all the 
points of the body in the line AB are fixed, and the only 
way in which the body can move is by turning* round 
AB as an axis. For example, a door attached to the door- 
post by two hinges can only turn about the line joining the 
hinges. 

If a body have three points in it fixed, the three points 
not l)eing in the same straight line, ft is plainly immovable. 

8 


L. s. 
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The only cases we shall consider are (1) when the 
body has one point fixed and is acted upon by a system 
of forces lying in a plane passing through the fixed point, 
and (2) when the body can only move about a fixed axis 
in it and is acted upon by a system of forces w’hose 
directions are perpendicular to the axis. 

91 . WIlch a rvjid body Ims one point Jixedj and is acted 
upon by a system of forces in a plane passing through the 
pointy it toUl be in equilibrium if the algebraic sum of the 
moments of the forces about the fixed point vanishes. 

When a body has one point A fixed (as in the c«jisc 
of Ex. 4, Art. 85), there must be exerted at the point some 
force of constraint, which together with the given 
system of forces is in equilibrium. Hence the conditions 
of equilibrium of Art. 83 must apply. 

If we resolve along two directions at right angles, we 
shall have two equations to determine the magnitude and 
direction of the force F, 

If we take moments about A for all the forces, the 
force F (since it passes through A) does not appear in 
our equation, and hence the equation of moments of Art. 
83 will become an equation expressing the fact that the 
algebraic sum of the moments of the given system of 
forces about A is zero. 

Hence for the equilibrium of the body (unless we wish 
to find the force of constraint F) we have only to express 
that the algebraic sum of the moments of the forces about 
the fixed point A is zero. 

92m BXm A rod A B htiH one end A flxed^ and U kept in a horizontal 
position by a force equal to 10 lbs. weight acting at B in a direction 
inclined at SOP to the rod; if the rod be hotnogeneoySf and of length 
4/eet, find its weight. 

Tho moment of the weight abput A must bo equal to the moment 
of tile force about A. 
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If Who the weight, the former moment is Wx2, and the latter is 
10x4 sin 30°. 

2ir=10x48in30° = 20. 

W = 10 lbs. wt. 

93. Whefi a ritjid body has an aacis Jixed^ and is acted 
upon by forces^ whose directions are per2)e7idicular to this 
axis, it 'tvill be in equilibrium if the algebraic sum of the 
moments of the forces about the fixed axis vanishes, 

[If a force be perpendicular to a given axis and do not meet it, its 
mf)nicnt about the axis is the product of the force and the perpen- 
dicular distance between the axis and the force.] 

Suppose AB to bo the fixed axis in the body, and lot 
the body bo acted on by forces 1\ these forces need 



P Q 


not be parallel but their directions must bo perpendicular 
to the axis. 

Draw GC^ perpendicular to both the axis and 7^, and 
DD' perpendicular to the axis and Q ; let their lengths be 
p and q. 

At C* introduce two equal and opposite forces, each 
equal to one of these being parallel to the original 
force P. 

The force P at (7 and the two forces (P, P) aff C* are 
equivalent to a force P, parallel to the original P, and a 
couple of moment P .p. 

Similarly, the force Q at P is equivalent to a force Q 
at and a couple of moment Q . q. 

Similarly for the other forces. 


8—2 
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The forces, since they intersect the axis, can have no 
effect in turning the Inxly alxDut tlie axis and are balanced 
by the forces of constraint applied to the axis. 

The couples are, by Arts. 72 and 7 .’1, equivalent to a couple 
of moment P .p + Q .q in a plane perpendicular to the 
axis. 

Hence the body will be in etpiilibriuni if 
P . p Q . q ^ be zero ; 

also the latter expression is the algebraic sum of the 
moments of the forces about the axis. 

Hence the theorem is true. 

04. Bx. A circular uniform tahle^ of weight 80 rc»ts on four 

equal legs placed symmetrically round 
its edge; find Die least weight which hung 
upon the edge of the table will just over- 
turn it. 

Let AE and BF be two of the legs of 
the table, whose centre is 0; the weight 
of the table will act through the point 0. 

11 the weight be hung on the portion 
of the table l^tween A and B the table 
will, if it turn at all, turn about the line 
joining the points E and F. Also it will 
be just on the point of turning when the 
weight and the weight of the table have equal moments about EF. 

Now the weight will clearly have the greatest effect when placed at 
Jf, the middle point of the arc AB. 

Jjet OM meet AB in Lt and let x be the required weight. Taking 
moments about EF, which is the same as taking moments about AB, 
we have 

x.LM=HO.OL. 

But , Liif = 03/- OL=:OA- OA oos 46'' 

a ( 1 -^ 2 ) • OL«80 . . OA, 

==198-1 lbs. wt. 
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95. Theorem. If three forces acting on a body keep 
it in equilihriuiny they must lie in a plane. 

Let the three forces be /*, Qy and R, 

Let Pj and ^ points on tlie lines of action 

of P and Q respectively. 

Since the forces are in equilibrium, they can, taken 
together, have no edect to turn the body 
about the line PxQ\- But the forces P 
and Q meet this line, and therefore 
separately have no effect to turn the body 
about PfQx^ Hence the third force R 
can have no effect to turn the body about 

Therefore the line Pfi\ must meet R, 

Similarly, if Q'i% ^ 3 ,... be other points 
on the line of action of <?, the lines Pfii^ 
must meet R. 

Hence R must lie in the plane through 1\ and the line 
of action of Qy ie,, the lines of action of Q and R must bo 
in a plane which passes through Pi. 

But Pi is any point on the line of action of P; and 
hence the above plane passes through any point on the 
line of action of P, 

i.e.y it contains the line of action of P. 

Cor. From Art. 77 it now follows that the three forces 
must also meet in a point or be parallel. • 

EXAMPLES. XIV. 

1. A square uniform plate is suspended at one of its vertices, and 
a weight, equal to half that of the plate, is suspended from the 
adjacent vertex of the square. Find the position of equilibrium of the 
plate. 
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Exs. XIV 


2. A hollow vertical cylinder, of radius 2a and height 3a, rests on 
a horizontal table, and a uniform rod is placed within it with its 
lower end resting on the circumference of the base ; if the weight of 
the rod be equal to that of the cylinder, how long must the rod be so 
that it may just cause the cylinder to topple over? 

3. A cylinder, whose length is h and the diameter of whose base 
is c, is open at the top and rests on a horizontal plane; a uniform 
rod rests partly within the cylinder and in contact with it at its upper 
and lower edges ; supposing the weight of the cylinder to be n times 
that of the rod, find the length of tiie rod when the cylinder is on tho 
point of falling over. 

4. A square table stands on four legs placed respectively at the 
middle points of its sides; find the greatest weight that can ))e put at 
one of the comers without upsetting the table. 

5. A round table stands upon three equidistant weightless legs at 
its ^ge, and a man sits upon its edge opposite a leg. It just upsets 
and falls upon its edge and two legs. He then sits upon its highest 
point and just tips it up again. Shew that the radius of the table is 
^2 times the length of a leg. 

6. A circular table, whose weight is 10 lbs., is provided witli three 
vertical legs attached to three points in the circumference equidistant 
from one another; find the least weight which hung from any point 
in the edge of the table will just cause it to overturn. 

7. A square four-legged table has lost one leg ; where on the table 
should a weight, equal to the weight of the table, be placed, so that 
the pressures on the three remaining legs of the table may be equal ? 

8. A square table, of weight 20 lbs., has legs at the middle points 
of its sides, and three equal weights, each equtU to the weight of the 
table, are placed at three of the angular points. What is the meatest 
weight that can be placed at the fourth comer so that equUibrium 
may be preserved? 

9. A circular metallic plate, of uniform thickness and of weight 
Wt is hung from a point on its circumference. A string wound on its 
edge, carries a weighty. Find the angle which the diameter through 
the point of suspension makes with the vertical. 

10. A uniform circular disc, of weight nW, has a particle, of 
weight W, attached to a point on its rim. If the disc be suspended 
from a point A on its rim, B is the lowest point; also, if suspended 
from B, A is the lowest point. Shew that the angle subtended oy AD 
at the centre of the disc is 2 sec^^ 2 (n+ 1). 

11. A heavy horizontal circular ring rests on throe supports at 
the points A, 7?, and C of its circumference. Given its weight and 
tlie sides and angles of the triangle A find the reactions of the 
supports. 
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CENTRE OF GRAVITY, 

96. Eykuy particle of matter is attracted to the 
centre of the Earth, and the force with which the Earth 
attracts any particle to itself is, as we shall see in 
Dynamics, proportional to the mass of the particle, v. 

Any body may be considered as an agglomeration of 
particles. 

If the Ixxly be small, compared with the Earth, the 
lines joining its component particles to the centre of the 
Earth will be very approximately parallel, and, within the 
limits of this book, we shall consider them to be absolutely 
paralleL 

On every particle, therefore, of a rigid body there is 
acting a force vertically downwards "which we call its 
weight. 

These forces may by the process of compounding 
parallel forces. Art. 52, be compounded into a single 
force, equal to the sum of the weights of the particles, 
acting at some definite point of the body. Sucli a point 
is called the centre of gravity of the body. * 

Centre of gravity. Def. The cerUre of gravity of a 
hody^ or system of particles rigidly connected together^ is 
that point through which the line of action of the weiglU of 
the body always passes in whatever position the body is 
placed. 
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97 . Every hody^ or system of particles riijidly connected 
iogeiliei'^ has a centre of gravity. 

Let A, By Cy D... be a S3rstein of particles wliosc 
weights are 



Join AB, and divide it at Gi so that 
AGi : GiB 

Then parallel forces and w^y acting at A and B, are, 
by Art. 52 , equivalent to a force (w^ + ^02) acting at 

Join GiCy and divide it at G^ so that 
G1G2 : G2G :: i- w,,. 

Then parallel forces, (W1 + W2) at Gi and vf;, at ( 7 , are 
equivalent to a force + + 

Hence the forces w?j, 102, and tv^ may l>o supposed to be 
applied at ffg without altering their effect. 

Similarly, dividing G2B in Gg so that ^ 

GgGg : GgD : : + Wg + W31 

we see that the resultant of the four weights at - 4 , By Cy 
and B is equivalent to a vertical force, Wy + w?2 + + w^y 

acting at Gg, 

Proceeding in this way, we see that the weights of any 
number of particles composing any body may be supposed 
to be ^plied at some point of the body without altering 
their effect. 

98 . Since the construction for the position of the 
resultant of parallel forces depends ovdy on the point of 
application and magnitude, and not on the direction of 
the forces, the point we finally arrive at is the same if 
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the Ixxly be turned through any angle; for the weights 
of the portions of the Inxly are still parallel, although they 
liave not the same direction, relative to the body, in the 
two positions. 

We can hence shew that a body can only have one 
centre of gravity. For, if possible, let it have two centres 
of gravity G and G^. Let the body be turned, if necessary, 
until GG^ bo horizontal. We shall then have the resultant 
of a system of vertical forces acting both through G and 
through Gi. But the resultant force, being itself neces- 
sarily vertical, cannot act in the horizontal line GG^, 

Hence there can be only one centre of gravity. 

99 . If the body be not so small that the weights of its component 
parts may all bo considered to be very approximately parallel, it bos 
not necessarily a centre of gravity. 

In any case, the point of the body at which we arrive by the con- 
struction of Art. 97, has, however, very important properties and is 
called its Centre of Mass, or Centre of Inertia. If the body be of 
uniform density its centre of mass coincides with its Centroid. 

100 . We shall now proceed to the determination of 
the gravity of some bodies of simple forms. 

I. A uniform rod. 

Ijet AB bo a uniform rod, and G its middle point. 



G 


Take any point P of the rod between G and A, and a 
point Q in GB, such that ^ 

GQ^GP. 

The centre of gravity of equal particles at P and Q 
is clearly G\ also, for every particle between G and if, 
there is an equal particle at an equal distance from 
lying l)etweGn G and B. 
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Tlie centre of gravity of each of tliese pairs of particles 
is at Cw ] therefore the centre of gravity of the whole rod 
is at G, 

101. II. A uniform parallelogram. 

Let ABC D be a parallelogram, and let E and F be the 
middle points oi AD and BC. 

Divide the parallelogram ^r' "" ^^7 7 O 

into a very large number of ~ 

strips, by means of lines parallel / / / 

to AD^ of which PR and QS ^ ^ F C 

are any consecutive pair. Then 

PQSR may be considered to be a uniform straight line, 
whose centre of gravity is at its middle point G^, 

So the centre of gravity of all the other strips lies on 
EFy and hence the centre of gravity of the whole figure 
lies on EF. 

So, by dividing the parallelogram by lines parallel to 
AB, we see that the centre of gravity lies on the line 
joining the middle points of the sides AB and CD. 

Hence the centre of gravity is at G the point of inter- 
section of these two lines. 

G is clearly also the point of intersection'of the diagonals 
of the parallelogram. 

102 . It is clear from the method of the two previous 
articles that, if in a uniform body we can find a point G 
such that the body can be divided into pairs of particles 
balancing about it, then G must be the centre of gravity 
of the body. 

Tlie centre of gravity of a uniform circle, or uniform 
sphere, is therefore its centre. 

It is also clear that if wo can divide a lamina into 
strips, the centre of gravity of which all lie on a straight 
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line, then the centre of gravity of the lamina must lie on 
that line. 

Similarly, if a body can be divided into portions, the 
centres of gravity of which lie in a plane, the centra of 
gravity of the whole must lie in that plane. 


103. 111. Uniform triangular lamina. 

Let ABC be the triangular lamina and hit D and E be 
the middle points of the sides BC 
and CA. Join ilZ>^and BE^ and 
let them meet in G, Then G 
shall be the centre of gravity of 
the triangle. 

Let Bfiy be any line parallel ® 
to the base BC meeting AD D^, 

As in the case of the parallelogram, the triangle may* 
be considered to be made up of a veiy large number of 
strips, such as all parallel to the base BC. 

Since B^Jx and BC are parallel, the triangles ABJ)^ 
and ABD are similar; so also the triangles AD^Cx nnd 
ADC are similar. 



BD AD'^ 1)C 


But BD = DC therefore B^Dx^D^Cx. Hence the 
centre of gravity of the strip B^Cx lies on AD. 

So the centres of gravity of all the other strips lie on 
ilZ), and hence the centre of gravity of the triangle lies 
on AD. 


Join BE^ and let it meet AD in G. 

By dividing the triangle into strips parallel to AC we 
see, similarly, that the centre of gravity lies on BE. 

Hence the required centre of gravity must be at Q. 
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Since D ia tlio middle point of BC and B is the middle 
point of CA, therefore DE is parallel to AB. 

* Hence the triangles GDE and GAB are similar, 

*■ GA~ AB'' a A~ V 

so that 26^2) = GA^ and ^GI) = GA + GD = AI), 

/. GD - 

Hence the centre of gravity of a triangle is on the 
line joining the middle point of any side to the opposite 
vertex at a distance equal to one-third the distance of 
the vertex from that side. 

104 . Tlie centre of gravity of any uniform triangular 
lamina is the same as that of three equal particles placed at 
the vertices of the triangle* 

Taking the figure of Art. 103, the centre of gravity of 
two equal particles, each equal B and (7, is at D 

the middle point of BG , also the centre of gravity of 2w 
at B and w at A divides the line BA in the ratio of 1 ; 2. 
But G, the centre of gravity of the lamina, divides BA in 
the ratio of 1 ; 2. 

Hence the centre of gravity of the three particles is the 
sajne as that of the lamina. 

105. XV. Tbrea rods forming a triangle. 

Let BC, CA, and AB be the throe rods, of the some thickness and 
material, forming the triangle, and let D, and F be the middle 
points of the rods. Join BE, EF, and FD. Clearly DE, EF, and 
FD are half of AB, BC, and VA respectively. Tlie centres of gravity 
of the t&reo rods are D, E, and F\ 

The centre of gravi^ of the rods AB and AC ie therefore a point 
L on 27Fsuch that 

EL : LF :: weight at F : weight at E 
:: ABiAC 
BE : DF. 

so that BL bisects the angle FBE. (Eno. vi. 8.) 
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Also the ccnU'e of gravity of the three rods must lie on DL. 
Similarly the centre of gravity must lie on EM which bisects the 
angle JJEK 



Ilcnco the required point is the point at which EM and DL meet, 
and is therefore the centre of the circle inscribed in the triangle 

i.r.j the centre of the circle inscribed in the triangle formed by 
joining the middle points of the rods. 

106 . V. Tetrahedron. 

Ixii ABCD bo the tetrahedron, E the middle point of 
AB^ and the centre of gravity of the base ABC. 


D 



8 C 


Take any section A^HC of the tetrahedron which is 
parallel to ABC \ let DE meet A' E in E* and let DG^^ 
meet KG in Q\ 

Then 

similar As DEG^ 

by similar As DCTC, DG^C, 

GGi 

. E'G' EG^ l 
" 'C'G'~ CGi~ 2' 
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Hence (r is the centre of gravity of the section A JVC*. 

By considering the tetrahedron as built up of triangles 
parallel to the base ABC^ it follows, since the centre of 
gravity of each triangle is in the line that the centre 
of gravity of tho whole lies in DG^, 



Similarly, it may be shewn that the centre of gravity 
lies on the line joining C to the centre of* gravity G.^ of tho 
opposite face. Also 6-3 lies in the lino ED and divides it in 
the ratio 1 : 2. 

Hence 6 r, the reipaired point, is tho point of intersection 
of CG^ and DG^. 

Join 

Then 

similar As GG,jGi and OCDy 
"PC 

= , by similar As EGfi^ and EGD^ 

= 

GC=i.GJ)y 

G^C^i.GjG. 

*8iniilar]y G^D = AGiG, 

. Hence the centre of gravity of the pyramid lies on tho 
line joining the centre of gravity of any face to the opposite 
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angular point of the tetrahedron at a distance e(|ual to one- 
quarter of the distance of the angular point from tliat facOi 

Cor. The centre of gravity of the tetrahedron is the 
same as that of equal particles placed at its vertices. 

For equal weiglits w placed at the angular points ABC 
of a triangle are equivalent, by Art. 104, to a weight 3?/; 
placed at (?i, the centre of gravity of ABC. Also 3«; at 
and w at D are equivalent to iw at G^ since G divides G^D 
in the ratio 1 : 3. 

107. VI. Pyramid on any base. Solid Cone. 

If the base of the pyramid in the previous article, instead 
of being a triangle, be an}*^ plane figure ABCLMN,.. whose 
centre of gravity is ffj, it may be shewn, by a similar 
method of proof, that the centre of gravity must lie on the 
line joining D to G^, 

Also by drawing the planes DAG^y DBGi^,,, the whole 
pyramid may be split into a number of pyramids on tri- 
angular bases, the centres of gravity of which all lie on 
a plane parallel to ABCL,,, <*ind at a distance from D 
of three-quarters that of the latter plane. 

Hence the centre of gravity of the whole lies on the line 
Gjy^ and divides it in the ratio 1 ; 3. 

Let now the sides of the plane base form a regular 
polygon, and let their number be indefinitely increased 
Ultimately the plane base becomes a circle, and the pyramid 
becomes a solid cone having i) as its vertex \ also the point 
Gx is now the centre of the circular base. 

Hence the centre of gravity of a solid right circular 
cone is on the line joining the centre of the base to the 
vertex at a distance equal to one-quarter of the distance of 
the vertex from the base. 
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108. VII. Surface of a hollow cone. 

Since the surface of a cone can be divided into an 
iiiiiiiite number of triangular lamiuas, by joining the vertex 
of the cone to points on the circular base indefinitely close 
to one another, and since their centres of gravity all lie in 
a plane parallel to the base of the cone at a distance from 
the vertex equal to two-thirds of that of the base, the centre 
of gravity of the whole cone must lie in that plane. 

But, by symmetry, the centre of gravity must lie on the 
axis of the cone. 

Hence the required point is the point in which the 
above plane meets the axis, and therefore is on the axis at 
a point distant from the base one-third the height of the 


EXAMPLES. XV. 

' 1, An isosceles triangular lamina has its equal sides of length 
5 feet and its base of length 6 feet ; find the distance of the centre of 
gravity from each of its sides. 

2, The sides of a triangular lamina are 6, 8, and 10 feet^in 
length; find the distance of the centre of gravity from each of the 
sides. 


. 3. The base of an isosceles triangular lamina is 4 inches and the 
equal sides are each 7 inches in length; find the distances of its 
centre of gravity from the angular points of the triangle. 

4. is the middle point of the base BC of a triangle ABC; shew 
that the distance between the centres of gravity of the triangles ABD 
mdACDxe^BC, 

5. Aheavy triangular plate APClies on the ground; if a vertical 
force applied at the point A bo just great enough to hemn to lift that 
vertex from the ground, shew that the same force will suffice, if applied 
at B or C, 

6. Tlireo men cony a weight, Wt by putting it on a smooth 
triangular board, of weight tc, and supporting the system on their 
shoulders placed respectively at tlie angular points; find the weight 
that each man supports. 
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7. The bn.se of a triangle is fixed, and its vertex moves on a given 
straight line ; shew that the centre of gravity also moves on a straight 
line. 

8. The base of a triangle is fixed, and it has a given vertical 
angle; shew that the centre of gravity of the triangle moves on an 
are of a certain circle. 

9. A given weight is placed anywhere on a triangle ; show that 
the centre of gravity of the system lies within a certain triangle. 

10. A uniform equilateral tritvngular plate is sus^nded by a 
string attached to a point in one of its sides, which divides the side 
in the ratio 2:1; find the inclination of this side to the vertical. 

11. A uniform lamina in the shape of a right-angled triangle, and 
such that one of the sides containing the right angle is three times 
the other, is suspended by a string attached to the right angle ; in the 
position of equilibrium, shew that the hypotenuse is inclined at an 
angle sin"^ 7 to the vertical. 

12. A uniform triangular lamina, whose sides are 3, 4, and 5 
inches, is suspended by a string from the middle point of the longest 
side ; find the inclination of this side to the verticu. 

109 . Oeneral formulae for the determination 
of the centre of gravity. 

In the following articles will be obtained formulae 
giving the position of the centre of gravity of any syntein 
of j^rticles, whose position and weights are known. 

Theorem. If a system of particles whose weights anre 
Wi, ... he a straight^ linsy amd if their distances 
measured from a fixed point 0 in the line he 

an, 

the distomcey W, of their centre of gravity from the Jured point 
is given hy 

+ Wa+ ... + 

Let Ay By Gy D,.. be the particles and let the centre of 
gravity of Wi and at A and B he Gi; let the centre of 



li. a 


9 
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gravity of + iv.,) at and v).^ at G bo Cro, and so for tlio 
other particles of the systfiin. 


By Art. 97, we liave w^, AG 1 — W 2 . (rxS\ 

n\ (06'i - OA) - nu {OS — OG^), 

Hence {w^ + ?/>o) . OG^ ~ . OA + w.^ . OB^ 

i«., (1). 

U\ + 9V.2 

Similarly, since G.^ is the centre of gravity of {w^ + 
at Gi and at C, we have 


00, = + + Wj PC 

“ (M>i + M)a) + «>s 


_ ^^2 jJOjrr, + 

«4;i + ^ 

U /irr (^^^1 + • OG 2 + W^4 . 

CJO t/C/3 7- y -• 

{Wi + W2 + W^) + IV^ 

WiXi + 

Wi + W2 + W2 + 7V^ 

Proceeding in this manner we easily have 
« _ W^OC^ + + Wn^n 

«;j + tt72+ ... +W,i ' 

whatever be the number of the particles in the systcjiu. 

Otlierwifle, The above formula may be obtained by the use of 
Article 05. For the weights of the particles form a system of parallel 
forces whose resultant is equal to their sum, viz. + 

Also the sum of the moments of these forces alx>ut any point in their 
plane is the same as the moment of their resultant. But the sum of 
the moments of the forces about the fixed point O is 

• w^Xi + WaiCg + . . . + ic^x^ . 

Also, if S be the distance of the centre of gravity from 0, the moment 
of the resultant is 

(Wi+Wa+...+ii7j X*. 

S(Wj + 1173 + ... +7r„)=w,Xi + tra,rj+ ... 

Wl+t03+...+Wn 


Hence 
t.s. , 
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no. Bac. 1. A rod ADy2 feet in Ungtli^ and of weight 5 Ihs.^ is 
trisected in the ^points C and X>, and at the points C, D, and B are 
placed particles of 1, 2, 3, and 4 lbs. weight respectively; find what 
point of the rod must he supported so that the rod may rest in any 
position^ i.e.f find the centre of gravity of the system. 

Let G be the middle point of the rod and let the fixed point O of 
tho previous article be talcen to coincide with the end A of the rod. 
The quantities .r^, and are in this case 0, 8, 12, 16, and 

24 inches respectively. 

Hence, if X bo the point required, wo have 

1.0 + 2.8 + 5.12 + 3.16 + 4.24 
AK^~ r+2+5+3+4 

220 , .3 . , 

■= j^g' = 14^ inches. 


Bz. 2. 7/*, in the previous questitm-t the body at B he retiurved and 
another hotly he mhstitnted^find the weight of this unkjioion hody so that 
the new centre of gravity may he at the middle point of the rod. 

Let X lbs. be the required weight. 

Since the distance of the new centre of gravity from ..4 is to be 
12 inches, we have 

^g^ l.0 + 2.8 + 5.12 + 3 .16 + \.24 124 + 24\ 

1+2+5+3+X 11+X 

132 + 12X=124 + 24X. 

X=f lb. 


Bx. 8. To the end of a rod, tvhose length is 2 fetd and whose %oeight 
is 3 Ihs.f is attached a sphere, of radius 2 inches and weight 10 lbs,; 
find the position of the centre of gravity of the compound body. 

Let OA be the rod, its middle point, G^ tho centre of the sphere, 
and G the required point. 


Then 


But 


^^^ 3.QG^ + 10.O(7., 

3 + 10 

OGi = 12 inches ; OG ^ = 26 inches. 
3.12 + 10.26 296 

0(jr = s- - j.. = = 22 J y inches. 


3 + 10 


EXAMPLES. XVI. 

^ 1, A straight rod, 1 foot in length and of mass 1 ounce, has an 
ounce of lead f^tened to it at one end, and another ounce fastened to 
it at a distance from the other end equal to one-third of its length ; 
find tho centre of gravity of the system. 


9—2 
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EXS.XVI 


^ 2. A iinifonn bar, 3 foiit in length and of mass 6 ounces, has 
3 rings, each of mass H ounces, at distances 3, 15, and 21 inches from 
one end. About what point of the bar will the system balance? 

3. A uniform rod AB is four feet long and weighs 3 lbs. One lb. is 
attached at if , 2 lbs. at a point distant 1 foot from A, 3 lbs. at 2 feet 
from At 4 lbs. at 3 feet from At and 5 lbs. at JB. Find the distance 
from A of the centre of gravity of the system. 

^ 4. A telescope consists of 3 tubes, each 10 inches in length, 
one within the other, and of weights 8, 7, and 6 ounces. Find the 
position of the centre of gravity when the tubes are drawn out at full 
length. 

5. Twelve heavy particles at equal intervals of one inch along a 
straight rod weigh 1, 2, 3,... 12 grains respectively; find their centre 
of gravity, neglecting the weight of the rod. 

6. Weights proportional to 1, 4, 9, and 16 are placed in a straight 
line so tliat the distances between them are equal ; find the position 
of their centre of gravity. 

7. A rod, of uniform thickness, has one>half of its length com- 
posed of one metal and the other half composed of a different metal, 
and the rod balances about a point distant one-third of its whole 
length from one end ; comptire the weight of equal quantities of the 
metal. 

y- 8. An inclined plane, with an angle of inclination of 60°, is 3 feet 
long; masses of 7, 5, 4, and 8 ounces are placed on the plane in order 
at distances of 1 foot, the latter being the highest ; find the distance 
of their centre of gravity from the base of the inclined plane. 

9. AB isa uniform rod, of length 7i inches and weight (n + 1) JF. 
To the rod masses of weight 27F, 3Wt...fi JF are attach^ at distances 
1, 2, 3,...n inches respectively from A. Find the distance from A of 
the centre of gravity of the rod and weights. 

10. A rod, 12 feet long, has a mass of 1 lb. suspended from one 
end, and, when 15 lbs. is suspended from the other end, it balances 
about a point distant 3 ft. fiom that end ; if 6 lbs. be suspended there, 
it balances about a point 4 ft. from that end. Find the weight of the 
rod and the position of its centre of gravity. 

111. Theorem. 1/ a ayateni of particles^ wJwHe 
weights are ... lie in a planSy and if OX and OY 

be two faced straight lines in the plane at right angles, and if 
Uw distances of dw pcbrticles from OX be pi, ... and 
the distance of tJwir centre of granUy be y, then 
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Similarly f if the distances of the 2^ciTticles from OY he 
ail, asji, ... ajjj and ilmt of th^ir centre of gravity he x, then 

_ WiXi + mjXg + . . . + Wf^Xf^ 

Wi •hW2+ + Wn 



Lot A, R, C,... bo the pxrticles, and AZ, RJf, CN... the 
porj)cndiculars on OX. 

Let Gi be the centre of gravity of Wi and G^ tiie 
centre of gravity of {w^ + at G^ and vj^ at (7, and so on. 

Draw G^R^i ••• perpendicular to OX, and through 
G^ draw JIG^K parallel to OX to meet AL and BM in 11 
and K. 


Since G^ is the centre of gravity of and w.,, we liave 

(Art. 97.) 

CrjZf Wi 

Now AGxH and BG^K aro similar triangles, 


. HA _ AGx _«>j 

'• BK~G^~Wy 

But HA = HL -AL = G^R^ - y„ 

BK^. BM- KM.zy^ - GJt ^ ; 
• - “’a 

■’ Wi' 


and 
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Hence w, {OyRy - y,) w, {y^ - 6 ',!?,) j 

.-. ( 1 ). 

Similarly, since is the centre of gravity of (»e, + w,) 
at fi"] and «>j at C, we have 

^ ^ ^ (5^1 +3). + W;,y3 ^ w,y i + + Wj?/, ^ x 

Proceeding in this way we easily obtain 

y = 

Again, since the triangles AG-J.I and BGJI are similar, 
we have 

m^AG^ w., 

GiK~G\'B 

But 7/6', - XT?, = ORi~OL= OR, - - a;„ 

and G,K : R,3f -- OM- OR, - - OR, . 

Wi{0R, — x^ = w^{x2— OR,) 

lUi + Wa 

Procoeding as before wo finally liave 

_ WyX^ + + . . . + W^Xn 

Wi + W^-\- ... + w^^ 

The thcortiin of this article may be put somewhat 
iliflerontly as follows 3 

The di»ianee of the centre of yramty from any line in 
the plane of the parivdee in eqwd to a fraction^ whose 
numerator is the sum of the products of each weight into its 
distance from, the given line^ and whose denominator is the 
mm of tho weights. 

In other words, the distance of the centre of gnivity is 
equal to the average distance of the ])articlefl* 
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IIS. Tho fonnula of tbo preceding article may be deduced from 
Article 93. For, since the resultant weight (?i?j + 1 P 3 + ... +irj acting 
at (r, where G is the centre of gravity of all the weights, is equivalent 
to the component weights » fCg,... the resultant would, if the line 
OX be supposed to bo a fixed axis, have the same moment about 
this fixed axis that the component weights have. 

But tho moment of the resultant is 

K+»(’g+...+wjy. 

and the sum of the moments of the weights is 

Hence 5 = 

In a similar manner we should have 

113. Bz. 1. A sqiuire lamina^ wkone wHffht is 10 Ihs . , has attached 
to its angular points particles whose weights^ taken in order ^ are 3, 6 , 5, 
and 1 Z/w. respectively. Find the position of the centre of gravity of 
the. systenif if the side of the lamina be 25 indies. 

Lot the particles be placed at tho angular points O, A, 7?, and C. 
Let tho two fixed lines from which the distances are measured bo OA 
and 00, 



B 



O LM 
© ® 


Tho weight of the lamina acts at its centre J). Let G bo the 
required centre of gravity and draw DL and GM perpendicular 
to OX. 

The distances of tho points 0, yf, B, C, and I) from OX are clearly 
0, 0, 25, 25, and 12^ inches respectively. * 

. - 3.0 + 6.0 + 5.25 + 1.25 + 10. 12^ 275 „ 

• jifo=y sTblTOTio 

So the distances of the particles from OY are 0, 25, 25, 0, and 
I 2 J inches respectively. 


^ 3.0 + 6.25 + 5.26 + 1.0 + 10.] 

OM=xss — 


3 + 6+6 + 1 + 10 


i 400 

‘=25-=W«m. 
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Hence the required x>oinit may be obtained by meosurinf; 16 inchee 
from O along OA and then erecting a perpendicular of length 11 inches. 


Bz. 2. OAB is an isosceles weightless triangle^ whose hise OA is 
6 inches and whose sides are each 5 inches; at tlie points O, and B 
are pUiced particles of weights 1, 2, and 3 Ihs,; find their centre of 
gravity. 

Let the fixed line OX coincide with OA and let OF be a perpen- 
dicular to OA through the point O. 

If BL be drawn perpendicular to OA, then OL — 3 ins., and 
I,B=^6^3>=4inB. 

Hence, if G 1)0 the required centre of gravity and CM l)e drawn 
perpendicular to OX, we have 


1.0-H2.6 + 3.3 21 ^1. , 

031= ^i-^2T3— =6- 


and 


^1^0 + 2. 0 + 3. 4 
l-h2 + 3 


12 

6 


rr: 2 inclies. 


Hence the required x)oint is obtained by measuring a distance 
bJ inches from O along OA and then erecting a perpendicular of 
length 2 inches. 


114. Centre of ParaUcl forces. 

The methods and formulae of Arts. 109 and 111 will 
apply not only to weights, but also to any system of parallel 
forces and will determine the position of the resultant of 
any such system. The magnitude of the resultant is the 
sum of the forces. Each force must, of course, be taken 
with its proper sign prefixed. 

There is one case in which we obtain no satisfactory 
result; if the algebraic sum of the forces be zero, the 
resultant force is zero, and the formulae of Art. 1 1 1 give 
• * 5 = 00 , and y — co . 

In this case the system of parallel forces is, os in 
Art. 53, equivalent to a couple. 
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EXAMPLES. XVn. 

^ 1. Particles of 1, 2, 3, and 4 lbs. weight are placed at the angular 
points of a square ; find the distance of their c.o. from the centre of 
the square. 

^ 2. At two opposite comers A and C of a square A BCD weights 
of 2 lbs. each are placed, and at B and D are phiced 1 and 7 lbs. 
respectively ; find their centre of gravity. 

3. Particles of 5, 6, 9, and 7 lbs. respectively are placed at the 
comers A , B, C, and Dot a, horizontal square, the length of whose side 
is 27 inches; find where a single force must be applied to preserve 
equilibrium. 

4. Five masses of 1, 2, 3, 4, and 5 ounces respectively are placed 
on a square table. The distances from one edge of the table are 2, 4, 
6, 8, and 10 inches and from the adjacent edge 3, 6, 7, 9, and 11 inches 
respectively. Find the distance of the centre of gravity from the two 
edges. 


5. Weights proportional to 1, 2, and 3 are placed at the comers 
of an equilateral triangle, whose side is of length a ; find the distance 
of their centre of gravity from the first weight. 

Find the distance also if the weights be proportional to 11, 13, 
and 6. 


6. ABC is an equilateral triangle of side 2 feet. At d, B, and C 
are placeil weights proportional to 1, and 3, and at the middle 
points of the sides BC, CA, and AB weights proportional to 2, 4, 
and 6 ; shew that their centre of gravity is distant 16 inches from B, 

7. Equal masses, each 1 oz., are placed at the angular. points of 
a heavy trian^ilar lamina, and also at the middle points of its sides ; 
find the position of the centre of gravity of the masses. 

8. ABC is a triangle right-angled at A, AB being 12 and AC 
15 inches ; weights proportional to 2, 3, and 4 respectively are placed 
at if , and B; find the distances of their centre of gi'avity from B 
and (7. 

9. Particles, of mass 4, 1, and 1 lbs., are placed at the angular 

E oints of a triangle ; shew that the centre of gravity of the particles 
isocts the distance between the centre of gravity and one of the 
vertices of the triangle. 

10. Three mosses are placed at the angular points of a triangle 
ABC. Find their ratios if their centre of inertia oe halfway between 
A and the middle point of BC. 
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11. Bodies of mass 2, 3, and 4 Jbs. respectively are placed at the 
angular points -4, B, and C of a triangle ; find their centre of gravity O, 
and shew that forces *2GA, BGli, and 4GC are in equilibrium. 

12. ^ 71(7 is a uniform triangular plate, of moss 3 lbs. Masses 
of 2, 3, and 5 lbs. respectively are placed at B, and (7. Find the 
position of the centre of gravity of the whole system. 

13. To the vertices B, and (7 of a uniform triangular plate, 
whose mass is 3 lbs. and whose centre of gi-avity is (r, particles of 
masses 2 lbs., 2 lbs., and 11 lbs., are attached ; shew that the oentro 
of gravity of the system is the middle point of GC. 

u. Masses of 2, 3, 2, 6, 9, and 6 lbs. are placed at the angular 
comers of a regular hexagon, taken in order; find their centre of 
gravity. 


15. Weights proportional to 5, 4, 6, 2, 7, and 3 are placed at the 
angular points of a regular hexagon, taken in order; shew that their 
centre of gravity is the centre of the hexagon. 

16. Weights proportional to 1, 5, 3, 4, 2, and 6 are placed at the 
angular points of a regular hexagon, taken in order ; show that their 
centre of gravity is the centre of the hexagon. 

17. If weights proportional to the numbers 1» 2, 3, 4, 3, and G bo 
placed at the angular points of a regular hexagon taken in order, 
shew that the distance of their centre of gravity from the centre of 
thecircumscribingcircle of the hexagon is f thsof the radius of the circle. 

18. At the angular points of a square, taken in order, there act 
parallel forces in the ratio 1 : 8 : 5 : 7 ; find the distance from the 
centre of the square of the point at which their resultant acts. 

19. A, B, (7, and IJ are the angles of a parallelogram taken in 
order ; like parallel forces proportional to 6, 10, 14, and 10 respectively 
act at .4, B, C, and Z); shew that the centre and resultant of these 
parallel forces remain the same, if, instead of these forces, parallel 
forces, proportional to 8, 12, 16, and 4, act at the points of bisection 
of the sides AB^ BC, CD, and DA respectively. 

• 

20. Find the centre of parallel forces equal respectively to B, 2P, 
3P, 4P, 5P, and 6P, the points of application of the forces being at 
distances 1, 2, 3, 4, 5, and 6 inches respectively from a given point A 
measured along a given line AB, 

21. Three parallel forces, P, Q, and Jt, act at the vertices if , B, and 
C, of a triangle and are proportional respectively to a, b, and c. Find 
the magnitude and position of their resiutont. 
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115. Given tJie centre of gravity of tlui two fK/rtione of a 
hody^ to find the centre of gravity of the whole body. 

Let the given centres of gravity be G^ and ^rg, and let 
the weights of the two portions be and the re- 
quii’ed point G^ by Art. 97, divides Gf!^ so that 
Gfl iGG. r. W^: W,. 

The point G may also be obtained by the use of 
Art 109. 

XSz. On the same base AH, and on opposite sides of it, isosceles 
triangles CAB and DAB are described whose 
altitudes are 12 inches and 6 inches respectively. 

Find the distance from AB of the centre of 
gravity of the quadrilateral CADB. 

Let CLD be the perpendicular to AB, meet- 
ing it in L, and let and Gg be the centres of 
gravity of the two triangles CAB and DAB 
respectively. Hence 

GGi = f .GL=8, 

and CG.^ = CL + LG^=l2 + 2 =.* 14. 

The weights of the triangles are propor- 
tional to their areas, i.e., to ^AB .12 and ^AB . 6. 

If G bo the centre of gravity of the whole figure, we have 
, , A CAB X GGj + A DAB x GGg 

£,cab+L1)ab 

^ 12 X 8J- j^.47?. 6xl4 ^ 48^+ ^ = 10 

^AB. 12 i^^AB . 6 * S+ '3 - '9 - 

Hence LG = CL - CG = 2 inches. 

This result may be verified experimentally by cutting the figure 
out of thin cardboanl. 

116. Given the centre of gravity of the whole of a body 

and of a ]M>rtion of the body^ to find the centre of gravity of 
the remainder. * 

Let G be the centre of gravity of a body ABCD^ and G^ " 
that of the portion A DC. 

Let W be the weight of the whole body and Wi that of 
the portion ACD^ so that (= ^7 - )Ki) is the weight of 
the portion ABC. 
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Let be the centre of gravity of the portion ABC. 
Since the two portions of the body make up the whole, 
therefore at and W 2 at G^ must have their centre of 
gravity at G. 



Hence G must lie on G^G^ and be such tliat 

Wy.GG,^ W2.GG2. 

Hence, given G and f/,, wo obtain G^ by proflucing GyO 
to (?o, so that 

The required point may be also obtained by means of 
Art. 109. 


Bz. I. From a circular dUc^ of radius r, is cut out a circle, whose 
diameter is a radius of the disc; find the centre of gravity of the 
remainder. 

Since the areas of circles are to one another as the squares of their 
radii, 


area of the portion cut out 
: area of the whole circle 



:: 1 : 4 . 


Hence the portion cut off is one- 
quarter^ and the portion remaining is 
three*quarter8, of the whole, so that 
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Now tlie portions Wi and make up the whole disc, and therefore 

balance about O. 

Honoe Wi.OG^=n\.OGi=^tr^xlr. 

002= ^r. 

This may be verified experimentally. 


Sz. 2. From a triangular lamina A BG U cut off, hy a line parallel 
to itn hofte JiC, one-qiuirter of its area ; find the centre of gravity of the 
remainder. 


Let AB^Gy be the portion cut off, 
so that 

: AvlflC :: 1 : 4. 

By Euc. VI. 19, since the triani^lcs 
ABfii and ABC are similar, we have 
AifBiCj ; i^ABC :: AB^ : AIF, 
AB^^ : AB^ :: 1 : 4, 
and hence A B^ =■ \AB, 


^ A 



The line B^C\ therefore bisects AB, AC, and >41). 

Let Q and G, be the centres of gravity of the triangles .dBC7 and 
ABiCi respectively ; also let ITj and be the respective weights of 
the portion cut off and the portion remaining, so tliat 

Since ir, at G^ and at 0| balance about G, we have, by Art. 109, 

n/2 _ + 3/>Ga / i 

“4“ 


But DG = lDA = lDDi, 

and jyGi—DI)i+^Dy4.:=Diy^ + ^D2)^=^DDi* 

Hcnco (i) is 4xf7^j=jI)I),+3/)Gj. 

.•.'7)G,=$2)I)j. 

This result can also bo easily verified experimentally. 


EXAMPLES. XVin. 

[27ic student should verify some of the foUoioing questions experi^ 
mentally; suitable ones for this piupose are Nos. 1, 2, 4, 5, 8, 9, 10, 
11, 17, 18, and 19.] 

^ 1. A uniform rod, 1 foot in length, is broken into two parts, of 
lengths 6 and 7 inches, which are pln^ so as to form the letter T, the 
longer portion being vertical ; find the centre of gravity of the system. 

2, Two rectangular pieces of the same cardboard, of lengths 6 and 
8 inches and breadths 2 and 2A inches respectively, are placed touching, 
but not overlapping, one anotner on a table so as to form a T -sliapM 
figure, the longer portion being vertical. Find the position of its centre 
or gravity. 
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3. A heavy beam consists of two portions, whose len^tlis are as 
3 : 5 , and whoso weights are as 3 : 1 ; find the position of its centre 
of gravity. 

4. Two sides of a rectangle are double of the other two, and on 
one of the longer sides an equilateral triangle is described; find 
the centre of gravity of the lamina made up of the rectangle and 
the triangle. 

5. A piece of cardlx>ard is in the shape of a square AfiCD with 
an isosceles triangle described on the side BC; if the side of the 
square be 12 inches and the height of the triangle be 6 inches, find the 
disttince of the centre of gravity of the cardboard from the line AD, 

. 6. An isosceles right-angled triangle has squares described ex- 
ternally on all its sides. Shew that the centre of gravity of the figure 
so formed is on the line, which bisects the hypothenuse and passes 
through the right angle, and divides it in the ratio 1 : 26. 

7, Two uniform spheres, composed of the same materials, and 
whose diameters are 6 and 12 inches respectively, are fiimly united; 
find the position of their centre of gravity. 

8, From a paralleloOTam is cut one of the four portions into 
which it is divided by its diagomvls ; find the centre of gravity of the 
remainder. 

9, A parallelogram is divided into four parts, by joining the 
middle points of opposite sides, and one pari is cut away; find the 
centre of gravity of the remainder. 

^10. From a square a triangular portion is out off, by cutting tho 
square along a line joining the midclle points of two adjacent sides; 
find the centre of gravity of the remainder. 

11. From a triangle is cut off ^th of its area by a straight line 
paraUel to its base. Find the position of the centre of gravity of tho 
remainder. 

12. ABC is an equilateral triangle, of 6 inches side, of which 0 
is the centre of gravity. If the triangle OBC be removed, find the 
centre of gravity of the remainder. 

13. If from a triangle ABC three equal triangles ARQ^ BPB^ 
and CQPf be cut off, shew that the centres of inertia of the triangles 
ABC and PQR are coincident. 

14. G is the centre of gravity of a given isosceles triangle, right- 
angled at A, and having BC equal to a. The portion GBC is cut 
away; find the distance of the centre of gravity of the remainder 
from A, 
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15. On the same base JiC are two triangles, ABC and A'DG, the 
vertex A' falling within the former triangle. Find the position of A' 
when it is the centre of gravity of the area between the two triangles. 


^ 16. Two triangles, each — th of the whole,* are cut off from a 
in 

given triangle at two of its angular points, /? and C, by straight lines 
parallel to the opposite sides; find the c.o. of remainder. 

17. Out of a square plate shew how to cut a triangle, having one 
side of the square for base, so that the remainder may liave its centre 
of ^avity at the vertex of this triangle and therefore rest in any 
position if this point bo supported. 

18. A uniform plate of metal, 10 inches square, htis a hole of are(f 
3 square inches out out of it, the centre of the hole being 2.1 inches 
from the centre of the plate; find the position of the centre of gravity 
of the remainder of the plate. 

/19. Where must a circular hole, of 1 foot radius, be punched cut 
of a circular disc, of 3 feet radius, so that the centre of gravity of 
the remainder may be 2 inches from the centre of the disc? 

20. Two spheres, of radii a and b, touch internally; find the 
centre of gravity of the solid included between them. 

21. If a right cone be cut by a plane bisecting its axis at right 
angles, find the distance of the vertex of the cone from the centra of 
gravity of the frustum thus cut oif . 

22. A solid right circular cone of homogeneous iron, of height 
64 inches and ma.ss 8192 lbs., is out by a plane perpendicular to its 
axis so that the mass of the small cone removed is 686 lbs. Find the 
height of the centre of gravity of the truncated portion above the base 
of the cone. 

23. A solid right circular cone has its base scooped out, so that 
the hollow is a right cone on the same< base ; bow much must be 
scooped out HO that the centre of gravity of the remainder nia^'ooincide 
with the vertex of the hollow? 

24. The mass of the moon is *013 times that of the earth. 
Taking the earth’s radius as 4000 miles and the distance of the moon’s 
centre from the earth’s centre as 60 times the earth’s radius, find the 
distance of the o.o. of the earth and moon from the centre of the earth. 
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117. Centre of gravity of a hemisphere. 

If a hemisphere bo of radius r, the centre of gravity 
lies on that radius which is perpendicular to its plane 

3r 

face, and is at a distance from the centre of the plane 


face. If the hemisphere l)e hollow, the disbince is 

The pnxjis of these statements are difficult by elementar}'’ 
methods ; they will he found in the last chapter. 


118 . Tojind the centre of (jraoltij of a, quadrilateral 
lamina having two 'parallel sides. 

Let ABCD be the quadrilateral, having the sides AB 
and CD parallel and equal to 2a and 2b respectively. 



Let E and F be the middle points of AB and CD 
respectively. Join DE and EC \ the areas of the triangles 
ADEf DECj and BEC are proportional to their bases 
AEf DCy and EB^ i,e,^ are proportional to a, 26, and a. 
Replace them by particles equal to one-third of their 
weight placed at their angular points (Art 104). 

We thus have weights proportional to 

^ ~ at each of C and D^ 


and 


g at each of A and 


- 5 , 


2a ^ 


ati^ 
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Again, r<jplaco thn oqual weigh at C and 1) by a 
^(h Al) 

weight prof)ortional to + — at ilio middle point F 

u O 

of CD, and the equal weights at A and R by a weight 
2^8 

proportional to — at E. 


Wo thus have weights 


and 


4a 26 , ,, 
3 + 


Hence the required centre of gravity G is on the 
straight line EF, and is such that 

EG weight at a + 2ft 
GF ~ weight at E 2a ft ’ 


EXAMPLES. XIX. 

1. A triangular table rests on supports at its vertices; weights of 
6, 8, and 10 lbs. are pbiced at the middle ix>int6 of the sides. Pind by 
how much the pressures on the legs are increiised thereby. 

2. A piece of thin uniform wire is bent into the form of a four- 
sided figure, ABCT>, of which the sides AB and CD are parallel, and 
BG and DA are equally inclined to A B, li A B be 18 inches, CD 
12 indies, and BC and DA each 5 inches, find the distance from AB 
of the centre of gravity of the wire. 

3. ABf BG and CD are three equal uniform rods firmly joined, 
so as to form three successive sides of a regular hexagon, and are 
suspended from the point A ; show that CD is horizontal. 

4. ABC is a piece of uniform wire; its two ports and pc' are 
straight, and the angle A BG, is 185”. It is suspended from a fixed 
point by a string attached to the wire at B, and the part AB is 
observed to be horizontal,. Shew that BC is to AB as to 1. 

5. A rod, of length 5ci, is bent so as to form five sides of a re^lar 
hexagon ; shew that the distance of its centre of gnivity from either 

end of the rod is \/i33. 


U R. 


10 
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6. The side CD of a uniform trapezoidal lamina ABCD is twice 
B3 long as ABj to which it is opposite and parallel; compare the 
distances of the centre of gravity of ABCD from AB and CD. 

7. If the centre of gravity of a quadrilateral lamina ABCD 
coincide with one of the angles A, shew that the distances of A and C 
from the line BD are as 1 : 2. 

8. A uniform quadrilateral ABCD has the sides AB and AD^ and 
the diagonal AC all equal, and the angles BAG and CAD are 30° and 
60° respectively. If a weight, equal to two-thirds that of the triangle 
ABC, he attached at the point 2^, and the whole rest suspended from 
the point A, shew that the diagonal AG will be vertical. 

9. Explain what will take place when 3 forces, represented by 
AB^ BGj and CA respectively, act along the sides of a triangular board 
ABG which is supported on a smooth peg passing through its centre 
of gravity. 

10. Three forces act at a point O in the plane of a triangle ABG^ 
being represented by OA^ OB and OC; where must be the point O so 
that the three forces may be in equilibrium ? 

11. A particle P is attracted to three joints A, Bt G by forces 
equ^ to fi. PA t /x . PP, and /x . PC respectively; shew that the re- 
sultant is 3/x . PO, where G is the centre of gravity of the triangle 
ABC. 


12. A particle P is acted upon by forces towards the points 
At Bf C, which are represented by \ . PA t fj, . PB, v . PC, ; shew 
that their resultant is represented by (X+/x + i» + ...)PG, where G is 
the centre of gravity of weights placed at P, C, ... proportional 
to X, fit Vt ... respectively. 

[This is the generalised form of Art. 42, and may be proved by 
successive applications of that article.] 

13. A uniform rod is bung up by two strings attached to its ends, 
the other ends of the strings being attached to a fixed point; shew 
that the tensions of the strings are proportional to their lengths. 

Prove that the same relation holds for a uniform triangular lamina 
hung up by three strings attached to its angular points. 

14. Pind the vortical angle of a c6ne in order that the centre of 
gravity of its whole surface, including its plane base, may coincide 
with the centre of gravity of its volume. 

15. A cylinder and a cone have their bases joined together, the 
bases being of the same size ; find the ratio of the height of the cone 
to the height of the cylinder so that the common centre of gravity may 
be at the centre of the common base. 
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16. Shew how to cut out of a uniform cylinder a cone, whose base 
coincides with that of the cylinder, so that the centre of gravity of the 
remaining solid may coincide with the vertex of the cone. 

17. If the diameter of the baso of a cone be to its altitude as 
1 : 1 ^ 2 , shew that, when the greatest possible sphere has been out 
out, the centre of gravity of the remainder coincides with that of the 
cone. 

18. From a uniform right cone, whose vertical angle is 60°, is cut 
out the greatest possible sphere; shew that the centre of gravity of 
the remainder divides the axis in the ratio 11 : 49. 

19. A solid in the form of a right ciicular cone has its base 
scooped out, so that the hollow so formed is a right circular cone on 
the same base and of half the height of the original cone; find the 
position of the centre of gravity of the cone so formed. 

20. A uniform equilatcml triangle ABC is supported with the 
angle A in contact with a smooth wall by means of a string i?/), equal 
in length to a side of the triangle, which is fastened to a point I) ver- 
tically above A, Shew that the distances of li and C from the wall 
are as 1 : 5. 

21. A cone, whose height is equal to four times the radius of its 
base, is hung from a point in the circumference of its base ; shew that 
it will rest with its base and axis equally inclined to the vertical. 

22. right cones, consisting of the same material, have equal 
slant slides and vertical angles of 60° and 120° respectively, and are 
so joined that they have a slant side coincident. Shew that, if they 
be suspended from their common vertex, the line of contact will be 
inclined at 15° to the vertical. 

23. A triangular piece of paper is folded across the line bisecting 
two sides, the vertex being thus brought to lie on the base of the 
triangle. Shew that the distance of the centre of inertia of the paper 
in this position from the base of the triangle is three-quarters tlmt of 
the centre of inertia of the unfolded paper from the some line. 

24. A rectangular sheet of stiff paper, whose length is to its 
breadth as ^2 to 1, lies on n horizontal table with its longer sides 
perpendicular to the edge and projecting over it. The comers on the 
table are then doubled over symmetrically, so that the creases pass 
through the middle point of the side joining the comers an^ make 
angles of 45° with it. The paper is now on the point of falling over ; 
shew that it had originally J-fths of its length on the table. 

25. At each of - 1 of the angular points of a regular polygon of 
n sides a particle is placed, the particles being equal ; shew that the 
distance of their centre of gravity from the centre of the circle 

T 

circumscribing the polygon is '^here r is the radius of the 

circle. 


10-3 
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26. A square hole is punched out of a circular lamina, the 
diagonal of the square being a radius of the circde. Shew that the 

centre of gravity of the remainder is at a distance from the 

8ir — 4 

centre of the circle, where a is the diameter of the circle. 

27. From a uniform triangular board a portion consisting of the 
area of the inscribed circle is removed ; shew that the distance of the 
centre of gravity of the remainder from any side, a, is 

S 

3a« s^-irS * 

where S is the area and s the semiperimeter of the board. 

28. A circular hole of a given size is punched out of a uniform cir- 
cular plate ; shew that the centre of gravity lies within a certain circle. 

29. The dintaHces of the angular jiointtt and interHection of the 
diagonals of a plane quadrilateral lamina from any line in itn plane 
are a, c, d, and e; shew that the distance of the centre of inertia 
from the same line is J (u + & 4 - c + d - c). 

Let At lit Cf Dhe the angular points, and E the intersection of the 
diagonals. Then 

A A CD _ perpendicular from _ Jihs _d-e 

cTaCB ~ perpendicular from B on AC “ Eli c-h' 

By Arts. 104 and 111 the distance of the centre of gravity of the 

aACD from OX is and that of the aACB is 

o o 

Hence distance of required c.a. from OX 

A A CD X j + c + d) 4" A >4 CB x {a 4 h 4 r) 

= aACD-^-aACB 

1 (d — r) (ft 4 c 4 d) 4 (e — h) (ft 4 b 4 c) 

-3 

= J (a + 6 + e + <I - e), on reduction. 

30. If A and B be the positions of two masses, m and n, and if 
O be their centre of gravity, shew that, if P be any point, then 

f w . AP*+n . BF^=m . AG^+n . J?G*4 (w4 «) PG^, 

Similarly, if there be any number of masses, nit ?i, 7 ), ... at points 
At Bt Ct ...» and O be their centre of gravity, shew that 
m , AJ^-\-n, BT^-vp . C7P*4 ... 

. AG^ + n , BO^+p , < 70*4 ... + (wi4'n4 p 4 ...)PQ\ 



CHAPTER X. 

CENTlll': OF GRAVITY {continued). 

119 . If a rigid body he in equilibrium^ one point 
mdy of the body beimj Jlcedy tb>e centre of gravity of the body 
'tmll he in the vertical Ihic jx^^d^ng through the fixed point of 
the body. 

Let 0 bo the fixed point of the body, and G its centre of 
gravity. 



The forces acting on the body are the reaction at 
the fixed point of support of the body, and the weigfits of 
the component parts of the body. 

The weights of these component parts are equivalent to 
a single vertical force through the centre of gravity of the 
body. 
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Also, when two forces keep a body in equilibrium, they 
must be equal and opposite and have the same line of action. 
But the lines of action cannot l>e the same unless the vertical 
line through O passes through the |)oint 0. 

Two cases arise ; the first, in which the centre of gravity 
G is below the inniit of suspension 0, and the second, in 
which G is alxjve 0. 

In the first case, the Ixaly, if slightly displaced from its 
position of equilibrium, will tend to return to this position ; 
in the second case, the body will not tend to return to its 
position of equilibrium. 

120 . To /indf hy experiment^ tJie centre of gravity of 
a body of any shape. 

Take a flat piece of cardboard of any shape. Boro 
several small holes /I, (7, Z>, ... in it 
of a size just large enough to freely 
admit of the insertion of a small pin. 

Hang up the cardboard by the 
hole A and allow it to liang freely 
and come to rest. Mark on the card- 
board the line A A* which is now 
vertical. This may be done by hang- 
ing from the pin a fine piece of string 
with a small plummet of lead at the other end, the string 
having first been well rubbed with chalk. If the string be 
now flipped against the cardboard it will leave a chalked 
line, '<^hich is AA\ Now hang up the cardboard with the 
hole B on the pin, and mark in a similar manner the lino 
BB which is now vertical. 

Perform the experiment again with the points C, E 
as the })oints through which the small pin passes, and 
obtain the corresponding vortical lines CC\ DD\ EE\ 
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These chalked lines AA\ BB\ CG\ DD\ EE' will all be 
found to pass through the same point 6r. If the thickness 
of the cardboard be neglected, this point G is its centre of 
gravity. If the pin be now passed through 6r, the card- 
board will be found to rest in any position in which it is 
placed. 

121- If it, body he ^placed with its base in ccyntact with 
a horizontal plane^ it will stawl^ or folly aceordiny as the 
vertical line drawn through tlw centre of gravity of the body 
meets the phvne withiriy or without ^ the base. 

The forces acting on the body are its weight, which acts 
at its centre of gravity G, and the reactions of the plane y 




acting at different points of the base of the body. These 
reactions are all vertical, and hence they may be com- 
pounded into a single vertical force acting at some point 
of the base. 

Since the resultant of two like parallel forces acts 
always at a point between the forces, it follows that the 
resultant of all the reactions on the base of thft body 
cannot act through a 2X)int outside the base. 

Hence, if the vertical line thriJugli the centre of gravity 
of the body meet the plane at a point outside the base, 
it cannot be balanced by the resultant reaction, and the 
body cannot therefore be in equilibrium, but must fall over. 



STATICS 


152 


If the biise of the body bo a figure having a re-entrant 


O 



angle, as in tlic above figure, we must extend the meaning 
of the word “base” in the enunciation to mean tlio area 
included in the figure obtaine<l by drawing a piece of thread 
tightly round the geometrical base. In the above figure 
the “base” therefore mc^aus the area AlWEFA, 

For example, the point C, at wiiich the resultant 
reaction acts, may lie within the area AlIJi, but it cannot 
lie without the dotted line AB. 

If the point C were on the lino AB, iHJtwcen A and B^ 
the body would be on the point of falling over. 

Bz. A cylinder f of height h, and the radius of whose base is r, is 
placed oti an inclined plane and prevented 
from sliding; if the inclination of the 
plane he gradually increased^ find when 
the cylinder will topple. 

Let the figure represent the section 
of the cylinder when it is on the point of 
toppling over; the vertical line through 
the centre of gravity G of the body must 
therefore just pass through the end A of 
the has#. Hence CAD must be equal to 
the angle of inclination, a, of the plane. 

Hence ^ tan CAD sscot a ; 

2r 

tana= , , 
n 

giving the required inclination of the plane. 




CENTRE OF GRAVITY 


153 


StablCi unstable, and neutral equilibrium. 

122 . Wo have pointed out in Art. 119 that the body 
in ilie first figure of that article would, if slightly dis- 
placed, t<?nd to return to its position of equilibrium, and 
that the body in the second figure would not tend to return 
to its original position of equilibrium, but would recede 
still further from that position. 

These two bodies are said to be in stable and unstable 
equilibrium respectively. 

Again, a cone, resting with its flat circular base in 
contact with a horizontal plane, would, if slightly displiiced, 
return to its position of equilibrium; if resting with its 
vertex in contact with the plane it would, if slightly dis- 
placed, recede still further from its position of equilibrium; 
whilst, if placed with its slant side in contact with the 
plane, it will remain in equilibrium in any position. The 
equilibrium in the latter case is said to be neutral. 

123 . Consider, again, the case of n lieavy sphere, 
resting on a horizontal plane, whoso centre of gravity is 
not at its centre. 

Let the first figure represent the position of equilibrium, 
the centre of gravity being either below the centre 0,as Crj, 




or above, as Let the second figure i*epresent the sphere 
turned through small angle, so that Ji is now the point of 
contact with the plane.. 
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The reaction of the plane still acts through the centre 
of the sphere. 

If the weight of the body act through it is clear that 
the body will return towards its original position of equi- 
librium, and therefore the body was originally in stable 
equilibrium. 

If the weight act through G^y the body will move still 
further from its original position of equilibrium, and there- 
fore it was originally in unstable equilibrium. 

If however the centre of gravity of the body had been 
at Oy then, in the case of the second figure, the weight 
would still be balanced by the reaction of the plane ; the 
body would thus remain in the new position, and the 
equilibrium would be called neutral. 

124. Def, A body is said to bo in stable equi- 
librium when, if it be slightly displaced from its position 
of equilibrium, the forces acting on the body tend to 
make it return towards its position of equilibrium; it is 
in unstable equilibrium when, if it he slightly displaced, 
the forces tend to move it still further from its position of 
equilibrium ; it is in neutral equilibrium, if the forces 
acting on it in its displaced position are in equilibrium. 

In general bodies which are “ top-heavy,” or which have 
small bases, are unstable. 

Thus in theory a pin might be placed upright with its 
])oint on a horizontal table so as to be in equilibrium ; in 
practibe the “base” would be so small that the slightest 
displacement would bring the vertical through its centre of 
gravity outside its base and it would fall So with a billiard 
cue placed vertically with its end on the table. 

A body is, as a general principle, in a stable position of 
equilibrium when the centre of gravity is in the lowest 
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position it can take up ; examples are the case of the last 
article, and the pendulum of a clock ; the latter when dis- 
phiced always returns towards its position of rest. 

Consider again the case of a man walking on a tight 
rope. He always carries a polo he.avily weighted at one 
end, so that the centre of gravity of himself and the pole is 
always below his feet. When he feels himself falling in one 
direction, he shifts his pole so that this centre of gravity 
shall be on the other side of his feet, and then the resultant 
weight pulls him back again towards the upright position. 

If a body has more than one theoretical position of 
equilibrium, the one in which its centre of gravity is lowest 
will in general l)e the stable position, and that in which the 
ceiiti'e of gravity is highest will be the unstable one. 

126. Bz. A homogeneous bodyt comUtiny of a cylinder and 
a hemisphere joined at their hases^ is placed with the hemispherical end 
on a horizontal table; is the equilibrium stable ar unstable t 

Let Ct] and be the centres of cavity of the hemisphere and 
cylinder, and let A be the point of the body 
which is initially in contact with the table, 
and let O be the centre of the base of the 
hemisphere. 

If h be the height of the cylinder, and 
r be the radius of the base, we have 

OGi=^r, and (Art. 117). 

Also the weights of the hemisphere and 
cylinder are proportional to f irr* and t . r%. 

The reaction of the plane, in the dis- 
placed position of the body, always posses 
through the centre O. « 

The equilibrium is stable or unstable according as G, the centre 
of gravity of the compound body, is below or above 0, 

t.s., according as 

OGj X wt. of hemisphere is^ x wt. of cylinder, 
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i.v. , according as {J r x Trr* is ^ x 7rr-/» 

t.L'., according as is 

i.t*., ticcording as /* 

i.tf., ^;/xl-42 

**126- Within the limits of this IkkjIv we cannot 
enter into the general discussion of the equilibrium of one 
body resting on another ; in the following article we shall 
discuss the case in which the portions of the two bodies 
in contact are spherical. 

A hodt/ rests iii equiliJyrium npmi another fixed hody^ 
the portions of the two bodies in eontaci being sphxies of 
radii r and U respectively ; if the first body he slightly 
displaced^ to find whether the equilihrinin is stable or un- 
stable^ the bodies being rough enough to prevent sliding. 

TiCt 0 be the centre of the spliericfil surface of the 
lower body, and 0^ that of 
the upper body; since there 
is equilibrium, the centre of 
gravity of the upper IxKiy 
must Ije in the line OOj, which 
passes through the point of 
contact A^ of the Inxlios. 

Let Afiy^ be h. 

Le? the upper Ixxly be 
slightly displaced, by rolling, 
so that the new position of 
the centre of the upper body 
is the new point of contact 
is ilji, the new position of the 
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centre of gravity is aiui the new position of the point 
Ay is C. Hence CG^ is 4. 

Through A., draw AJj vertically to meet OjG in Z, 
and draw vertically downwards to meet a horizontal 
line through A^ in J/. 

Let the angle A^OA^ l)e and let A./)^C bo so that 
the angle GO^M is {0 + 5 ^). 

Since the upper body has rolled into its new position, 
the arc A^A^ is equal to the arc CA.^. 

Hence {Elements of Trigonometry^ Art. 158) we have 

R.6 = r.^ ( 1 ), 

where r and R are respectively the radii of tlie uppc'r and 
lower surfaces. 


The equilibrium is stable, or unstable, according as G» 
lies to the left, or right, of the lino 
i,e,, according as tho distance of G^ from is 

> or < tho distance of L from A.Af, 

according as 

O-Z/g sin (0 + <^) is > or < sin 
i.e.^ according iis 


(r — It) sin {0 + <^) is > or < r sin 
according as 


r — h, sin 0 

IS > or < -.— 75 — i v . 

r Sin {0 + ff>) 


But 


sin 0 


e 


sin {0 + ^) * 

since 0 and ^ are both very small, 

I* 
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Hence the equilihriuiii is stable, or unstable, according as 


r — h. r 


i.e., according as r is > or < h. 


• • Kt* , 

i.e., according as — - is > or < A, 


according as 


■j-is> or < - + 
h r It 

If ~ ^ equilibrium is sometimes said to be 

neutral; it is however really un^t^ablo, but tho investiga- 
tion is beyond the limits of this book. 

Hence tlie o<|uilibrium is stable only when 

1 . 11 

in all other cases it is unstable. 

Cor, 1. If the surface of the lower body, instead of 
being convex, as in the above 
figure, be concave, as in tho follow- 
ing figure, tho alx)ve investigation 
will still apply provided we change f 1 

the, sign of 7?. I j 

Hence the equilibrium is stable / ) 

when I J 

1 . 1 1 

J{’ j 

otherwise it is, in genera], un- 
stable. 
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Cor. 2. Tf the upper Vx)dy have a plane face in 
contact with the lower body, as in the following figure, r 

is now infinite in value, and therefore — is zero. 

r 

Hence the equilibrium is stable 
if 

h ir 

Le,f hhe. <R. 

Hence the equilibrium is stable, 
if the distance of the centre of 
gravity of the upper body from its 
plane face be less than the radius of the lower body; 
otherwise the ecjuilibrium is unstable. 

Cor. 3 . If the lower body be a plane, so that R is 
infinity, the equilibrium is stable if 

i£Abe<n 

h 7' 

Hence, if a bo<ly of spherical base be placed on a hori- 
zontal table, it is in stable equilibrium, if the distance of 
its centre of gravity from the point of contact be less than 
the radius of the spherical surface. 

examples. XX. 

1. A carpenter’s rule, 2 feet in length, is bent into two parts at 
i^it angles to one another, the length of the shorter portion being 
8 inches. If the shorter be placed on a smooth horizontal table, what 
is the length of the least portion on the ttible that there may be equi- 
librium? 

2. A niece of metal, 18 cubic inches in volume, is mode into a 
cylinder which rests witlj^ its base on on inclined plane, of 80° slope, 
and is {^vented from slipping. How tall may the cylinder be made 
so that it may just not topple over? 

3. If a triangular lamina ABC can just rest in a vertical plane 
with its edge A li in contact with a smooth table, prove that 
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4, Tlie sitle C7) of a uniform square plate ABCD, whose weight 
is 7r, is bisected at E and the triangle AKD is cut off. The plate 
ABCKA is placed in a vertical position with the side C/? on a hori- 
zontal plane. What is the greatest weight that can be placed at A 
without upsetting the plate? 

5. ABC is a flat boai'd, A being a right angle and AG in contact 
with a flat tabic; D is the middle point ol AC and the triangle ABT) 
is cut away; shew that the triangle is just on the point of falling 
over. 


6. A brick is laid with one-quartor of its length projecting over 
the edge of a wall ; a brick and one-quarter of a brick are then laid 
on the first with one-quarter of a brick projecting over the edge of the 
first brick; a brick and a half are laid on this, and so on; shew that 
4 courses of brick laid in the above manner will be in equilibrium 
without the aid of mortar, but that, if a fifth course be added, the 
structure will topple. 

7. How many coins, of the same size and having their thick- 
nesses equal to of their diameters, can stand in a cylindrical pile 
on an inclined plane, whose height is one-sixth of the base, assuming 
that there is no slipping? 

If the edge of each coin overlap on one side that of the coin below, 
And by what fraction of the diameter each must overlap so that a 
pile of unlimited height may stand on the plane. 

8. A number of bricks, each 9 inches long, 4 inches wide, and 
3 inches thick, are placed one on another so that, whilst their narrowest 
surfaces, or tliicknesses, are in tho same vertical piano, each brick 
overlaps tho one underneath it by half an inch; tho lowest brick 
being placed on a table, how many bricks can be so placed without 
their falling over? 


9, ABC is an isosceles triangle, of weight W, of whicli the angle 
A is 120“, and the side AB rests on a smooth horizontal table, the 

W 

plane of the triangle being vertical ; if a weight ^ be hung on at C, 
shew that tho triangle will just bo on tho point of toppling over. 


10. The quadrilateral lamina ABCl) is formed of two uniform 
isosceles triangles ABC and ADC, whose vertices are B and I), on 
opposite sides of a common base AC, the angle ABC being a right 
angle. Shew that it will rest in a vertical plane with BC on a hori- 
zontal plane, provided the area of AJJC be not greater than four times 
that of ABC. 
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11, A body, consisting of a cone and a hemisphere on the same 
base, rests on a rough horizontal table, the hemisphere being in con- 
tact with the table ; find the greatest height of the cone so that the 
equilibrium may be stable. 

12. A solid consists of a cylinder and a hemisphere of equal 
radius, fixed base to base ; find the ratio of the height to the radius of 
the cylinder, so that the equilibrium may be neutral when the spherical 
surface rests on a horizontal plane. 


13. A hemisphere rests in equilibrium on a sphere of equal radius ; 
shew that the equilibrium is unstable when the curved, and stable 
when the fiat, surface of the hemisphere rests on the sphere. 

14. A heavy right cone rests with its base on a fixed rough sphere 
of given radius ; find the greatest height of the cqne if it be in stable 
equilibrium. 


15. A uniform beam, of thickness 2b, rests symmetrically on a 
perfectly rough horizontal cylinder of radius a ; shew that the equi- 
librium of the beam will be stable or unstable according as h is less or 
greater than a, 

16. A heavy uniform cube balances on the highest point of a 
sphere, whoso radius is r. If the sphere be rough enough to prevent 

ir7* 

sliding, and if the side of the cube be * shew that the cube can rock 
through a right angle without falling. 


17. A lamina in the form of an isosceles triangle, whose vertical 
angle is a, is placed on a sphere, of radius r, so that its plane is vertical 
and one of its equal sides is in contact with the sphWe; shew that, if 
the triangle be slightly displaced in its own plane, the equilibrium is 
d/* 

stable if sin a be less than -- , where a is one of the equal sides of the 
triangle. 


18. A weight W is supported on a smooth inclined plane by a 
given weight P, connected with W by means of a string passing round 
a fixed pulley whose position is given. Find the position fit 
on the plane, and determine whether the position is stable or un- 
stable. 


19. A rough uniform circular disc, of rtidius r and weight p, is 
movable about a point distant c from its centre. A string, rough 
enough to prevent any slipping, hangs over the circumference and 
carries unequal weights TF and w at its ends. Find the position of 
equilibrium, and determine whether it is stable or unstable. 


L. s. 


11 
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20. A solid sphere rests inside a fixed rough hemispherical bowl 
of twice its radius. Shew that, however large a weight is attached to 
the highcstppfl^^itj^spherc, the equilibrium is stable. 

21. A thin hemispherical bowl, of radius h and weight IF, rests 
in equilibrium on the highest point of a fixed sphere, of radius a, 
which is rough enough to prevent any sliding. Inside the bowl is 
placed a small smooth sphere of weight ir. Shew that the equilibrium 
is not stable unless 

a — h 




CHAPTER XT. 

WORK. 

127. Work. Def. A forco is said to do work 
when its point of application moves in the direction of the 
forco. 

The force (ixorted by a horse, in dragging a waggon, does work. 

The forco exerted by a man, in raising a weight, does work. 

The pressure of the steam, in moving the piston of an engine, 
docs work. 

When a man winds up a watch or a clock lie docs work. 

The measure of the work dono by a forco is the pixxluct 
of tho forco and the distance tlirough which it moves its 
point of application in tlie direction of the force. 

Suppose that a force acting at a point il of a body 

A O ^ B 

moves the point A to D, then the work done by P is 
measured by the product of P and AJ), • 

If the point IJ be on tho side of A toward which tlie 
force acts, this work is positive; if J) lie on tho opposites 
side, tho work is negative. 

Next, suppose tliat tho point of application of the force 
is moved to a point which does not lie on the line AB, 

11—2 
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Draw CD perpendicular or ^47? produced. Then 

AD is the distance through which the point of application 
is moved in the direction of the force. Hence in the first 
figure the work done is Py. AD) in the second figure the 


C C 



work done is — Px AD. When the work done by the force 
is negative, this is sometiiues expressed by saying that the 
force has work done against it. 

In the case when AC is at right angles to AB^ the 
points A and D coincide, and the work done by the force 
P vanishes. 

As an example, if a body be moved about on a horizontal table the 
work done by its weight is zero. So, again, if a body be moved on an 
inclined plane, no work is done by the normal reaction of the piano. 

128 . The unit of work, used in Statics, is called a 
Foot-Pound, and is the work done by a force, equal to the 
weight of a pound, when it moves its point of application 
through one foot in its own direction. A better, though 
more clumsy, term than ‘‘Foot-Pound” would be Foot- 
Pound-weight. 

Thus, the work done by the weight of a body of 10 pounds, whilst 
the body falls through a distance of 4 feet, is 10 x 4 foot-pounds. 

The work done by the weight of the body, if it were raised through 
a vertical distance of 4 feet, would be - 10 x 4 foot-pounds. 

129 . It will be noticed that the definition of work, 
given in Art. 127, necessarily implies motion. A man may 
use great exertion in attempting to move a body, and yet 
do no work on the body. 

For example, suppose a man pulls at the shafts of a 
heavily-loaded van, which he cannot move. He may pull 
to the utmost of his power, but, since the force which he 
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oxerts docs not move its point of application, he does no 
work (in the technical sense of the word). 

130. Theorem. To shew that the work dtytw va 
raising a number of 2 >o>riicle 8 fro^n one positimi to atwtlwr is 
Why where W is the total weight of the particleSy and h is the 
distance through which tlve centre of gravity of the particles 
has been raised. 

Let w^y w^y Wgy ,..w^ Ik) the weights of the particles; in 
the initial position let x^y x^y x^y...Xy^ be their heights 
above a horizonttd plane, and x that of their centre of 
gravity, so that, as in Art. Ill, we have 

_ + .. .+Wy,Xy , ^ 

+ W2'^ ... + 7Vy^ ' 

In the final {>osition lot x/y x^y ...x^ be the heights of 
the different particles, and ^ the height of tho now centre 
of gravity, so that 

+ ■ . . . 

W 1 + 7 V 2 + ... Wn ' 

But, since 7v^ + Wn {- ... = Wy equations (1) and (2) givie 

Wpe^ + + ... = W .Xy 

and WiXi -f- w^' + ... = IT. 55'. 

By subtniction we have 

Wi(x^'-Xi) + W 2 {x 2 '-x^ + ...= W{x—x). 

But the left-hand member of this equation gives the 
total work done in raising the different particles of the 
system from their initial position to their final position ; 
also the right-hand side 

= Wx height through which the centre of gravity has been 
raised 
= W. L 

Hence the pro^iosition is proved. 
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131. Power. Def. The inncer of an ayent is 
the amount of tvork tlmt ^would he done hy the ayent if 
working unifoindy for the unit of time. 

The unit of power used by eiigiueeni is called a Horse- 
Power. An agent is said to be working with one horse- 
power when it performs 33,000 foot-pounds in a minute, i.e., 
when it would raise 33,000 lbs. through a foot in a minute, 
or when it would raise 330 lbs. through 100 feet in a 
minute, or 33 lbs. through 1000 feet in a Triinute. 

This estimate of the power of a horse was made by 
Watt, but is above the capacity of ordinary horses. The 
word Horse-pow'er is usually abbreviated into ii.p. 

132. It will be noted that the result of Art. 130 does 
not in any way depend on the initial or final arrangement 
of the particles amongst themselves, except in so far as the 
initial and final positions of the centre of gravity depend 
on these arrangements. 

For example, a hole may be dug in the ground, thcj soil 
lifted out, and spread on the surface of the earth at the 
top of the hole. We only want the positions of the c.g. 
of the soil initially and finall}', and then the work done is 
known. This work is quite independent of the path by 
which the soil went from its initial to its final position. 

Bz. A well, of which the section is a square whose side is 4 feet, 
and whose depth is SOO feet j is full of water; find the work donct in 
foot-pounds, in pumping the water to the level of the top of the well. 

Find also the II.P. of the engine which would just accomplish this 
work in one hour. 

' [N.B. A cubic foot of water weighs 1000 ounces.] 

Initially the height of the centre of gravity of the water above the 
bottom of the well was 150 feet and finally it is 300 feet, so that the 
height through which the centre of gravity has been raised is 150 feet. 

The volume of the water = 4 x 4 x 300 cubic feet. 

Therefore its weight =4 x 4 x 300 x - lbs. =300,000 lbs. 

Hence the work dohe=300,000 x 150 ft. -lbs. =45,000,000 ft.-lbs. 
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Let X be the required k.p. Then t]jo vrork done by the engine in 
one hour =.c x 60 x 33,000. 

Hence we have .r x 60 x 33,000 = 45,000,000 ; 

133. Graphical rciyre^cntat%<ya of tits work done hy a 
force. 

It is sometimes difinuilt to calculate directly the work 
done by a varying force, but it 
may be (|uite possible to obtain 
tlie result to a near degree of 
approximation. 

Suppose the force to always 
act in the straight line OXy and 
let us find the work done as its 
point of application moves from A to B, At A and .5 erect 
ordinates AG and DB to i*epresent the value of the force 
for these two points of application. For any and every 
intermediate }X)int of application L ein3ct the ordinate LP\jo 
represent the corresponding value of the acting force; then 
the tops of these ordinates will clearly lie on some such 
curve as C PD, 

Take M a very near pennt to Ly so near that the force 
may bo considered to have remained constant as its point 
of application moved through the small distance LM, 

Then the work done by the force 
= its magnitude x distance through which its » 

point of application has moved 
= LP X LM = area PM very nearly. 

Similarly whilst the point of application moves from M 
to N the work done 

- area QN very nearly, and so on. 
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Hence it follows that the work done as the point of 
application moves from A to B is, when the lengths LM, 
. . . are taken indefinitely small, equal more and more 
nearly to the area ACDB, 

[Where the shape of the curve GPD isirregidara rough 
approximation to its area may bo found as follows ; divide 
AB into a number, say 10, of equal strips ; take the middle 
ordinates of these strips and obtain the average of these 
middle ordinates; and multiply this average ordinate by 
the distance AB, This clearly gives an approximation to 
the area of AGDB,'\ 


134. As an example of the above construction let us find the 
work done by a force which was initially zero and wliich varied as the 
distance through which its point of application was moved. 

In this case AG in zero, and AN^ where X is some 

constant. 


tan so that Plies on a straight 

line passing through A . The work done = area A 1U > 
= ^AB . BJ) = ^ . displacement of the point of applica- 
tion X the final value of the force. 



EXAMPLES. XXI. 

1. How much work is done by a man 

(1^ in climbing to the top of a mountain 2700 feet high, if hia 
weight IS 10 stone ? 

(2) in cycling 10 miles if the resistance to his motion be equal 
to 5 lbs. wt.? 

2. A chain, whose mass is 8 lbs. jper foot, is wound up from a 
shaft by the expenditure of four miUion units of work; find the 
length of the chain. 

3. A shaft, whose horizontal section is a rectangle 10 ft. by 8 ft., 
is to be sunk 100 ft. into the earth. If the average weight of the soil 
is 150 lbs. per cubic foot, find the work done in bringing the soil 
to the surface. 
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4. How many cubic feet of water will an engine of 100 n.r. raise 
in one hour from a depth of 150 feet? 

5. In how many hours would an engine of 18 n.r. empty a vertical 
shaft full of water if the diameter of the shaft bo 9 feet, and the depth 
420 feet? 

6. Find the ii.p. of an engine that would empty a cylindrical 
shaft full of water in 32 hours, if the diameter of the shaft be 8 feet 
and its depth 600 feet. 

7. Find how long an engine of 20 n.p. would take to pump 
5000 cubic feet of water to a height of 100 feet, one-third of the 
work being wasted by friction, etc. 

8. A man whose weight is 10 stone climbs a rope at the rate 
of 18 inches per second. Prove that he is working at just under 


9, A tower is to be built of brickwork, the base being a rectangle 
whose external measurements are 22 ft. by 9 ft., the height of the 
tower 66 feet, and the walls two feet thick ; find the number of hours 
in which an engine of 3 u.p. would raise the bricks from the ground, 
the weight of a cubic foot of brickwork being 112 lbs. 

10, At the bottom of a coal mine, 275 feet deep, there is on iron 
cage containing coal weighing 14 cwt., the cage itself weighing 4 owt. 
109 lbs., an^the wire rope that raises it 6 Ite. per yard. Find the 
work done ^en the load has been lifted to the surface, and the h.p. 
of the engine that can do this work in 40 seconds. 

11, A steamer is going at the rate of 15 miles per hour ; if the 
effective ii.p. of her engines be 10,000, what is the resistance to her 
motion? * 


12. A man is cycling at the rate of 6 miles per hour up a hill 
whose slope is 1 in 20 ; if the weight of tlio man and the machine be 
200 lbs. prove that he must at the least be working at the rate of 
•16 H.p. 


13. A man rowing 40 strokes per minute propels a boat at the 

rate of 10 miles an hour, and the resistance to nis motion is^qual to 
8 lbs. wt. ; find the work he does in each stroke and the h.p. at which 
he is working. * 

14. A Venetian blind consists of 30 movable bars, the thickness 
of each bar being negligible, and, when it is hanging down, the distance 
between each pair of consecutive bars is 2 \ inches; if the weight 
of each bar be 4 ozs., find the work done in Rawing up the blind. 

If there were n such bars, what would be' the corresponding work? 
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15. A Venetian blind consists of n thin bars, besides the top fixed 
bar, and tlio weight of the movable part is W. When let down the 
length of the blind is n, and when pulled up it is h; shew that the 
work done against gravity in drawing up the blind is 

JM-l, 

»»-. - 2 , -(«-*-)• 

16. A solid hemisphere of weight 12 lbs. and riulius 1 f(x>t rests 
with its flat fjico on a tabic. How many foot-lbs. of work are required 
to turn it over so that it may rest with its curved surface in contact 
with the table? [Use the result of Art. 130.] 

17. A uniform log weighing half a ton is in the form of a 
triangular prism, the sides of whose cross section arc lo ft., 2 ft., 
and 2^ ft. respectively, and the log is resting on the ground on its 
narrowest face. Provo that the work which must be done to raise it 
on its edge so that it may fall over on to its broiulest fiu30 is approxi- 
mately ‘27 ft.-tons. 

18. A force acts on a particle, its initial value being 20 lbs. wt. 
and its values being 2*1, 29, 32, 31, 27, and 24 lbs. wt. in the direction 
of the particle’s motion when the latter has moved througli 1, 2, 3, 4, 
5, and 6 feet respectively ; find, by means of a graph, the work done 
by the force, assuming that it varies uniformly during each foot of 
the motion. 



CHAPTER XII. 

JIACmiNKS. 

135 . In tlie present cliapter we shall explain and 
discuss the ecpiilibriuiii of some of the simpler machines, 
vix., (1) The Lever, (2) The Pulley and Systems of Pulleys, 
(3) The Tnclincd Plaiu., (4) The Whwl and Axle, (5) The 
Coiiinioii Balance, (6) The Steelyards, and (7) The Screw. 

The Ixjvcr, The Wheel and Axle, The Balance, and the 
Steelyards are similar m;ichines. In each we have either 
a point, or an axis, fixed about which the machine can 
revolve. 

In the pulleys an essential part is a flexible string or 
strings. 

We shall suppose the diflei*ent portions of these 
machines to bo smooth and rigid, that all coixls or strings 
used are perfectly flexible, and that the forces dieting on 
tlie machines always balance, so that they are at rest. 

In actual practice these conditions are not oven approxi- 
mately satisfied in the cases of many machines. 

136 . When two external forces applied to a machine 
balance, one may be, and formerly always was, called the 
Power and the other may bo' called the Weight. 



172 


STATICS 


A iiiacliiiie is always used in practice to ovcrcomo some 
resistance; tlio force we exert on the machine is the power; 
the resistance to be overcome, in whatever form it# may 
appear, is called the Weight 

Unfortunately the word Power is also used in a different 
sense wdth reference to a machine (Art. 131); of late years 
the word Effort has been used to denote what was formerly 
called the Power in the sense of this article. The word 
Kesistance is also used instead of Weight; by some writers 
Load is substituted for Weight. 


137. Mechanical Advantage. If in any 

nuichine an eflbrt P biilance a resistance Wy the ratio 
IV : P i& called the mechanical advantage of the macliine, 
so that 

llcsistance . i * , 

— x^r-T — = Mechanical Advantage, 

Effort ® ’ 

and Resistance =- Effort x Mechanical Advantage. 

Almost all machines are constructed so that the me- 
clianical advantage is a ratio greater than unity. 

If in any machine the mechanical advantage bo less 
than unity, it may, with more accuracy, be called me- 
chanical disadvantage. 

The term Force-Ratio is sometimes used instead of 
Mechanical Advantage. 


Velocity Ratio. The velocity ratio of any machine 
is ther*ratio of the distance through which the point of 
application of tlie effort or power ” moves to the distance 
through which the point of application of the resistance, or 
“weight," moves in the same time; so that 

Distance through which P moves 


Velocity Ratio i 


Distance through which W moves ‘ 
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If the machine be such that no work has to be done in 
lifting its component parts, and if it be perfectly smooth 
throughout, it will be found that the Mechanical Advantage, 
and t)ie Velocity Ratio are equal, so that in this case 
W _ Distance through which P moves 
P Distance through whjch W moves ’ 

and then 

P X distance through which P moves 

= TV X distance through wliich W moves, 
or, in other words, 

work done by P will — work done against W, 

138 . The following we shall thus find to be a uni- 
versal principle, known as the Principle of Work^ viz., 
Whatever be the machine we usCy provided that there he no 
friction and that the weight of the 7nachine he neglected^ the 
VHrrk do7W hy the effort is always equivalent to the work done 
against the weighty or resistance. 

Assuming that the machine we are using gives me- 
chanical advantage, so that the effort is less than the 
weight, the distance moved througli by the effort is there- 
fore greater than the distance moved through by the weight 
in the same proportion. This is sometimes expressed in 
popular language in the form ; What is gained in pov)er is 
lost in speed. 

More accurate is the statement that mechanical ad- 
vantage is always gained at a proportionate diminution 
of speed. No work is ever gained by the use of a machine 
though mechanical advantage is generally obtained. ** 

139 . It will be found in the next ehapter that, as 
a matter of fact, some work, in practice, is always lost by 
the use of any machine. 

The uses of a machine are 

(1) to enable a man to lift weights or overcome 
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rosistfiucfis much greater than he could deal with unaided, 
by the use of a system of pulleys, or a wlicel and axle, 
or a screw-jack, etc., 

(2) to cause a motion imparted to one point to l>e 
changed into a more rapid motion at some other point, 
e,g,y ill the case of a bicycle, 

(3) to enable a force to be applied at a more con- 
venient point or in a more convenient manner, e.g., in the 
use of a poker to stir the fire, or in the lifting of a bucket 
of mortar by means of a long rope passing over a pulley at 
the top of a building, the other end being pulled by a man 
standing on the ground. 

I. The Iiever. 

140 . Tlie I-<ever consists essentially of a rigid bar, 
straight or bent, which has one point fixed about which 
the rest of the lever ciin turn. This fixed point is called 
the Fulcrum, and the pei’pendicular distances between tho 
fulcrum and the lines of action of the effort and tho weight 
are called the arms of the lever. 

When the lever is straight, and the effort and weight 
act perpendicular to the lever, it is usual to distinguish 
three classes or orders. 

Class I. Here the effort P 
and the weight W act on opposite 
sides of the fulcrum C, 

CllUiS II. Here tho effort P 
and the weiglit W act on the 
s^me side of the fulcrum (7, but 
the former acts at a greater dis- 
tance than tho latter from the 
fulcrum. 
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ClasB 111. Hero tho elTort 
P and the weight IV act on the 
same side of the fulcrum C, but 
the fonner acts at a less dis- 
tance than the latter from the 
fulcrum. 

141 . Coiulitiona of equilibrium of a straight lever. 

In each case we have three parallel foi’ces acting on 
the body, so that the reaction, R^ at the fulcrum must 
be equal and opposite to the resultant of P and W. 

In the first class P and W are like parallel forces, so 
that their resultant is P W, Hence 

R=.P+ W. 

In the second class P and W are unlike parallel forces, 
so that 

R=W^P. 

So in the third class R — P — IF. 

In the first and third classes we see that R and P act 
in opposite directions ; in the second class they act in the 
same direction. 

In all three classes, since tho resultant of P and ir 
passes through we have, as in Art. 52, 

P.AC-W.BG, 

i.e. P X the arm of P “ IF x the arm of IF. ^ 

Since wo observe that generally in 

P arm of JV 

Class I., and always in Class IL, there is mechanical 
advantage, but that in Class III. there is mechanical 
disadvantage. 
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The practical use of levers of the latter class is to 
apply a force at some point at 'v^hich it is not convenient 
to apply the force directly. 

In this article we have neglected the weight of the 
lever itself. 

If this weight be taken into consideration we must, 
as in Art. 91, obtain the conditions of equilibrium by 
equating to zero the algebraic sum of the moments of the 
forces about the fulcrum C. 

The principle of the lever was known to Archimedes 
who lived in the third century b.c. ; until the discovery of 
the Parallelogram of Forces in the sixteenth century it was 
the fundamental principle of Statics. 

142 . Examples of the different classes of levers are ; 

Class I. A Poker {wfien used to' stir tJu fire^ tJie bar 
of the grate being the fulcrum) \ A Claw-hammer {wh>en 
used to extract nails) ; A Crowbar {when used with a point 
in it resting on a fixed s^ipport)) A Pair of Scales; The 
Brake of a Pump. 

Double levers of this class are; A Pair of Scissors, A 
Pair of Pincers. 

Class H. A Wheelbarrow; A Cork Squeezer; A 
Crowbar {with one end in contact with the ground) An 
Oar {assuming the end of ths oar in contact with the water 
to be at rest). 

A«Pair of Nutcrackers is a double lever of this class. 

Class IIX. The Treadle of a Lathe; The Human 
Forearm {when the lattier is used to support a weight placed 
on (he palm of the hand. The Fulcrum is dw dbow^ amd 
the tensioti exerted by the muscles is the effort). 

A Pair of Sugas-tongs is a double lever of this class. 
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143. Bent Levers. 

Let AOJi be a bent lever, of which O is the fulcrum, and let OL 
and OM be the perpendiculars from O upon the lines of action A G and 
BC of the effort P and resistance W. 

The condition of equilibrium of Art. 91 again applies, and we have, 
by taking moments about O, 

B.OL=ir.OM (1); 

P OM 

perpendicular from fulcrum on direction of resistance 
” perpendicular from fulcrum on direction of effort 

To obtain the reaction at O lot the directions of P and W meet in C. 
Since there are only three forces acting 
on the body, the direction of the reaction 
P at O must pass through <7, and then, 
by Lami’s Theorem, we have 

R ^ ^ W 

sin AOB ~~ sin BCO sin A CO * 

The reaction may also be obtained, 
as in Art. 46, by resolving the forces if, 

P, and W in two directions at right 
angles. 

If the effort and resistance be parallel forces, the reaction 11 is 
parallel to either of them and equal to (P+ IF), and, lis before, wo 
have P.OL=:JP.OM, 

where OL and OM are the peipendiculars from O upon the lines of 
action of the forces. 

If the weight W' of the lever be not neglected, we have an additional 
term to introduce into our equation of moments. 

X44. If two weights balance, ahenit a fixed fulenm, at the 
extremities of a straight lever, in any position inclined to the vertical, 
they will balance in any other position. 

Let ABbe the lever, of weight 7F', 
and let iiA centre of gravity be G. 

Let the lever balance about a ful- 
crum O in any position inclined at an 
angle $ to the horizontal, the weights 
at A and B being P and W respectively. 

Through O draw a horizontal line 
LONM to meet the lines of action of 
P, W*, and W in L, N, and M re- 
spectively. 

Bince the forces balance about O, 
we have 




L. S. 


P. OL * W. OM+ }V\ ON. 


12 



178 


STATICS 


P.OAqo^O^W ,OBcob0-{-W*,OGqo^O, 
P,OA^W.OB+W\OG, 

This condition of equilibrium is independent of the inclination 0 of 
the lever to the horizontal ; hence in any other position of the lever 
the condition would be the same. 

Hence, if the lever be in equilibrium in one position, it will be in 
equilibrium in all positions. 


EXAMPLES. XXn. 

1. In a weightless lever, if one of the forces be equal to 10 lbs. wt. 
and the thrust on the fulcrum be equal to 16 lbs. wt., and the length 
of the shorter arm be 3 feet, find the length of the longer arm. 

2. Where must the fulcrum be so that a weight of 6 lbs. may 
balance a weight of 8 lbs. on a straight weightless lever, 7 feet long? 

If each weight be increased by 1 lb., in what direction will the 
lever turn? 

3. If two forces, applied to a weightless lever, balance, and if the 
thrust on the fulcrum be ten times the difference of the forces, find 
the ratio of the arms. 

4. A lever, 1 yard long, has weights of 6 and 20 lbs. fastened to 
its ends, and balances about a point distant 9 inches from one end ; 
find its weight. 

5. A straight lever, AB^ 12 feet long, balances about a point, 

I foot from Aj when a weight of 13 lbs. is suspended from A, It will 
balance about a point, which is 1 foot from when a weight of 

II lbs. is suspended from B, Shew that the centre of gravity of the 
lever is 5 inches from the middle point of the lever. 

6. A straight uniform lever is kept in equUibrium by weights of 
12 and 5 lbs. resprotively attached to the ends of its arms, and the 
length of one sjm is double that of the other. What is the weight of 
the lever? 

7. A straight uniform lever, of length 5 feet and weight 10 lbs., 
has its fulcrum at one end and weights of 3 and 6 lbs. are fastened to 
it at 'distances of 1 and 3 feet respectively from the fulcrum; it is 
kept horizontal by a force at its other end; find the thrust on the 
fulcrum. 

8. A uniform lever is 18 inches long and is of weight 18 ounces; 
find the position of the fulcrum when a weight of 27 ounces at one 
end of the lever balances one of 9 ounces at the other. 

If the lesser weight be doubled, by how much must the position of 
the fulcrum be shifM so as to preserve equilibrium? 
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9. Two weights, of 8 ami 4 ounces, are in equilibrium when 
attached to the opposite ends of a rod of negligible weight; if 2 ounces 
bo added to the greater, the fulcrum must be moved through yths of 
on inch to preserve equilibrium; find the length of the lever. 

10. The short arm of one lever is hinged to the long arm of a 
second lever, and the short ann of the latter is attached to a press ; 
the long arms being each 3 feet in length, and the short arms 6 inches, 
find what thrust will be produced on the press by a force, equal to 
10 stone weight, applied to the long end of the first lever. 

11. A straight heavy uniform lever, 21 inches long, has a ful- 
crum at its end. A force, equal to the weight of 12 lbs., acting at a 
distance of 7 inches from the fulcrum, supports a weight of 3 lbs. 
hanging at the other end of the lever. If the weight be increased by 
1 lb., what force at a distance of 5 inches from the fulcrum will 
support the lever? 

12. On a lever, forces of 13 and 14 lbs. weight balance, and their 

directions meet at on angle whose eosino is thrust 

on the fulcrum. 

13. A straight lever is acted on, at its extremities, by forces in 
the ratio >/8 + 1 : Ay3 - 1, and which are inclined at angles of 30° and 
60° to its length. Find the magnitude of the thrust on the fulcrum, 
and the direction in which it acts. 

14. The arms of a bent lover are at right angles to one another, 
and the arms are in the ratio of 5 to 1. The longer arm is inclined 
to the horizon at an angle of 45°, and carries at its end a weight of 
10 lbs.; the end of the shorter arm presses against a horizontal plane; 
find the thrust on the plane. 

15. The arms of a uniform heavy bent rod are inclined to one 
another at an angle of 120°, and their lengths are in the ratio of 2 : 1 ; 
if the rod be suspended from its angular point, find the position in 
whieh it will rest. 

16. A uniform bar, of length 7^ feet and weight 17 lbs., rests on 
a horizontal table with one end projecting 2^ feet over the edg^ find 
the greatest weight that can be att^hed to its end, without making 
the bar topple over. 

17. A straight weightless lever has for its fulcrum a hinp) at one 
end if, and from a point B is hung a body of weight W. If the strain 
at the hinge must not exceed \W in either direction, upwards or down- 
wards, shew that the effort must act somewhere within a space equal 
to ^AB. 


12—2 
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18. 8hcw thut ilio propolling force on an eiglit-oared boat is 
224 Ite. weight, supposing each man to pull liis oar with a force of 
56 lbs. weight, and that the length of the oar from the middle of the 
blade to the handle is three times that from the handle to the row- 
lock. 


19, In a pair of nutcrackers, 5 inches long, if the nut be placed 
at a distance of ^ inch from the hinge, a force equal to lbs. wt. 
applied to the ends of the anna will ci*ack the nut. What weight 
placed on the top of the nut will crack it? 

20, A man raises a 3-foot cube of stone, weighing 2 tons, b^ 
means of a crowbar, 4 feet long, after having thrust one end of the 
bar under the stone to a distance of 6 inches; what force must bo 
applied at the other end of the bar to raise the stone? 

21, A cubical block, of edge a, is being turned over by a crowbar 
applied at the middle point of the edge in a plane through its centre 
of gravity; if the crowbar be held at rest when it is inclined at an 
angle of 60^ to the horizon, the lower face of the block being then 
inclined at 30° to the horizon, and if the weight of the block be n 
times the force applied, find the length of the crowbar, the force 
being applied at right angles to the crowbar. 


II. Pulleys. 

145 . A pulley is composed of a wheel of wood, or 
metal, grooved along its circumference to receive a string 
or rope ; it can turn freely about an axle passing through 
its centre perpendicular to its plane, the ends of this axle 
being supported by a frame of wood called the block. 

A pulley is said to be movable or fixed according as its 
block is movable or fixed. 

The weight of the pulley is often so small, compared 
with the weights which it supports, that it may be neg- 
lectdH; such a pulley is called a weightless pulley. 

Wo shall always neglect the weight of the string or 
rope which passes round the pulley. 

We siiall also in this chapter consider the pulley to be 
perfectly smooth, so that the tension of a string which 
passes round a puUey is constant throughout its length. 
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146. Single Pulley. The use of a single pulley 
is to apply an effort in a different direction from that in 
wliich it is convenient to us to apply the effort. 

Thus, in the first figure, a man standing on the ground 
and pulling vertically at one end of the rope might support 
a weight W hanging at the other end ; in the second figure 
the same man pulling sideways might support the weight. 

In each case the tension of the string passing round 
the pulley is unaltered ; the effort P is therefore equal to 
the weight 1Y, 

In the first figure the action on the fixed support to 
which the block is attached must balance the other forces 
on the pulley-block, and must therefore bo equal to 
JF+P + w, 

2 IF + to, where to is tlie weight of the pulley-block. 



In the second figure, if the weight of the pulley be 
neglected, the effort P, and the weight JF, being equal, 
must be equally inclined to the line OA. 

Hence, if ^ be the tension of the supporting string OB 
and 20 the angle between the directions of P and W, we 
have 

T=z P cos 0 + ireos 0^2W cos 0, 
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If 117 be the weight of the pulley, wo should have, 

2’2=(n>ir)2+p2 + 2 (TF+w) . P. cos2^ 

=2W^+ 2Jrw + + 2 (Tf^+ «t’) . W (2 008 ® ^ - 1) , since P and W are equal, 
=w’®+4>r (jy^+w) 006^6. 

147 - We shall discuss three systems of pulleys and 
shall follow the usual order ; there is no particular reason 
for this order, but it is convenient to retain it for purposes 
of reference. 

First system of Pulleys. IJach string attaclmd to 
the supporting beam. To find the relation hetioeen the effort 
or power ” amd the weighL 

In this system of pulleys the weight is attached to tho 
lowest pulley, and the string pass- 
ing round it luis one end atbi<ched C 
to the fixed beam, and the other 
end attached to the next highest 
pulley; tho string passing round 
the latter pulley has one end 
attached to the fixed beam, and 
the other to the next pulley, and 
so on; the effort is applied to the 
free end of the last string. 

Often there is an additional 
fixed pulley over which the free 
end of the lost string passes; the 
effort may tlien be applied os a 
dowQ,ward force. 

Let A2 , ... Ix) the pulleys, beginning from the 
lowest, and let the tensions of the strings passing round 
them bo .... Let IF bo the weight and F tho 

power. 

m.B. The string Msing round any pulley, say, pulls ver- 
tically upwards, and pulls A^ downwards.] 
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I. Ijfit the toeighte of the pulleys be tveglected. 

From the equilibrium of the pulleys , taken 


in order, we have 


27’,= TFj .-. T^^\W. 

27’,= 7’,; 2^=17', = ^^ r. 

07T - '/T . • 7 ^ _ i7r _ 1 Tir 

^^8-^0, . . 3 “ 

2r,= 7’,; .-. 7’4 = |2'a = A r. 


But, with our figure, - 1 \ 


P = — IF 

Similarly, if there were 91 pulleys, we should have 

/*=— ir 

Hence, in this system of pulleys, the mechanical 
advantage 

=.E=‘>n 


II. Let iliA weights of the •pulleys m successwti^ he- 
ginning from tl^e lotvest^ he Wj, Wg, .... 

In this case we have an additional downward force 
on each pulley. 

Hesolving as befoi'e, we have 

2r,--ir + w„ 

27^8 = 

27^3 = 7^3 + W 3 , 
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and 


m W w^ 
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Similarly, if there were w pulleys, we should have 

P-ir+?f? + 3+ +!^:? 

^ - 2» ^ 2" ^ 2«"* 2 ■ 


2"P= lF’ + f/^i+ 2. ?^?2+ 2®?^;s+ ... + 2’*“’7^;tt. 

If the pulleys be all equal, we have 

«/;i = w?2 = ... = = w. 

2^7’=ir4-7^(l + 2 + 22+...-H2«“’) 

= Tr + w(2«-l), 

by summing the geometrical progression. 

ir 

It follows that the mechanical advantage, -p , depends 

on the weight of the pulleys. 

In this system of pulleys we observe tliat tlie greater 
tlie weight of the pulleys, the greater must -P be to support 
a given weight W ) the weights of the pulleys op|K>se the 
effort, and the pulleys should therefore be made as light as 
is consistent with the required strength. 


Strew on the beam from which tJie pulleys are huny. 

Let R be the stress on the beam. Since R, together with the 
force P, supports the system of pulleys, together with the weight IK, 
we have 


P+P=a ir+ Wj+ir2+ ... 
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JT + + 2^2 + 22m> 3 + . . . + 2“-i 
2« 


/. Jt-w^ 7 /'^ + 7^3 + . . . + 7 /’, 


Ex. 7/ /><! 4 movable pulley»t whone weiphts, commencing 

with the lowest, tire 4, 5, 6, and 7 lbs., what effort will support a body 
of weight 1 cwt. ? 

Using the notation of the previous article, we have 
27\ = 112 + 4; /. 7\ = 58. 

22’a=Ti+5=63; a Tj=31|. 

2T„=rj+6=37^; A rj=18|. 

2P=r,+7=253; A P = 12|lb8. wt. 


148. Verification of the Principle of Work. 

Neglecting the weights of the pulleys wo have, if there 
Iw four pulleys, 

P-- ir. 

■^ 2* 


If the weight W be mised through a distance x, the 
pulley A 2 would, if the distance AiA^ remained unchanged, 
rise a distance x ; but^ at the same time, the length of the 
string joining Ai to the beam is shortened by a;, and a 
portion x of the string therefore slips round A^; hence, 
altogether, the pulley A^ rises through a distance 2x. 

Similarly, the pulley A^ rises a distance 4a;, and the 
pulley A^ a distance Sx. 

Since A^ rises a distance 8cc^ the strings joining it to 
the beam and to the point at which P is applied both 
shorten by Sx. ^ 

Hence, since the slack string runs round the pulley A^^ 
the point of application of P rises through i,e., through 
sixteen times as far as the point of application of W. 

Hence the velocity-ratio (Art 137) := 16, so that it is 
equal to the mechanical advantage in this cose. 
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Also 

work done by the effort 
work done against the weight 


T. IGx 
W.x 


^,W. 16 x 

W.x 


W.x 

W.x 


= 1 . 


Hence the principle is verified. 

Taking the weights of the pulleys into account, and 
taking the case of four pulleys, we have 

2 " 2 ^ 2 * 2 “ 2 ‘ 


As before, if ascend a distance rr, the other pulleys ascend 
distances 2xj 4ar, and 8x, respectively. Hence the work 
done on the weight and the weights of the pulleys 

= Jr. x + Wi . X + W2. 2 ^+ WA, . 4 x + W4.8X a 


-= 16fl5 



24 2 * ^ 2 '-* ^ 2 


-= 16a; X P — work done by the effort, 

A similar method of proof would apply, whatever bo the 
number of pulleys. 


EXAMPLES. XXm. 

1. In the following cases, the movable pulleys are weightless, 
their number is n, the weight is JVf and the “ power or effort is P; 

(1) If 71=4 and P=20 lbs. wt., find JF; 

(2) If n=4and ir=lcwt., find P; 

(3) If jr=50 lbs. wt. and P=7 lbs. wt., find w. 

A 

2. In the following eases, the movable pulleys are of equal weight 
Wf and are fi in number, P is the ** power ” or effort, and JF is the 
weight ; 

(1) If n=4, w=llh, wt., and }F=97 lbs. wt., find P; 

(2) If n=3, 70 = 1 } lbs. wt., and P= 7 lbs. wt., find JF; 

(3) If 71=6, fr=776lb8.wt.,andP=31 lbs. wt., find vf ; 

(4) If ^'■=107 lbs. wt., P=2 lbs. wt.,*and lbs. wt., iUid 71. 
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3. In tho first system of pulleys, if thoro bo 4 pulleys, each of 
weight 2 lbs., what weight can bo raised by an effort equal to the 
weight of 20 lbs. ? 

4. If there be 3 movable pulleys, whoso weights, commencing 
with the lowest, are 9, 2, and 1 lbs. respectively, what force will sup 
port a weight of 69 lbs. ? 

5. If there be 4 movable pulleys, whoso weights commencing 
with tho lowest, are 4, 3, 2, and 1 lbs. respectively, what force will 
support a weight of 54 lbs. ? 

6. If there be 4 movable pulleys, each of weight ip, and the effort 
be P, shew that the stress on the beam is 15P - llip. 

7. If there be 3 movable pulleys and their weights beginning from 
the lowest be 4, 2, and 1 lbs. respectively, what force will be required 
to support a weight of 28 lbs. ? 

8. Shew that, on the supposition that the pulleys are weightless, 
tho mechanical advantage is gi'cater than it actually is. 

9. In the system of pulleys in which each hangs by a separate 
string, if thei'e be 3 pulleys, it is found that a cei*tain weight can be 
supported by an effort equal to 7 lbs. weight ; but, if there be 4 pulleys, 
the same weight can be suppoiied by an effort equal to 4 lbs. weight ; 
find the weight supported and the weight of the pulleys, which are 
equal. 

10. A system consists of 4 pulleys, arranged so that each 
hangs by a separate string, one end being fastened to the upper block, 
and all the free ends being vertical. If the weights of the pulleys, 
beginning at the lowest, be tp, 22 p, 37p, and 4tp, find the power 
neoessaiy to support a weight of 15ip, and the magnitude of the single 
force necessary to support the beam to which the other ends of &e 
string are attached. 

11. In the system of 4 heavy pulleys, if P be the effort and W 
the weight, shew that the stress on the beam is intermediate between 
]^randl5P. 

12. A man, of 12 stone weight, is suspended from the lowest of a 
system of 4 weightless pulleys, in which each hangs by a mparate 
string, and supports himself by pulling at tiie end of the strin^hich 
passes over a fixed pulley. Find the amount of his pull on this 
string. 

13. A man, whose weight is 156 lbs., is suspended fh>m the 
lowest of a system of 4 pulleys, each being of weight 10 lbs., and 
supports himself by pulling at the end of the string which passes over 
the fixed pulley. Find the force which he exerts on the string, sup- 
posing all the strings to be vertical. 
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149. Second system of pulleys. The samp 
string passing round all the pulleys. To find the relation 
between the effort and the weight. 

In this system there arc two blocks, eacli containing 
pulleys, the upper block being fixed and the lower block 
movable. The same string passes round all the pulleys 
as in the figures. 

If the nunil)er of pulleys in the upper block bo the 
same as in the lower block (Fig. 1), one end of the string 



Fig. 1. Fig. 2. 


must be fastened to the upper block; if the number in 
the upper block be greater by one than the number in 
the lower block (Fig. 2), the end of the string must bo 
attached to the lower block. 

In the first case, the number of portions of string con- 
ncoting the blocks is even ; in the second cose, the number 
is odd. 
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In either ease, let n be the iiuml>cr of portions of string 
at the lower block. Since wo luwe only one string psissing 
over smooth pulh'.ys, the tension of cjuih of these portions 
is P, so that the total upward force at the lower block 
is n . P, 

Lot W be the weight supported, and w the weight of 
the lower block. 

Hence ^Y + w — nP, giving the relation required. 

In practice the pulleys of each block arc often placed 
pjirallel to one another, so that the strings are not mathe- 
matically parallel ; they are, how'ever, very approximately 
parallel, so that the above relation is still very approxi- 
mately true. 


EXAMPLES, XXIV. 

1. If a weight of 5 lbs. support a weight of lbs., find tbo 
weiglit of the lower block, when there are 3 pulleys in each block. 

2. If weights of 5 and 6 lbs. respectively at the free ends of the 
string support weights of IB and 22 lbs. at the lower block, find the 
number of the strings and the weight of the lower block. 

3. If weights of 4 lbs. and 5 lbs. support weights of 5 lbs. and 
18 lbs. respectively, what is the weight of the lower block, and how 
many pulleys are there in it? 

4. A weight of 6 lbs. just supports a weight of 28 lbs., and 
a weight of 8 lbs. just supports a weight of 42 lbs. ; find the number 
of strings and the weight of the lower block. 

6. In the second system of pulleys, if a basket be suspended from 
the lower block and a man in the basket support himself and the 
basket, by pulling at the free end of the rope, find the tension he 
exerts, neglecting the inclination of the rope to the vertical and 
assuming the weight of the man and basket to be Ti’'. * 

If the free end of the rope pass round a pulley attached to the 
ground and then be held by the man, find the force he exerts. 

6, A man, whose weight is 12 stone, raises 8 owt. by means of 
a system of pulleys in which the same rope passes round all the 
pulleys, there being 4 in each block, and the rope being attached to 
the upmr block; neglecting the weights of the pulleys, find what 
will be Ilia thrust on the ground if he pull vertically downwards. 
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7. Wo arc told that the cable by which “Great Paul,” whose 
weight is 18 tons, was lifted into its place in the cathedral tower, 
pas^ four times through the two blocks of pulleys. From this 
statement give a description of the puUeys, and estimate the strength 
of the cable. 

; ,8. Provo the Principle of Work in this system of pulleys, and find 

the Velocity Katio. 

9. An ordinaiy block and tackle has two pulleys in the lower 
block and two in the upper. What force must be exerted to lift 
a load of 300 lbs. ? If on account of friction a given force will only 
lift '4*5 times as much as if the system were frictionless, find the force 
required. 

10. In a block and tackle the velocity ratio is 8 : 1. The friction 
is such that only 55 of the force applied can be usefully employed. 
Find what force will raise 5 cwt. by its use. 

150. Third system of pulleys. All t/ie strings 
attacJhed to tlie weight. To find the relation between the effort 
and the weight. 

In this system the string passing round any pulley 
is attached at one end to a bar, from 
which the weight is suspended, and at 
the other end to the next lower pulley; 
the string round the lowest pulley is 
attached at one end to the bar, whilst 
at the other end of this string the 
power is applied. In this system the 
upper pulley is fixed. 

Lot A^y A.J, Ajyy ... be the movable 
pulleys, beginning from the lowest, 
and let the tensions of the strings 
passing round these pulleys respec- 
tively be ^2, 

If tlie power be P, we have clearly 
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A 

I. Let tJi6 weights of the •pvXleys he 'neglected* 

For tlio equilibrium of the pulleys, taken in order and 
commencing from the lowest, we have 

find 7\-^22\=2^P. 

But, since tlic bar, from which ir is suspended, is in 
equilibrium, we have 

W= + T^^T^^1\--^P^2P^ 2^P^2^P 
^y>^-J=7>(2*-i) (1). 

If there were n pulleys, of wliich (ri — 1) would be 
movable, we should have, similarly. 



by suraining the geometrical progression, 

= P(2«-1) (2). 

^ Hence the mechanical advantage is 2* — 1. 

II. Jjct the weights of the movable pvUeys^ taken in 
order and commencing with the lowest^ he Wi, •••• 

Considering the equilibrium of the pulleys in order, 
we have 

Pj = 2Pi + w;, = 2P+ Wj, 

Pa = 22 9 + eifj = 2*P + 2w^ + Wg, 

P4=2Pa + t<?3 = 2*P+2^-c>ji + 2u’9 + ti^. 
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But, from the eijuilibriuin of the biu', 

W---.T^+T., + T^+T^ 

-(2'' + 2=+24 l)/"+(2"+2+l)t<;, + (2+l)t(-,4 lo. 


^-1 
' 2-i 


r + 


2»_1 o3_2 

2-T“'‘+2-1 


ta, + w.^ 


+ + (3). 

If there were a pulleys, of which would bo 

movable, we should have, similarly, 


^(2"-i + 2"-2+ ... + l)P + (2"--+ 2'*-®+ ... + \)w, 

+ (2"“3-f 2“-'*+ ... + 1) Wo + ... + (2 + 1) w,j_o + M7„., 

« 


2«-l „ 2»-'-l 

••2_f^+ 2-r’"‘+ 2^‘'"' 


2>-l 


-:(2»‘-l)y" + (2»“'- l)Wj + (2"-»~ 1)W2+ ... 

+ (2^~1)w,.., + (2~1)7.;„., (4). 

If the pullcy.s be all equal, .so that 


the relation (4) becomes 

Tr=:(2"-l)i^ + w[2*‘-' + 2”-'» + ... + 2-(r6 - l)j 

= (2*-l)i^ + t«;[2»*-7i-l], 
by summing the geometrical progression. 

Stress on the supporting beam. This stress balances the effort, the 
weight, and the weight of the pulleys, and therefore equals 

P+ W+Wj + W2 + ... +Wn» 
and hence is easily found. 

Bx« 1/ there he 4 puUeys, wfuise weights^ ewnmeneing with the 
lowest^ are 4, 5, 6, and 7 Ihs,^ what ^ort will mpport a body of weight 
lewt.f 
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Using tho notation of the previous article, we have 
2'3=2P+4, 
rs=2r3 + 6=4P+13, 
r^=2rj, + 6=8P+32. 

Also 112 = 1\ + + Ta + P= 15P + 49. 

“ 

15 1> In tills system we observe that, the greater the weight of 
each pulley, the less is P required to be in order that it may support 
a given weight W. Hence the weights of the pulleys assist the effort. 
If tho weights of the pulleys be properly chosen, tho system will remain 
in equilibrium without the application of any effort whatever. 

For example, suppose wo have 3 movable pulleys, each of weight 
w, the relation (3) of the last article will become 
W=l5P + llw. 

Hence, if llitf = )r, we have P zero, go that no ]^wer need be 
applied at the free end of the string to preserve equilibrium. 

152 . In the third system of pulleys, the bar supporting the 
weight W will not remain horizontal, unless tho point at which the 
weight is attached bo properly chosen. In any iHirticulor case the 
proper point of attachment can bo easily found. 

Taking the figure of Art. 146 let there bo three movable pulleys, 
whose weights are negligible. I^et the distances between the points 
D, K, Ft and G at which the strings are attached, be successively a, 
and let tho point at which the weight is attached be X. 

The resultant of !i \ , , 2 3 , and must pass through X, 

Hence by Art. 109, 

ryx- ^4 X 9+ 23 X a+ 2a X 2tt+ 2\ x 3a 

~ 8F + 4P+2P+P “ 15 * 

Z1X=:y^ 2)£;, giving the position of X. 

153 . This system of pulleys was not however designed 
in order to lift weights. If it be used for that purpodb it 
is 800 . found to be unworkable. Its use is to give a short 
strong pull. For example it is used on board a yacht to 
set up the back stay. 

In the figure of Art. 150, DEFG is the deck of the 
yacht to which the strings are attached and there is no W. 

13 


L. S. 
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The strings to tlio pulleys Ai, A^, A^, A 4 are inclined to the 
vertical and the point 0 is at the top of the mast which is 
to be kept erect. The resistance in this case is the force at 
0 necessary to keep the mast up, and the effort is applied 
as in the figure. 

154. Verification of the Principle of Work. 

Suppose the weight }V to ascend through a space rv. 
The string joining to the bar shortens by sc, and hcnc(j 
the pulley A.j descends a distance a\ Since tJie pulley A., 
descends x and the bar rises x, the string joining A 3 to tlio 
bar shortens by 2a;, and this portion slides over A^; hence 
the pulley Ag descends a distance equal to 2a; together with 
the distance through wliich A 3 descends, i.e., A 3 descends a 
distance 2x + x, or 3x. Hence the string .d 5,/^ shortens by 
ix, which slips over the pulley A 3 , so that the pulley Aj 
descends a distance ix together with the distance through 
which A 3 descends, i,e., Ax-^3x, or 7.x. Hence the string 
A^G shortens by Sx, and A^ itself descends 7x, so tluit the 
point of application ol T descends 

Neglecting the weight of the pulleys, the work doJie by 
T therefore 

= 15aj . i-* - ^ (2*^ — 1) 7^ — a; . W by equation (1), Art. 150, 

^ work done on the weight W. 

Taking the weights of the pulleys into account, the 
work done by the effort and the weights of tlio pulleys 
[which in this case assist the power] 

- F". Idx + Wj . 7 x -h 14^3 . Sx + W3 . X 

^x[P( 2 *--l} + w, (2« ^ 1) + (2« - 1) W 3 ] 

-^x. Why equation (3), Art. 150, 

= work done on the weight W. 

If there were n pulleys we should in a sunilar manner 
fltid the point of applicatmn of P moved through (2" — 1) 
fames the distance moved througli by W, so that the 
velocity ratio is 2*— 1. 
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EXAMPLES. XXV. 

1. In tlio following oases, the pulleys are weightless and n in 
number, P is the ** power” or effort and W the weight; 

(1) If n=4 and P= 2 lbs. wt., find W ; ♦ 

(2) If 71=5 and Tr=124 lbs. wt., find P; 

(3) If Tr=I05 lbs. and P=7 lbs. wt., find n, 

2. In the following cases, the pulleys are equal and each of weight 

P is the “power,” and JV is the weight; 

(1) If 7/ = 4, 7(7 = 1 lb. wt., and P= 10 lbs. wt., find W; 

(2) If 77 = 3, 7r = J lb. wt., and >F=114 lbs. wt., find P; 

(3) If 77 = 6, P= 3 lbs. wt., and W = 106 lbs. wt., find w; 

(4) If P=4 lbs. wt., Tr=137 lbs. wt., and w — ^ lb. wt., find n. 

3. if there be 5 pulleys, each of weight 1 lb., what effort is 
re( 2 uired to support 3 cwt.? 

If the pulleys bo of equal size, find to what point of the bar the 
weight must bo attached, so that the beam may be always hori- 
zontal. 


4. If the strings passing round a system of 4 weightless pulleys 
1)0 fastened to a rod without weight at distances successively an inch 
fipart, find to what point of the rod the weight must be att^hed, so 
that the rod may bo horizontal. 

5. Find the mechanical advantage, when the pulleys are 4 in 

number, and each is of weight weight. 

6. In a system of 3 weightless pulleys, in which each string is 
attached to a bar which carries the weight, if the diameter of each 
pulley be 2 inches, find to what point of the bar the weight should be 
attached so that the bar may bo horizontal. 

7. If the pulleys bo equal, and the effort be equal to the weight 
of one of them, and the number of pulleys be 5, shew that the weight 
is 57 times the power. 

8. In the third system of 3 pulleys, if the weights of the pulleys 

be all equal, find the relation of the effort to the weight when equi- 
librium is established. If each pulley weigh 2 ounces, what weight 
would be supported by the pulleys only ? • 

If the weight supported be 25 lbs. wt., and the effort be 3 lbs. wt., 
find what must be the weight of each pulley. 

9. In the third system of weightless pulleys, the weight is sup- 
ported by an effort of 70 lbs. The hook by which one of the strings is 
attached to the weight breaks, and the string is then attached to the 
pdley which it passed over, and an effort of 150 lbs. is now required. 
Find the number of pulleys and the weight supported. 

13—2 
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10, lu the third sjatem of weightless pulleys, if the string round 
the last pulley be tied to the weight, shew that the tension of the 
string is diminished in a ratio depending on the number of pulleys. 

If the tension be decreased in the ratio 16 : 15, find the number of 
pulleys. ^ 

11, In the system of pulleys in which each string is attached to 
the weight, if esich pulley have a weight to, and the sum of the weights 
of the pulleys be TV\ and P and W be the effort and weight in this 
ease, shew that the effort P + w would sux)port the weight W + IV' in 
the same system if the pulleys had no weight. 

12, If there be n weightless pulleys and if a string, wliose ends 
are attached to the weights P and TF, carry a pulley from wliicli a 
weight W' is suspended, find the relation between P, W, and W\ 

13, If there be n pulleys, each of diameter 2a and of negligible 
weight, shew that the distance of the point of application of the 

2 " 

weight from the line of action of the effort should bo 


III. The Inclined Plane. 


155 . The Inclined Plane, considered as a mechanical 
power, is a rigid plane inclined at an angle to the horizon. 

It is used to facilitate the raising of lieavy IhxUcs. 

In the present chapter we shall only consider the ctuse 
of a body resting on the plane, and acted upon by forces 
in a plane perpendicular to the intersection of the inclined 
plane and the horizontal, «.e., in a vertical plane through 
the line of greatest slope. 

The reader can picture to himself the line of greatest slope on an 
inclined plane in the following manner: 
take a rectangular sheet of cardboard 
ABCD, and place it at an angle to the 
horizontal, so that the line AB is in 
contact with a horizontal table: take 
any point P on the cardboard and draw 
PJUT perpendicular to the line AB ; PM is 
the tine of greatest slope passing through 
the point P. 

From C draw CJE7 perpendicular to the horizontal plane through 
AB^ and join BE, The lines BG, BE, and CE are called respec- 
tively the length, base, and height of the inclined plane; o-lnn the 
angle CBE is the inctination of the plane to the horizon. 
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In this chapter the inclined plane is supposed to be 
smooth, so that the only reaction between it and any l)ody 
resting on it is perpendicular to the inclined plane. 

Since the plane is rigid, it is capable of exerting any 
reaction, however great, that may be necessary to give 
equilibrium. 


156. A body, of given weighty rests on an indirwd 
plane ; to determine the relations hetiveen the efforty the 
weighty arid the reaction of the plane. 

Let W be the weight of the body, P the effort, and 
R the reaction of the plane ; also let a be the inclination 
of the plane to the horizon. 

Case I. Let the effort act up the plane along the line of 


greatest sldpe. 

Let AC the inclined plane, AB the horizontal line 
through Ay DE a vertical line, and 
let the perpendicular to the plane 
through D metit AB in F. 

Then clearly 
ZFDEr.90^^AADE 

^ADAEsso. 



By Lami's Theorem (Art, 40), since only three forces 
act on the body, each is proportional to the sine of the 
angle between the other two. 


W 


' ’ sin (Ry W) sin(W7^) sin (/*, R) ^ 
P R W 


%.e, 


* sin (180®- a) "" sin (90* + o) sin 90® * 
P R ^ 

%.e.y -T— = — 1=: W . 


sin a cos a 




/. fTsino, and i?= fFcosa. 
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The relation (1) may l)e written in the form 

P:R:W 

: : Height of plane : Base of plane : Ijength of plane. 

Otlierwl86 thiis: Besolve ir along and perpendicular to the 
plane; its components are 

IV COB i.e., TFsina, along DA, 
and JV sin ADD, i,e,, Wcoaa, along DF. 

Hence P=JVBina, and ii=Trcosa. 

The work done by the force P in dragging the body 
from A to C is Px AC. 

But /*=]rsiua. 

Therefore the work done is irsiii a x AC, 
i.e . , iV X AC sin a, Lk , IF x PC. 

Hence the work done is the same as that wliich would 
be done in lifting the weight of the body through the same 
height without the in<>ervention of the inclined pldne. 
Hence the Principle of Work is true in this case. 


Case II. LeC the effort ac.t horizontally. 


[In this cose we must imagine a 
small hole in the plane at D through 
which a string is passed and attached to 
the body, or else that the body is pushed 
toward the plane by a horizontal force.] 

As in Case I., we have 

P R 



“ sin (ft, “ sin ( W, P) ~ sin (ft, R) ’ 


• • ft _ ft ^ _w 

Hin(180*- a) sin 90' sin(90'+o)’ 

sin a " 1 "" costt 




P * ■ W tan a, and A* = JF sec a. 
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The relation (1) may be written in the form 
P:R-.W 

I [eight of Plano : Length of Plane : Base of Plane. 

Otberwiae thus : Tlio components of ir along and perpendicular 
to the plane are IF sin a and IF cos a; the components of P, similarly, 
are P cos a and P sin a. 

P cos a = IF sin a, and 

• . Tir ”1 „,sin*o + cos3a 

P=Psin a + TFcos a=lF hcosa =11 — - --IF Bee a. 

Lcos a J cos tt 

^ 7'*= IF tan a, and J^=lFscca. 

Case 111. Lei the ejort act at aii angle 0 ‘luith the 
inclined plams, 

C 

B 



By Lanii’fi Theorem we have 

R W 

flin (P, W) sin ( P) sin (P, R) ’ 

P R W 

Sn (IKO"'- a) “ sin (90“ + + a) ~ sin (»0° -!>)’ 

^ R jr 

‘ sin a COS (^ + o) cos6> ’ 

COS O' cos 0 


Othorwlse thus: Hesolving along and perpendicular to the 
plane, we have , 

Pcosd=lFsin a, and P+Psin TFcosa. 


P=JF- 

OOS0 


and 


P=TFcosa -Psin^ 


=irn 


cosa- 


L. cos 

,„cos a cos ^ - sin a sin 0 


linj^ 

e J 


, cos (tt +• dS 
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If through E wc draw EK parallel to P to meet l.)F in iC, then 
DEK is a triangle of forces, and 

P : P : ir :: EK : KT) : DE, 
and thus we have a graphic construction for P and P. 

‘ It will be not-ed that Case III. includes both Cases I. 
and IT. ; if we make 0 zero, we obbiin Case I. ; if we put 
$ equal to (- a), we have Case II. 

Verification of the Principle of Work. In 

Case III. let the body move a distance x along the plane ; 
the distance through which the point of application of P 
moves, measured along its direction of application, is clearly 
a; cos 0 ; also the vertical distance through which the weight 
moves is a; sin a. 

Hence the work done by the power is P . a: cos 0, and 
that done against the weight is Tr.a;sina. These are 
equal by the relation proved above. 

157. Bzperlment. To find experimentally the relation between 
the effort and the weight in the case of an inclined plane. 

Take a wooden board Ali, hinged at yf to a second boanl, which 
can be clamped to a table ; to the Iraard A Ji Jet a sheet of glass be fixed 
in order to minimise the friction. At B is fixed a vertical graduated 
scale, so that the height of B above A can be easily read off. 
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The weight conBistfl of a heavy brass roller to whiph is attached a 
string which after passing over a pulley supports a scale<pan in which 
weights can be placed. These weights, t^ether with the weight of 
the scale-pan, form the “effort** or “power** P. 

The pulley is so arranged that the string between it and W is 
parallel to the plane. 

Set the arm at any convenient angle; load the scale-pan so 
that JF is just supported. [In actual practice it is better to take for P 
the mean of the values of the weights which will let TK just run down 
and just drag it up respectively.] 

Observe h the height of P above A, and Z the length AB. 

^ Then it will be found that p 

Now set the board "at a different angle and determine P, h, I for 
this second experiment. The same relation will be found to be true. 

If there be a slit along the length of the board through which the 
string can pass, then a pi^ley can be arranged in such a position that 
the string can ^ horizontal. In this case the effort, as in Case 11. of 
Art. 156, will be horizontal and we shall find that 

P _ Height of the pla^ 

W PaseoTthe pTane^ * 

168 . If the power does not act in a vertical plane 
tlirough the line of greatest slope there could not be 
equilibrium on a smooth inclined plane; in this case we 
could, however, have equilibrium if the inclined plane were 
rough. We shall return to this case in the next chapter. 


EXAMPLES. XXVI. 

1. What force, acting horizontally, could keep a mass of 16 lbs. 

at rest on a smooth inclined plane, whose height is 3 feet and length 
of base 4 feet, and what is the reaction of the plane ? ^ 

2. A body rests on an inclined plane, being supported by a force 
acting up the plane equal to half its weight. Find the inclination of 
the plane to the horizon and the reaction of the plane. 

3. A rope, whose inclination to the vertical is 30^, is just strong 
enough to support a weight of 180 lbs. on a smooth plane, whose 
inclination to the horizon is 30°. Find approximately the greatest 
tension that the rope could exert. 
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4. A body rests on n plane, inclined at an angle of 60" to the 
horizon, and is supported by a force inclined at an angle of BO" to the 
horizon ; shew that the force and tlie reaction of the plane are each 
equal to the weight of the body. 

5. A body, of weight 2P, is kept in equilibrium on an inclined 
plane by a horizontal force I*, together with a force P acting parallel 
to the plane ; find the ratio of the base of the plane to the height and 
also the reaction of the plane. 

6. A body rests on a plane, inclined to the horizon at an angle 
of 30", being supported by a force inclined at 30" to the plane ; find 
the ratio of the weight of the body to the force. 

7. A weight is supported on an inclined plane by a force inclined 
to the plane; if the weight, the force, and the reaction be as the 
numbers 4, 3, and 2, find the inclination of the plaine and the direction 
of the force. 

8. A body, of 5 lbs. wt., is phiced on a smooth plane inclined at 
30° to the horizon, and is acted on by two forces, one equal to the 
weight of 2 lbs. and acting parallel to the plane and upwards, and the 
other equal to P and acting at an angle of 30" with the piano. Find 
P and the reaction of the pane. 

9. Find the foitjo which acting up an inclined plane will keep a 
body, of 10 lbs. weight, in equilibrium, it being given that the force, 
the reaction of the plane, and the weight of the body are in 
arithmetical progression. 

10. If a force P, acting paralid to an inclined plane and sup- 
porting a mass of weight jr, produ^s on the plane a thrust P, shew 
that the same power, acting horizontally and supporting a nniss of 
weight Ji, will produce on the plane a thrust JT, 

11. Two boards, of lengths 11 and 8 feet, are fixed with their 
lower ends on a horizontal plane and their upper ends in contact; on 
these planes rest bodies of weights TF and 12 lbs. respectively, which 
are connected by a string passing over the common vertex of the 
boards; find the value of JF. 

12. A number of loaded trucks, each containing 1 ton, on one 
part of a tramway inclined at an angle a to the horizon supports 
an equal number of empty trucks on another part whose inclination is 

the weight of a truck. 

13. A body rests on a plane inclined to the horizon at an angle a ; 
if the reaction of the plane bo equal to the effort applied, shew that 
the inclination of the effort to the inclined plane is 90"- 2a. 

14. A heavy string is placed with a portion of it resting on n 
given inclined plane, the remaining part hanging vertically over a 
small milley at the top of the plane. Find what point of the string 
should be placed over the pulley for equilibrium. 
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15. On two inclined planes, o! equal height, two weights are 
respectivcij supported, by means of a siring passing over the common 
vertex and parallel to the planes; the length of one plane is double its 
height, and the length of the other plane is double its base ; shew 
that the reaction of one plane is three times the reaction of the 
other. 


16. A bod^, of weight 50 lbs., is in equilibrium on a smooth 
plane inclined at an angle of 20^ 20' to the horizon, being supported by 
a force acting up the plane; hnd, graphically or by use of trigono- 
metrical tables, the force and the reaction of the plane. 

17. A body, of weight 20 lbs., rests on a smooth plane inclined at 
an angle of 25“ to the horizon, being supported by a force P acting at 
on angle of 35° with the plane ; find, graphicaUy or by use of trigono- 
metric tables, P and the reaction of the plane. 

18. A body, of weight 30 lbs., rests on a smooth plane inclined 
at an angle of 28° 15' to the horizon, being supported by a horizontal 
force P ; find, gi'aphically or by use of trigonometrical tables, P and 
the reaction of the plane. 

IV. The Wheel and Axle. 

159. This machine consists of a strong circular 
cylinder, or axle, terminating in two pivots, A and 


C 



which can turn freely on fixed supports. To the cylinder 
is rigidly attached a wheel, (72?, the plane of the wheel 
being perpendicular to the axle. 

Hound the axle is coiled a rope, one end of which is 
firmly attached to the axle, and the other end of which is 
attached to the weight. 
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Round the circumference of the wheel, in a direction 
opposite to that of the first rope, is coiled a second rope, 
having one end finnly attached to the wheel, and having 
the “ power,” or eifort, applied at its other end. The cir- 
cumference of the wheel is grooved to prevent the rope 
from slipping off. 

160 . To find the relation between the effort and the 
weight. 

In Art. 93, we have shewn that a body, w^hich can turn 
freely about a fixed axis, is in equilibrium if the algebraic 
sum of the moments of the forces about the axis vanishes. 
In this case, the only forces acting on the machina are the 
effort P and the weight ir, which tend to turn the machine 
in opposite directions. Hence, if a be the radius of the axle, 
and h be the radius of the wheel, the condition of equili- 
librium is 


W 


P,h= W.a, 

Hence the mechanical advantage = -p 

_b _ radius ofiihe wheel 
~ a ^ radius of the axle 


.( 1 ). 


Verification of the Principle of Work. Let the 

machine turn through four right angles. A portion of 
string whose length is 2vb becomes unwound from the 
wheel, and hence P descends through this distanca At 
the same time a portion equal to 2ira becomes wound upon 
the ((xle, so that W rises through this distance. The work 
done by P is therefore P x 2iib and that done against W 
is W X 2wa. These are equal by the relation (1). 

Also the velocity-ratio (Art. 137) 

= ^ mechanical advantage. 
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101 , Theoretically, by making the quantity — very 

large, we can make the mechanical advantage as great as 
we please ; practically however there are limits. Since the 
pressure of the fixed supports on the axle must balance P 
and W, it follows that the thickness of the .axle,* 2«, 
must not be reduced unduly, for then the axle would break. 
Neither can the radius of the wheel in practice become very 
large, for then the machine would Ih) unwieldy. Hence the 
possible values of the mechanical advantage are bounded, 
in one direction by the strength of our materials, and in 
the other direction by the necessity of keeping the size of 
tlie machine within reasonable limits. 

162 . In Art. 160 wo havo neglected the thicknesses of the 
ropes. If, however, they are too gretit to be neglected, compared with 
tlio radii of the wheel and axle, we may take them into consideration 
by supposing the tensions of the ropes to act along their middle 
threads. 

Suiiposo the radii of the ropes which pass round the axle and 
wheel to bo a; and y respectively; the distances from the line joining 
the pivots at which tlic tensionapiow act are (a + x) and {b + y) respec- 
tively. Hence the condition of equilibrium is 

P(b + y) = W{a-\-x), 

so that the radii of the axle and its rojK) 

sum of the radii of the wheel and its rope’ 

163 , Other forms of the Wheel and Axle are the 
Windlass, used for drawing water from a well, and Capstan, 
used oil board ship. In these machines the effort instead 
of being applied, as in Art. 1&9, by means of a rope p^ing 
round a cylinder, is applied at the ends of a spoke, or 
spokes, which are inserted in a plane perpendicular to the 
axle. 

In the Windlass the axle is horizontal, and in the 
Capstan it is vertical. 
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In the hitter case the resistance consists of the tension 
T of the rope round the axle, 
and t)ie effort consists of the 
forces applied at the ends of 
bars inserted into sockets at 
the })oint A of the axle. The 
advantage of pairs of arms is 
that the strain on the bearings 
of the capstan is thereby much 
diminished or destroyed. The 
condition of equilibrium may 
be obtained as in Art. 160. 

164. DlffeMntial Wheel and Axle. A slightly niodifiorl fona 
of the ordinary wheel and axle is the differential wheel and axle. In 
this machine the axle consists of two cylinders, having a common axis, 
joined at their ends, the radii of the two cylinders being different. 
One end of the rope is wound round one of these cylinders, and its 
other end is wound in a contrary direction round the other cylinder. 
Upon the slack portion of the rope is slung a pulley to which the 
weight is attached.- The part of the rope which passes round the 
smaller cylinder tends to turn the machine in the same direction as 
the effort. ^ 

As before, let h be the radius of the wheel and let a and c be the 
radii of the portion AG and GB of the axle, a being the sraallor. 

Since the pulley is smooth, the tension T of the string round it is 
the same throughout its length, and hence, for the equilibrium of the 
weight, we have 2'= \ W, 
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Taking momentB aboub the line AB for the equilibrium of the 
mochiiiG, ve have 

B,h-\-T.a=T.c, 




W c -a 
' 2 ~b 


W 2h 

Ilenco tlie mecliiinical advantage— ' 

T5y making the radii c and a of the two portions of the axle very 
nearJy equal, wo can make the mechanical advantage veiy great, with- 
out unduly weakening the machine. 


166. Weston's Differential Pnlley. 

In this machine there are two blocks; the upper contains two 
pulleys of nearly the same slzb which turn together 
as one pulley; the lower consists of one pulley to 
which the weight W is attached. 

The figure represents a section of the machine. 

An endless chain passes round the larger of the 
upper pulleys, then round the lower pulley and the 
smaller of the upper pulleys; the remainder of the 
chain hangs slack and is joined on to the first portion 
of the chain. The elTort P is applied as in the figure. 

The chain is prevented from slipping by small pro- 
j'^ctions on the surfaces of the upper pulleys, or by 
doprossioris in the pulleys into wliicl» the links of 
the chain fit. 

If T bo the tension of the poi-tions of tho chain 
which support the weight Jr, wo have, since these 
portions are approximately nearly vertical, on neg- 
veight of the chain and the lower pulley. 


iecting tho weigh 


2r= JV 


.( 1 ). 


If It and r bo the radii of the larger and smaller 
pulleys of the upper block we have, by taking 
moments about the centre A of the upper block, 



Hence 


P.P-hr.r=r.P. 

It ” 2 H • 


The mochanical advantage of this system therefore 

W 2R 

Since It and r aro nearly equal this meohatiioal advantage is there- 
fore very groat. 
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The dilTerential pullcj-block avoids one great disadvantage of the 
differential wheel and axle. In the latter niachino a very great 
amount of rope is required in order to raise the weight through an 
appi*eciable dishince. 


EXAMPLES. XXVll. 

1, If the radii of the wheel and axle be resx)ectively 2 hjet and 
B inches, find what power must be applied to raise a weight of 
lbs. 


2. If the radii of the wheel and axle bo respectively BO inches 
and 5 inches, find what weight would be supported by a force equal 
to the weight of 20 lbs., and find also the pressures on the supports on 
which the axle rests. 

If the thickness of the ropes be each 1 inch, find what weight would 
now bo supported. 

3. If by means of a wheel and axle a power equal to 3 lbs. weight 
balance a weight of 30 lbs., and if the radius of the axle be 2 inches, 
what is the radius of the wheel? 

4. The axle of a capsttin is 16 inches in diameter and there arc 
8 bars. At what distance from the axis must 8 men push, 1 at each 
bar and each exerting a force equal to the weight of 26^ lbs., in order 
that they may just produce a strain sufficient to raise the weight of 
1 ton? 


5. Four sailors raise an anchor by means of a capstan, the imlius 
of which is 4 ins. and the length of the spokes 6 feet from the capstan ; 
if each man exert a force equal to the weight of 112 lbs., find the 
weight of the anchor. 

6, Four wheels and axles, in each of which the radii are in the 
ratio of 6 : 1, are arranged so that the circumference of each axle is 
applied to tlie circumference of the next wheel ; what effort is required 
to support a weight of 1875 lbs. ? 

7, The radii of a wheel and axle are 2 feet and 2 ins. respectively, 
and the strings which hang from them are tied to the two ends of a 
uniform rod, 2 feet 2 ins. in length and 10 lbs. in weight; what weight 
inust f>e also hung from one of the strings that the rod may hang 
irf a horizontal position? 

8. A pulley is suspended by a vertical loop of string from a wheel- 
and-axle and supports a weight of 1 cwt., one end of the string being 
wound round the axle and the other in a contraiv direction round the 
wheel. Find the power which acting at one end of an arm, 2 feet in 
length, so as to turn the axle, will support the weight, assuming the 
radii of the wheel and axle to be 1 foot and 2 ins. 
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9. In the DiUcrcntial Wheel and Axle, if the radius of the wheel 
ho 1 foot and the radii of the two portions of the axle be 5 and 4 ins*, 
respectively, what iJower will support a weight of 66 lbs. ? 

10. In the Differoptial Wheel and Axle, if the radius of the wheel 
be 18 ins. and the radii of the two portions of the axle be 6 and 4 ins. 
respectively, what weight will be supported by an effort equal to 20 lbs. 
weight? 

11. In a wheel and axle the radius of the wheel is 1 foot and that 
of the axle is 1 inch ; if 2 weights, eivch 10 lbs., bo fastened to 2 points 
on the rim of the wheel, so that the line joining them subtends an 
angle of 120° at the centre of the wheel, find the greatest weight 
which can be supported by a string hanging from the axle in the usual 
way. 

12. In a wheel and axle, if the radius of the wheel be six times 
that of the axle, and if by means of an effort equal to 5 lbs. wt. a 
body bo lifted through 50 feet, find the amount of work expended. 

13. A cai)stan, of diameter 20 inches, is worked by means of a 
lever, which measures 5 feet from the axis of the capstan. Find the 
work done in drawing up by a rope a body, of weight one ton, over 
35 feet of the surface of a smooth plane inclined to the horizon at an 
angle co8~^ J-. Find also the force applied to the end of the lover, and 
the disttuice through which the point of application moves. 

14. Verify the Principle of Work in the cases of the Differential 
Whcel-and-Axlo and Weston’s Differential Pulley, finding the Vekxjity- 
liatio in each case. 


V. The Common Balance. 

166. The Common Balance consists of a rigid beam 
AB (Art. 167), carrying a scale<pan suspended from each 
end, which can turn freely about a fulcrum 0 outside the 
beam. The fulcrum and the beam are rigidly connected 
and, if the balance be well constructed, at the point 0 
i.s a liard steel wedge, whose edge is turned downward 
and which rests on a small plate of agate. 

The body to be weighed is placed in one scale-pan and 
in the other are placed weights, whose magnitudes are 
known ; these weights are adjusted until the beam of the 
balance rests in a horizontal position. If OH be perpen- 

U 


L. S. 
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dicular to the beam, and the arms 11 A and JIB be of equal 
length, and if the centre of gravity of the beam lie in 
the line OH^ and the scale-pans be of equal weight, then 
the weight of the body is the same a!s the sum of tho 
weights placed in the other scale-pan. 

If the Aveight of the body be not equal to tlie sum of 
the weights placed in the other scale-pan, the balance 
will not rest with its beam horizontal, but will rest with 
the l)eam inclined to the horizon. 

In the best balances the beam is usually provided with 
a long pointer attached to the l)eam at //. The end of 
this pointer travels along a graduated scale and, wlien 
the beam is horizontal, the pointer is vertical and points 
to the zero graduation on the scale. 

167 . To find the position of equilibrium of a bcdance 
tvhen the weights placed in the scale-pans are not equal. 

Let the weights placed in the scale- pans be P and Wy 
the former being the greater ; let S be the weight of each 
scale-pan, and let tlie weight of the Ixjam (and the parts 
rigidly connected with it) bo W'y acting at a point K 
on OH, 

\The fig'ure is dragon out of proportion so that the points 
7nay he distinctly marked ; K is actually very near the 6eam.] 

When in equilibrium let the beam bo inclined at an 
angle B to the horizontal, so that OH is inclined at the 
same angle B to the vertical. 

Let OH and OK be A and k respectively, and let the 
length of AH or HB be a, 

Ijet horizontal lines through 0 and H meet tho vertical 
lines through the ends A and B of the beam in the points 
Ly My L* and if' respectively. 
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Also let the vertical lines through // and K meet LM 
in F and G respectively. 



Wlien the system in equilibrium, the moments of 
the forces about 0 must balance. 

(P^S). OL=:(W+ S) OM + W . OG, 
i.e., (P + S) {FL - FO) ^{W+S) (FM a,OF)^W\ OG, 

(P -V S) (a cos ^ — A sin 6) --{W + S) (a cos ^ + A sin 0) 

+ W\k Bin e, 

[For 0F=^ OH cos FOH = A sin O', 0G = ON sin $ ; 
and FL = HH = a cos ^.] 

acose(P^ W) = sinO[ W'k + {P + IF + 2^^ 

. (P-W)a 

’ irA + (P+ W^2S)h' 

168 . Bequisites of a good balcmce. 

(1) The balance must be tnie. 

This will be the case if the arms of the balance 
equal, if the weights of the scale>pans be equal, and 
the centre of gravity of the beam be on the line through 

14—2 


h*5 ^ 
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the fulcrum perpendicular to the beam ; for the beam will now 
be horizontal when equal weights are placed in the scalc-pans. 

To test whether the balance is true, first see if the beam 
is horizontal when the scale-pans are empty ; then make 
the beam horizontal by putting sufficient weiglits in one 
scale-pan to balance the weight of a body placed in the 
other; now interchange the body and the weights; if they 
still balance one another, the balance must be true ; if in 
the second case the beam assumes any position inclined to 
the vertical, the balance is not true. 

(2) The balance must be sensitive, the beam must, 
for any difference, however small, between tlie weights 
in the scale-pans, be inclined at an appreciable angle to 
the horizon. 

For a given difference between P and IF, the greater 
the inclination of the beam to the horizon the more sensitive 
is the balance; also the less the difference between the 
weights required to produce a given inclination the 
greater is the sensitiveness of the balance. 

Hence, when P — IF is given, the sensitiveness increases 
as 0 increases, and therefore as tan 6 increases ; also, when 
0 is given, it varies as 

1 

P^W’ 

The sensitiveness is therefore appropriately measured by 
tan0 

by . iO + (?+^+ 25 )A* 

Hence, the sensitiveness of a balance will be great if 
the arm a be fairly long in comparison with the distances 
h and h and the weight >F^ of the beam be as small 
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as is consistent with the length and rigidity of the 
machine. 

If h is not zero, it follows that the sensitiveness depends 
on the values of P and IK, i.e. depends on the loads in the 
scale-pans. In a balance for use in a chemical laboratory 
this is undesirable. Such balances are therefore made with 
h zero, i,e, with the point 0 in the figure coinciding with 
IL The sensibility then varies inversely with A:, the 
distance of the centre of gravity of the beam below 
0 or H 

But we must not make both h and k zero ; for then the 
points 0 and K would both coincide with //. In tliis case 
the balance would cither when the weiglits in the scal(‘-pans 
were equal, be, Jis in Art. 144, in ecjuilibrium in any 
position or elsci, if the weights in the scale-pans were not 
equal, it would take up a position nearly vertical as 
tlie mechanism of tiie machine would allow. 

(3) The balance must be stable and must quickly take 
up its position of equilibrium. 

The determination of the time taken by tlie machine to 
tiike up its position of equilibrium is essentially a dynamical 
question. We may liowever assume that this condition 
is best satisfied when the moment of the forces about the 
fulcrum 0 is greatest. When the weights in the scale-pans 
are each P^ the moment of the forces tending to restore 
equilibrium 

= {P -f* S) {a co^d’^h sin 6) — (P -i- S) {a cos ^ — 4 sin 0) • 

+ IK'. A;sin^ 

= [2{P + S)h-¥W\k]sm0. 

This expression is greatest when h and k are greatest. 

Since the balance is most sensitive when h and k are 
smaU, and most stable when these quantities are large, we 
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see tliat in any balance great sensitiveness and quick weigh- 
ing are to a certain extent incompatible. In practice this 
is not very important ; for in balances where great sensi- 
tiveness is required (such as balances used in a laboratory) 
we can afford to sacrifice quickness of weighing; the 
opposite is the case when the balance is used for ordinary 
commercial purposes. 

To insure as much as possible both the qualities of 
sensitiveness and quick weighing, the balance should be 
made with fairly light long arms, and at the same time 
the distance of the fulcrum from the beam should be 
considerable. 

169. Double weighing. By this method the 
weight of a body may be accurately determined even 
if the balance be not accurate. 

Place the body to be weighed in one scale-pan and in 
the other pan put sand, or other suitable material, sufficient 
to balance the body. Next remove the body, and in its 
place put known weights sufficient to again balance the 
sand. The weight of the body is now tlearly equal to the 
sum of the weights. 

This method is used even in the case of extremely good 
machines when very great accuracy is desired. It is known 
as Borda’s Method. 

170. Bx. 1. The arms of a balance are equal in length but the 
beam is unjustly loaded; if a body be placed in each seale^^n in sue- 
cession and weighed^ shew that its true weight is the arithmetic mean 
between its apparent weights. 

For let the length of the arms be a, and let the horizontal distance 
of the centre of gravity of the beam from the fulcrum be x. 

Let a body, whose true weight is W, appear to weigh and 
successively. 

If W* be the weight of the beam, we have 
W.a=W'.x+Wi.a, 
and W^.a=W'.x+JF.a. 



MACHINES. THE COMMON BALANCE 216 


Kcnce, by subtraction, 

(ir-jr5j)a={ri-ir)a. 

••• + 

=arithnietic mean between the 
apparent weights. 

Bz. 2. The arms of a Imlatice are of unequal lengthy hut the heam 
remains in a Iwrizmtal position when the scale-pans are not loaded; 
shew thatt if a body he placed successively in each scale-pan, its true 
weight is the gemnetrical mean bcUoeen its appareid weights, 

[Method of Gauss.] 

Filmo also that if a tradesman appear to weigh out equal quantities 
of the same substance, using alternately each of the scale-pans, he will 
defraud himself. 

Since the beam remains horizontal when there are no weights in 
the Bimle-pans, it follows that the centre of gravity of the beam and 
sealo-pans must be vertically under the fulcrum. 

Let a and b be the lengths of the arms of the beam and let a body, 
whose true weight is W, appear to weigh Wy and hg successively. 

Hence jr,a = JF^,b (1), 

and 1V^,a=1F.b (2). 

Hence, by multiplication, we have 

m,ab = irjir^,ah, 

ir=Viiv»3. 

i.e., the true weight is the geoinetrical mean between the apparent 
weights. 

Again, if the tradesman appear to weigh out in succession quan- 
tities equal to IF, he really gives his customers 1^1 + ir,. 

Now 7r,+ Tra-2Jr=7r“+?F^-2Tr 

ab ah 

Now, whatever be the values of a and b, the right-hand member of 
this equation is always positive, so that Wi + W,^ is always >2Tr. 
Hence the tradesman defrauds himself. 

Numerical example. If the lengths of the arms be IL and 12 ins. 
respectively, and if the nominal quantity weighed be 66 lbs. ip each 
cose, the real quantities are TI 

i.e., 132^ lbs., so that the tradesman loses ^ lb. 

Bac. a. If a balance be unjustly weighted, and have unequal arms, 
and if a tradesman weigh out to a customer a quantity 2W of some sub- 
stance by weigj^ng equal portions in the two scale-pans, shew that he 
will defraud himself {f the centre of gravity of the beam be in the longer 
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Let a anti h bo the lonj'ths of tho arms; and let the wciglit W' of 
the machine act at a point in the arm h at a distance .r from the 
fulcrum. Let a body of weight IV, placed in the two pans in suc- 
cession, bo balanced by and resjiectively. Then we liave 
JV,a=^W^“b+W'.jr, 
and lJ\.a=W.b-hW\x, 


7 ^ 1 - 4 - JF2-2TP'= 


)V.a-W\x 
+ 


a 


ab ab 

If b boa, tho right-hand member of this equation is jjositivc, and 
then Wi + jy^ is >277’'. 

TIence, if the centre of gravity of tho beam be in the longer arm, 
the tradesman will defraud himself. 


EXAMPLES. XXVIIL 

1. The only fault in a balance being the uncqualnoss in weight 
of the scale-pans, what is the real weight of a body wliich balances 
10 lbs. when placed in one scale-])an, and 12 lbs. when placed in the 
other? 

2. The arms of a balance are 8 J and 9 ins. respectively, the goods 
to be weighed being suspended from the longer arm; find the real 
weight of goods whose apparent weight is 27 lbs. 

3. One scale of a common balance is loaded so that the apparent 
weight of a body, whose true weight is 18 ounces, is 20 ounces ; find 
the weight with which tho scale is loaded. 

4. A substance, weighed from the two arms successively of a 
balance, has apparent weights 9 and 4 lbs. Find the ratio of the 
lengths of the arms and the true weight of the body. 

5. A body, when placed in one scale-pan, appears to weigh 24 lbs. 
and, when placed in the other, 25 lbs. Find its true weight to three 
pbices of decimal.^, assuming the arms of tho scale-pans to be of 
unequal length. 

y' 6. A piece of lead in one pan .4 of a balance is counterpoised by 
100 ^'aina in the pan I ) ; when the same piece of leiul is put into tho 
pan B it requires 104 grains in u4 to balance it ; what is tlie ratio of 
the length of the arms of the balance ? 

^7. A body, placed in a scale-pan, is balanced by 10 lbs. placed in 
the other pan ; when the position of the body and the weights are 
interchanged, 11 lbs. are i-equired to balance the bod^ If tho length 
of the shorter arm be 12 ins., find the length of the longer arm and 
the weight of the body. 
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8. Tho arms of a false balance, whoso weight is neglected, are in 
the ratio of 10 : 9. If goods be alternately weighed from each arm, 
shew that the seller loses ^ths per cent. 

9. If the arms of a false balance be 8 and 9 ins. long respectively, 
And the prices really paid by a person for tea at two shillings per lb., 
if tho tea be weighed out from the end of (1) the longer, (2) the shorter 
ann. 

10. A dealer has correct weights, but one arm of his balance is 
^\yth part shorter than the other. If he sell two quantities of a 
certain drug, each apxiarcntly weighing 9^ lbs., at 40«. per lb., weigh- 
ing one in one scale and tho other in the other, what will he gain or 
lose? 

11. When a given balance is loaded with equal weights, it is 
found that the beam is not horizontal, but it is not known whether 
the arms are of unequal length, or the scale-pans of unequal weight ; 
51-075 grains in one scale balance 51*362 in the other, and 25*592 
grains balance 25*879 grains ; shew that the arms are equal, but that 
tho scale-pans differ in weight by *287 grains. 

12. T and Q balance on a common balance ; on interchanging 
them it is found that we must add to Q onc-hnndredth part of 
itself; what is tho ratio of tho arms and the ratio of P to Q? 

13. A true balance has one scale unjustly loaded ; if a body be 
successively weighed in the two scales and ajqx^ar to weigh P and 
Q pounds resix)ctively, And tho amount of the unjust load and also 
the true weight of the body. 

14. The arms of a false balance arc unequal and tho scale 
loaded ; a body, whose true weight is P lbs. , appears to weigh w lbs. 
when placed in one scale and w' lbs. when placed in the other ; And 
the ratio of the arms and the weight with which the scale is loaded. 

15. In a loaded balance with unequal arms, P appears to weigh 
Q, and Q appears to weigh 11 ; And what P appears to weigh. 

16. A piece of wood in the form of a long wedge, of unifoi-m 
width, one end being -^ -inch and the other ^-inch thick, is suspended 
by its centre of gravity and used as the beam of a balance, tho goods 
to be weighed being suspended from tho longer arm; And the true 
weight of goods whose apparent weight is 20 lbs. 

^17. arms of a false balance are a and 5, and a weight W 
balances P at the end of the shorter arm 5, and Q at the end of the 
arm a ; shew that 

a_P-Tr 

18. If a man, sitting in one setUe of a weighing-machine, press 
with a stick against any point of the beam between the point from 
which the scale is susx)cnded and the fulerum, shew that he will 
appear to weigh more than before. 
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VI. The Steelyards. 

171. The Common, or Roman, Steelyard in a 
machine for weighing bodies and consists of a rod, A I], 
movable about a hxed fulcrum at a point C. 



V G C 0 Xi X2 Xs X4 X 

1 'I'w' ^ 1 ^ 5 4 ^ 

At the point A is attached a hook or scale-pan to carry 
the body to be weighed, and on the arm CB slides a movable 
weight P, The point at which P must be placed, in order 
that the beam may rest in a horizontal position, determines 
the weight of the body in the scale-pan. The arm CB has 
numbers engraved on it at different points of its length, so 
that Jtlie graduation at which the weight P rests gives the 
weight of the Ixxly. 

172. To yraciiicUe the Steelyard. Let W l>e the 
weight of the steelyard and the scale-pan, and let G be the 
point of the beam through which W* acts. The beam is 
usually constructed so that G lies ill the shorter arm AG. 
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When there is no weight in the scale-pan, let 0 be the 
point in CB at which the movable weight P must be placed 
to balance W\ 

Taking moments about (7, we have 

W'.GC^P.OO (i). 

This condition determines the position of the point 0 

which is the zero of graduation. 

Wlien the weight in the scale-pan is JF, let A'' be the 
point at which P must bo placed. Taking moments, we 
liave 

JF.CA+Jr.CC = P.CX (ii). 

By subtracting equation (i) from equation (ii), we have 
JV. CA^P. OX. 

OX-^^.CA (iii), 

First, let W -^P \ then, by (iii), wp have 
OX-^CA. 

^ Hence, if from 0 we measure off a distance 0Ai(=(7il), 
and if we mark the point X^ with the figure 1, then, 
when the movable weight rests here, the body in the 
scale-pan is P lbs. 

Secondly, let W = 2/* ; then, from (iii), OX = 2CA. 

Hence from 0 mark off a distance 2(7A, and at the 
extremity put the figure 2. Thirdly, let W=^P\ then, 
from (iii), OX = 3(7-4, and we therefore mark off a distance 
from 0 equal to 3(7A, and mark the extremity with the 
figure 3. 

Hence, to graduate the steelyard, we must mark off from 
0 successive distances (74, 2(74, 3(74,... and at their ex- 
tremities put the figures 1, 2, 3, 4,.... The intermediate 
spaces can be subdivided to shew fractions of P Iba 
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If the movable weight be 1 lb., the graduations will 
shew pounds. 

Cor. Since the distances between successive graduations are equal , 
it follows that the distances of the points of graduations from the 
fulcrum f corresponding to equal increments of weight, form an 
arithmetical progression whose common difference is the distance 
between the fulcrum and the point at which the body to be weighed 
is attached. 

173 . When the centre of gravity G of the Tnachinc is in the 
longer arm, the point O from which the graduations arc to be measured 
must lie in the shorter ann. The theoiy will bo the same as before, 
except that in this case wo shall have to add the equations (i) and (ii). 

174. The Danish steelyard consists of a bar AB, 
teriniuatiiig in a heavy knob, or ball, B, At A is attnehed 
a hook or scale-pan to carry the body to be weighted. 



The weight of the body is determined by observing 
about what point of the bar the machine balances. 

[This is often done by having a loop of string, which can slide 
along* the bar, and finding where the loop must be to give equi- 
librium.] 

176. To graduaU the Dcmieh steelyard. Let V be 
the weight of the bar and sdale-pan, and let G be their 
common centre of gravity. When a body of weight W is 
placed in the scule-pan, lot C 1)6 the position of the fulcrum. 
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By taking iiiumentH about (f, we have 

AC .W=C(1 .P- {AC - AC) . P. 

AC{P+W) = P.AG. 

= W- 

First, let W=P] then AC - \A(t. 

Hence bisect AO and at the middle point, Xj, engrave 
the figure 1 ; when the steelyard balances about this point 
the weight of the body in the scale-pan is P, 

Secondly, let W=-2P \ then AG AG, 

Take a point at a distance from A equal to ^AG and 
mark it 2. 

Next, let W in succession be equal to 3/^, 4/^,... ; from 
(i), the corresponding values of AC are ^AGj \AG,..,. Take 
points of tlie bar at tliese distances from A and mark them 
3, 4 

Finally, let W = ^P ; then, from (i), AC = §AG ; 
and let ir = ]^P; then, from (i), AC= ^AG, 

Take points whose distances from A are -^AG, ^AG, 
^AGy..., and mark them J, -J, 

It will be noticed that the point G can be easily de- 
termined ; for it is the position of the fulcrum when the 
steelyard balances without any weight in the scale-pan. 

Cor. Since AX^, AXn, AXj^f ... are inverBoly proportional to the 
numbers 2, 3, 4, ... they mrm an hannonical progression; hence the 
distances of the points of graduation from the soale-pan (corresponding 
to equal increments of the body to be weighed) are in harmonic^ pro- 
gression. 

Bz. A Danish steelyard weighs 6 Ihs,^ and the dUtasice of its 
centre of gravity from the scale-pan is 8 feet; find the distances of the 
successive points of graduation from the fulcrum. 

Taking the notation of the preceding aiHiicle, we have P=6, and 
AG=s^ feet. 
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when Jr==l, ^A',= feet, 
when )r=2, feet, 

when Jr=3, XYj,= ^- = 2 feet, 

when Tr=|, j^=2l§ feet, 

and so on. 

These give the required graduations. 


EXAMPLES. XXIX. 

1, A common steelyard weighs 10 lbs. ; the weight is suspended 
from a point 4 inches from the fulcrum, and the centre of gravity of 
the steelyard is 3 inches on the other side of the fulcrum; the movable 
weight is 12 lbs.; where should the graduation corresponding to 1 cwt. 
be situated? 

2, A heavy tapering rod, 14^ inches long and of weight 3 lbs., 
has its centre of gravity if inches from the thick end and is used as 
a steelyard with a movable weight of 2 lbs. ; where must the fulcnim 
be placed, so that it may weigh up to 12 lbs., and what are the inter- 
vals between the gniduations that denote pounds? 

3, In a steelyard, in which the distance of the fulcrum from the 
point of suspension of the weight is one inch and the movable weight 
is G ozs., to weigh 15 lbs. the weight must be placed 8 inches from the 
fulcrum ; where must it be placed to weigh 24 lbs. ? 

/ 4. The fulcrum is distant if inches from the point at which are 
depended the g<xjds to be weighed, and is distant 2 inches from the 
centre of gravity of the bar; tlie bar itself weighs 3 lbs. and u 2 lb. 
weight slides on it. At what distance apart are the graduations 
marking successive pounds’ weight, and what is the least weight that 
can be weighed? 

5, A steelyard, >4 B, 4 feet long, has its centre of gravity 11 inches, 
and it^ fulcrum 8 inches, from A, If the weight of the machine be 
4 lbs. and the movable weight be 3 lbs., find how many inches from 
B is the graduation marking 15 lbs. 

6. A uniform bar, AB, 2 feet long and weighing 8 lbs., is used 
08 a steelyard, being supported at% point 4 inches from A, Find 
the greatest weight that can be weiglied with a movable weight of 
2 lbs., and find also the point from which the graduations are 
measured. 
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7. A uniform rod being divided into 20 equal parte, the fulcrum is 
placed at the first graduation. The greatest and least weights.which 
the instrument can weish are 20 and 2 lbs. ; find its weight and the 
magnitude of the movable weight. 

8. A uniform rod, 2 feet long and of weight 3 lbs., is used as 
a steelyard, whose fulcrum is 2 inches* from one end, the sliding 
weight being 1 lb. Find the greatest and the least weights that can 
be measured. 

Where should the sliding weight be to shew 20 lbs.? 

9. The beam of a steelyard is 33 inches in length ; the fulcrum is 
distant 4 inches and the centre of gravity of the beam 5^ inches from 
the point of attachment of the weight; if the weight of the beam be 
6 lbs. and the heaviest weight that can be weighed be 24 lbs., find the 
magnitude of the movable weight. 

10. A steelyard is formed of a uniform bar, 3 feet long and 
weighing 2 \ lbs., and the fulcrum is distant 4 inches from one end; if 
the movable weight be 1 lb., find the greatest and least weights that 
can be weighed by the machine and the distance between the gradua- 
tions when it is graduated to shew pounds. 

11. A common steelyard, supposed uniform, is 40 inches long, 
the weight of the beam is equal to the movable weight, and the greatest 
weight that can be weighed by it is four times the movable weight ; 
find the position of the fulcrum. 

12. In a Danish steelyard the distance between the zero gradua- 
tion and the end of the instrument is divided into 20 equal parts and 
the greatest weight that can be weighed is 3 lbs. 9 ozs. ; find the weight 
of the instrument. 

13. Find the, length of the graduated arm of a Danish steelyard, 
whose weight is 1 lb., and in which the distance between the gr^ua- 
tions denoting 4 and 5 lbs. is one inch. 

14. In a Danish steelyard the fulcrum rests halfway between the 
first and second graduation ; shew that the weight in the scale-pan is 
^ths of the weight of the bar. 

15. If the weight of a steelyard be worn away to one-half, its 
length and centre of gravity remaining unaltered, what corrections 
must be applied to make the weighing true, if the distance of the zero 
point of paduation from the fulcrum were originally one- third of the 
distance between successive gradufktions, and if the movable weight be 
one pound? 

16. A steelyard by use loses 'j^th of its weight, its centre of gravity 
remaining unaltered ; sliow how to correct its graduations. 
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17, A shopman, using a common steelyard, alters the movable 
weight for which it has been graduated; does he cheat himself or his 
customers? 

18, In a weighing machine constructed on the principle of a 
common steelyard, the pounds are read off by graduations reading 
from 0 to 14 lbs., and the stones by a weight hung at the end of the 
arm ; if the weight corresponding to one stone be 7 ounces, the movable 
wciglit ^ ]b., and the length of the arm meixeured from the fulcrum 1 
foot, shew that the distance between successive graduations is f inch. 

19, A weighing macliine is constructed so that for each complete 
stone placed in the weighing pan an additional mass of vi ounces has 
to be placed at the end of the arm, which is one foot in length 
measured from the fulcrum, whilst the odd pounds in the weighing 
pan are measured by a mass of n ounces sliding along the weighing 
arm. Shew that the distances between the graduations for successive 

lbs. must be ~ inches, and that the distance from the fulcrum of the 
In. 

point of suspension of the weight is inches. 

do 


VXI. The Screw. 

176 . A Screw consists of n cylinder of metal round 
the outside of which runs a protuberant thread of metal. 
Let ABCD be a solid cyliiuhir, and let KFGlf Ix) a 





rectangle, whoso base KF is equal to the circumference 
of the solid cylinder. On EU and FQ take points 
N, Q... and AT, M, JP... 
such that EL, LN%...FK, KM, MP 
are all equal, and join EK, LM, NP,.,,, 
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Wrap the rectangle round the cylinder, so that the 
point E coincides with A and Eli with the line AD, On 
being wrapped round the cylinder the point F will coincide 
with at 

The lines EK^ LM^ Nl\ ... will now become a con- 
tinuous spiral line on the surface of the cylinder and, if 
we imagine the metal along this spiral line to become 
protuberant, we shall have the thread of a screw. 

It is evident, by the method of constriction, tliat the 
thread is an inclined plane running round the cylinder 
and that its inclination to the horizon is the same every- 
where and equal to the angle KEFi This angle is often 
called the angle of the screw, and the distance between 
two consecutive threads, measured pirallel to the axis, is 
called the pitch of the screw. 

It is^ clear that FK is equal to the distance lietween 
consecutive threads on the screw, and that EF is equal to 
the circumference of the cylinder on wliich the thread is 
traced. 

tan (angle ,of screw) — 

_ pitch of screw 

circumference of a circle whose r^ius is the distance from 
the axis of any point of the screw, 

« The section of the thread of the screw has, in practice, 
various shapes. The only kind that we shall consider has 
the section rectangular. 

'• 177 . The screw usually works m a fixed support, 
along the inside of which is cut out a hollow of the same 
shape the thread of the screw, and along which the 
thread slides. The only movement admissible to the screw 

15 


L. S. 
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is to revolve about its axis, and at the same tiino Uy move 
in a direction parallel to its length. 

If the screw were placed in an upright position, and 
a weight placed on its top, the screw would revolve and 
descend since there is supposed to be no friction between 
it and its support. Hence, if the screw is to remain in 
equilibrium, some force must act on it; this force is usually 
applied at one end of a horizontal arm, the other end of 
which is rigidly attached to the screw. 

178. In a smooth screw ^ to jhid the relation hetn^n 
the effort and the 'iveigJU. 

Let a be the distance of any point on the thread of the 
screw from its axis, and h the distance, AB^ from the axis 
of the screw, of the point at which the elFort is applied. 


W 



The screw is in equilibrium under the action of the 
effort P, the weight and the reactions at the points 

in which the fixed block touches the thread of the screw. 
Ijct /?, S^ 7^, ... denote the reactions of the block at different 
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points of tho thread of tho screw. Tliese will be all per- 
pendicular to the thread of the screw, since it is sinootL 

Jj(it a lie tlie inclination of the thread of the screw 
to the horizon. 

The horizontal and vertical components of tho reacition 
A* are R sin a and R cos a respectively. 

Similarly, we may resolve .... 

Hence the reactions of the block are equivalent to 
a set of forces R cos a, S cos a, 

:7’cosa, ... vertically, and a set 
R sin tt, S sin a, 2' sin a, . . . horizon- 
tally. These latter forces, though 
they act at different points of the 
screw, all act at the same distance 
from the axis of the screw; they aiso tend to turn tho 
screw in the opposite direction to that of P. 

Equating the vertical forces, we have 
W -- R cos a^-S cos a -J- . . - {R + S + . . .) CO.S a . . .(1). 

Also, taking moments about tho axis of the screw, we 
have, by Art. 93, 

P .h — R sin a + S sin a . rt + 7' sin a . a + ... 

^asuia{R-^S+T^ ...) ( 2 ). 

ri*om equations (1) and (2) we have, by division, 

/^ . 6 _ a sin a 
W "" cosa ’ 

. P a , 2ira tan a 
.. _ = -tan«=-2-^— . 

But, by Art. 176, 

2Tra tan a — distance between consecutive threads — pitch of 
tho screw. 



16-.2 
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Also 27rb = circumference of the circle descri1)ed by the 
end B of the effort-arm. 

Hence the mechanical advantage — ^ — 

° F 2Tra tan a 

circumference of a circle whose radius is the effort-arm 
distance between consecutive threads of the screw 

Verification of the Principle of Work. 

For each revolution made by the effort-arm the screw 
rises through a distance equal to the distance between two 
consecutive threads. 

Hence, during each revolution, the work done by the 
effort is ♦ 

P X circumference of the circle described by the end of the 
effort-arm, 

and that done against the weight is 

W X distance between two consecutive threads. 

These are equal by the relation just proved. 

* 179 . Theoretically, the mechanical advantage in 
the case of the screw can be made as large as we please, by 
decreasing suiliciently the distance between the threads 
of the screw. In practice, however, this is impossible; 
for, if we diminish the distance between the threads to 
too small a quantity, the threads themselves would not 
1)0 sufficiently strong to bear the strain put upon them. 

By means of Hunter^B DUferentlar Screw this 
difficulty may be overcome. 

In this machine we have a screw AD working in a fixed 
block. The inside of the screw AD is hollow and is 
grooved to admit a smaller screw DE, The screw DK 
is fastened at iSf to a block, so that it cannot rotate, but 
can only move in the direction of its length. 
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Whon tho effort-arui AB has made one I'evolution, 
the scrow AD has advanced a distance equal to the dis- 
tance between two consecutive threads, and at the same 
time the smaller screw goes into DA a distance equal 


Iw 



to the distance between two consecutive threads of the 
smaller screw. Hence the smaller screw, and therefore 
also the weight, advances a distance equal to the differ&iice 
of these two distances. 

When in equilibrium let Ry S, T, be the reactions 
between the larger screw and its block, and R\ S\ T\ ... 
the reactions .between the inner and outer screws ; let 
a and a* be the radii, and a and a! the angles of the sci^avs. 

As in the last article, since the outer screw is in equi* 
librium, we have 

P.6 = (/? + ^+r+...)sina.a-(J?' + ^'+...)8ma'.a' 

(n 

and {it + S + T+ ...) cos a = {B' + A" + ...) cos a' ...(2). 
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Also, since the inner screw is in equilibrium, we have 

ir = (A*' + 4- cos a' (3). 

From (2) and (3), we have 

W \V 

and A + aSV... . 

cos a cos a 

Hence, from (1), 

P . h ~ W . a tan a — TF . a' tan a. 

,W _ 2^ 

P 2ira tan a — tan a 

circum. of the circle described by the end of the power-arm 
~ difference of the pitches of the two screws 

By making the pitclies of the two screws nearly equal, 
we can make the mechanical advantage very great without 
weakening the machine. 

The principle of work is seen to l>e true in tliis case 
also; for the weight rises in this case a distance equal 
to the difference between the pitches of the screws. 


EXAMPLES. XXX. 

1. Find what moss can be lifted by a smooth vertical screw of 
1^ ins. pitch, if the power be a force of 25 lbs. wt. acting at the end of 
an ann, 3^ feet long. 

2, What must be the length of the power-arm of a screw, having 
6 threads to the inch, so that the mechanical advantage may be 216? 

3, What force applied to the end of an ann, 18 ins. long, will 
produce a pressure of 1100 lbs. wt. upon the head of a screw, when 
seven turns cause the screw to advance through ,|rds of an inch? 

4, A screw, whose pitch is inch, is turned by means of a lever, 
4 feet long; find the force which will raise 15 cwt. 

5. The arm of a screw-jack is 1 yard long, and the screw has 
2 threads to the inch. What force must be applied to the arm to 
raise 1 ton? 

6. What is the thrust caused by a screw, having 4 threads to the 
inch, when a force of 50 lbs. wt. is applied to the end of an arm, 2 foot 
long? 
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7. What thrust will a screw, whoso arm is 2 feet and with 
10 threads per foot of its length, produce, if the effort bo a force of 
112 lbs. weight? 

8. If the effort be applied at the end of an arm of 1 foot in length, 
and if the screw make seven complete turns in 1 foot of its len^h, 
And the effort that will support a weight of 1 ton. 

9. If the lever by which a screw is worked be 6 feet in length, 
determine the distance between two sncccssivo threads of the screw, 
in order that a thrust of 10 lbs. wt. applied to each end of the 
lever may produce a thrust of 1000 lbs. wt. at the end of the 
screw. 

10. Find the mechanical advantage in a differential screw, having 
5 til reads to the inch and 6 threads to the inch, the effort being 
applied at the circumference of a wheel of diameter 4 feet. 

11. Find the mechanical advantage in a differential screw, the 
larger screw having 8 threads to the inch and the smaller 9 threads, 
the length of the effort-arm being 1 foot. 

12. If the axis of a screw bo vertical and the distance between 
the threads 2 inches, and a door, of weight 100 lbs., be attached to 
the screw as to a hinge, find the work done in turning the door 
through a right angle. 

13. Provo that the tension of a stay is equal to 0 tons* weight if 
it bo set up by a force of 49 lbs. at a leverage of 2 feet acting on a double 
screw liaving a right-handed screw of 5 threads to the inch and 
a left-handed one of 6 threads to tlie inch. 

[For one complete turn of the screw its ends are brought neiuer by 
a distance of ( J + J) inch. Hence the principle of work gives 

2’x(HT)xTV=«x2ir.2, 
where I’ is the tension of the stay in lbs. wt.] 



CHAPTEK XIIL 

FRICTION. 

180 . In Art. 20 we defined smooth bodies to be 
bodies such that, if they be in contact, the only action 
between them is perpendicular to both surfaces at the 
point of contact. With smooth bodies, therefore, there 
is no force tending to prevent one body sliding over the 
other. If a perfectly smooth body be placed on a j)erfectly 
sincK>th inclined plane, there is no action between the plane 
and the body to prevent the latter from sliding down the 
plane, and hence the body will not remain at rest on the 
plane unless some external force be applied to it. 

Practically, however, there are no bodies which are 
perfectly smooth ; there is always some force between two 
bodies in contact to prevent one sliding upon the other. 
Such a force is called the force of friction. 

FrictlOIl* Defi 1/ ttvo bodies he in contmt with one 
another^ the property of the two bodiesy by virtue qf wbAch 
a f&rce is exerted between them at their point of contact to 
prevent one body^liding on the otheVy is called friction ; also 
thefpree exerted is called the force of friction. 
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181 . Friction is a self-adjusting force; no more 
friction is called into play than is sufficient to prevent 
motion. 

Let a heavy slab of iron with a plane base be placed on 
a horizontal table. If we attach a piece of string to some 
point of the body, and pull in a horizontal direction passing 
through the centre of gravity of the slab, a resistance is felt 
which prevents our moving the body; this resistance is 
exactly equal to the force which we exert on the body. 

If we now stop pulling, the force of friction also ceases 
to act ; for, if the force of friction did not cease to act, the 
body would move. 

The amount of friction which can be exerted between 
two bodies is not, however, unlimited. If we continually 
increase the force which we exert on the slab, we find that 
finally the friction is not sufficient to overcome this force, 
and the body moves. 

182 . Friction plays an important part in the me- 
chanical problems of ordinary life. If there were no friction 
between our boots and the ground, we should not be able 
to walk; if there were no friction between a ladder and 
the ground, the ladder would not rest, unless held, in any 
position inclined to the vertical; without friction nails 
and screws would not remain in wood, nor would a loco- 
motive engine be able to draw a train. 

183 . The laws of statical friction are as follows : 

Law I. IFAsn two bodies are vn contact^ the direction 

of the friction on one of them at its point of contact is oppo- 
site to the direction in which this point (fcotUact would comr 
mence to move. 

Law II. The magnitude of the friction ts, when there 
is equilibriumyjust sufficient to prevefU the bodyjhnn moving. 
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184 . Suppose, in Art. 15G, Case I., the plane to be 
rough, and that the body, instead of being supported by 
a force, rested freely on the plane. In this case the force 
P is replaced by the friction, which is therefore equal to 
W sin a. 

Bx. 1. In what direction docs the force of friction act in the 
case of (1) the wheel of a carriage, (2) the feet of a man who is 
walking ? 

Bx. a. A body, of weight BO lbs., rests on a rough horizontal 
plane and is acted upon by a force, equal to 10 lbs. wt., making an 
angle of 30*^ with the horizontal; shew that the force of friction is 
equal to about 8*66 lbs. wt. 

Bx. a. A body, resting on a rough horizontal plane, is acted on 
by two horizontal forces, equal respectively to 7 and 8 lbs. wt., and 
acting at an angle of 60°; shew that the force of friction is equal to 

13 lbs. wt. in a direction making an angle sin-* with the first 

force. 

Bx. 4. A body, of weight 40 lbs., rests on a rough plane inclined 
at B0° to the horizon, and is supported by (1) a force of 14 lbs. wt. 
acting up the plane, (2) a force of 25 lbs. acting up the plane, (B) a 
horizontal force equal to 20 lbs. wt., (4) a force equal to 30 lbs. wt. 
making an angle of 30° with the plane. 

I'ind the force of friction in each case. 

Ans, (1) 6 lbs. wt, up the plane ; (2) 5 lbs. wt. down the plane ; 
(3) 2'68 lbs. wt. up the plane ; (4) 5*98 lbs. wt. down the plane. 

185 . The above laws hold good, in general ; but tho 
amount of friction that can be exerted is limited, and equi- 
librium is sometimes on the fioint of being destroyed, and 
motion often ensues. 

lilmiting Friction. Def. When one body is just an 
the point of sliding upon another body, th>e equilibrium is 
said to be limiting , and the friction then exerted is called 
Igniting friction, 

186 . The directioh of the limiting friction is given 
by Law L (Art 183). 

The magnitude of the limiting friction is given by tlio 
throe following laws. 
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Xiaw III. TJiC mojgmivdQ of tim limithiy friction 
always hears a constant ratio to tlw normal recustion^ and 
this ratio depends only on the snhsUmces of which, the bodies 
are composed, 

liaw IV. The limiting friction is inxlependent of the 
extent and shape of the surfaces in contacty so long as the 
normal reactio^i is unaltered. 

Law V. When motion etmies^ by one body sliding over 
the otlwTy the direction of friction is opposite to the direction 
of motion; the magnitude of the friction is independent of* 
the velocity y InU, the ratio of the friction to the nort^wl reaction 
is slightly less than when the body is al rest and just on the 
2)oint of motion. 

The above laws are experimental, and cannot bo ac- 
cepted as rigorously accurate, though they represent, 
liowever, to a fair degree of accuracy the facts under 
ordinary conditions. 

For example, if one body be pressed so closely on 
another that the surfaces in contact are on the point of 
being crushed, Law III, is no longer true; the friction 
then increases at a greater rate than the normal reaction. 

187. Coefficient of Friction. The constant 
ratio of the limiting friction to the normm pressuro is 
called the coefficient of friction, anil i^ generally denoted 
by p\ hence, if be the friction, and E the normal 
pressure, between two bodies when equilibrium is dn the 

F 

point of being destroyed, wo have hence 

F = fjLE. 

The values of p are widely different for different pairs 
of substances in contact; no pairs of substances are, 
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howover, known for which the coeflicient of friction is as 
great as unity. 

X88. To verify the laws of friction by experivient. 



experiment 1 . Take a large sniooth piece of wood (A) and 
clamp it firmly ao as to be horizontal. Take a second piece of wood 
(^) to act as a sliding piece and make it as smooth as possible ; 
attach a light string to it and pass the string over a light pulley 
fixed at the end of the piece A, and at the other end of the string 
attach a scale-pan. 

The pulley should bo so placed that the part of the string, which 
is not vertical, should be horizontal. 

Upon the sliding niece put a known weight Jty and into the scale- 
pan put known weights, P, until the slider is just on the point of 
motion. The required weight F can bo very approximately ascer- 
tained by gently tapping tlie fixed piece A, 

Consider now the right-hand diagram. 

Let JF be the total weight of Ji and the sliding piece, and JF' the 
total weight of F and the scale-pan. Since the slider is just on the 
point of motion the friction on it is pTF ; also the tension T of the 
string is equal to fF', since it just balances the scale-pan and F, 

From the equilibrium of the slider we have 
yx?r= T=JF\ 

JF' 

Next, put a different weight on the slider, and Udjust the corre- 
sponding weight F until the slider is again on the point of motion 
and calculate the new values, JF^ and JFff of JF and JF'. Then, as 
before. 



Perform the experiment again with different weights on the slider 
and obtain the valaes of 

ny ^8 

nr'’ 9 "nr" f ••• 
frg frg 
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Theiit approximately, it will be found that 

ir/ wi 

W* ~Wl' fFg*"' 

will be the same. 

Hence the truth of the first part of Law III. viz. that the value 
of /JL is independent of the nomuil reaction. 

Bzperlment a. Take another piece of wood (B) whose shepe is 
quite different from the piece used in Experiment 1. [This should be 
obtained by cutting it from the same piece of well-planed wood from 
which the first piece B was taken.] 

The area of this piece B in contact with the board A should differ 
considerably from that in Experiment 1, whether greater or less is im- 
material. 

Perform the Experiment 1 over again and deduce the corresponding 
value of /i. It will be found to be, within the limits of experiment, 
the same as in Experiment 1. But the only difference in the two 
experiments is the extent of the rough surfaces in contact. 

Hence the truth of Law IV. 

Bsperlmeiit a. Take another piece of a different kind of wood 
(C^ and plane it well. Gut out from it pieces, of different area, but 
with surfaces otherwise as nearly alike as possible. 

Perform Experiments 1 and 2 over again and obtain the value of /i. 
This value of ft will be found to differ from the value of fi found when 
the slider was made of wood B. Hence the truth of the second part 
of Law lU. viz. that th-e ratio depends on the substances of which titc 
bodies are composed, 

Bxpertment 4. Perform the above three experiments over again 
but in this case choose F not so that the slider shall just be on the 
point of motion, but so that the slider shall move with a constant 
velocity, ,The truth of Law Y. will then approximately appear. 

However carefully the surfaces of the wood used in the previous 
experiments be prepared, the student must expect to find some 
considerable discrepancies in the actual numerical results obtained. 
There must also be applied a correction for the force necessai^ to 
make the pulley turn. However light and well-made it may be, there 
will always be a certain amount of friction on its axis. Hence the 
tensions of the string on each side of it will not quite be equal, as 
we have assumed; in other words some part of F will be used in 
turning the pulley. ^ 

This method is the one used by Morin in a.d. 1^333. 

189. Angle of FricUbn. When the equilibrium 
is limiting, if the friction and the normal reaction be com- 
pounded into one single force, the angle which this force 1 
inakea with the normal is called the angle of friction, and 
the single force is called the resultant reaction. 
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Let A be tlie point of contact of tlie two bodies, and 
let AB and AC be the directions of the normal forco E 
and the friction ft.R. 

Jjut AD be the direction of the resultant reaction S, so 
that the angle of friction is BAD, Let this angle be X. 

Since R and ftif are the components of S^ we have 
*VcosX = 

and S sin \ — fiR, 

Hence, by squaring and adding, we 
have 

s=^iis/\T^\ 

and, by division, 

tan X.^ /ji. 

Hence we see that t/ie aiejjicient of friction is equal to 
the tangent of the angle of frictimi, 

lOO. Since the greatest value of tlie friction is fillt it follows 
that the greatest angle which the direction of resultant reaction can 
make with the normal is X, tan"'/*. 

Hence, if two bodies be in contact and if, with the cominon noimal 
as axis, and the point of contact as vertex, we describe a cone whose 
semi-vertical angle is tan"'/*, it is possible for the resultant reaction 
to have any direction lying within, or upon, this cone, but it cannot 
have any direction lying without the cone. 

This cone is called the Coae of frictioa. 

191 . The following t^ble, taken from Prof. Bankine’s Machinery 
and Millwork, gives the coefficients and angles of friction for a few 
substances. 



Substances 

A* 

X 

Wood on wood — Dry 

,« .. —Soaped 

Metals on metals — Dry 

ft »» II —Wet 

Jjeather on metala— Dry 
„ „ ,. —Wet 

•> •• 

•25 to ’5 
•04 to *2 
•15 to -2 
•8 

Jk *50 
^ *36 
•15 

14° to 264° 

2° to 114 ° 
84 ° to 114 ° 
184° 

294 ° 

20^ 

84 ° 
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192 . If a body he •placed upon a rough inclined plmve^ 
and he o7i the point of eliding doton the plome utider the 
action of its weight cmd the reactimis of the plane only, ilw 
angle of inclinaticyn of the plane to the horizon is equal to 
the angle of friction. 

Let B bo the inclination of the plane to the horizon, IV 
the weight of the body, and R 
the normal reaction. 

Since the body is on the 
point of motion down the 
ane, the friction acts up 
the plane and is equal to pR. 

Resolving perpendicular 
and parallel to the plane, we 
have 

ir cos ^ = R, 

and JV sin B pR, 

Hence, by division, 

tan B — p = tan (angle of friction), 

B = the angle of friction. 

This may be shown othorwise thus: 

Since the body is in equilibrium under the action of its weight and 
the resultant reaction, the latter must be vertical; but, since the 
equilibrium is limiting, the resultant reaction makes with the normal 
the angle of friction. 

Hence the angle between the normal and the vertical is the angle 
of friction, i,e., the inclination of the plane to the horizon is the angle 
of friction. 

On account of the property just proved the an^c of 
friction is sometimes called the angle of repose. 

The student must carefully notice that, when the body 
rests on the inclined plane supported hy an external force^ it 
must not be assumed thatithe coefficient of friction is equal 
to the tangent of inclination of the plane to the horizon. 
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103 , To determine the coefficient of friction experimentally, and 
to verify the laws of friction, [Second Method.] ^ 

By means of the theorem of the previous article the coelllclent of 
friction between two bodies may be experimentally obtained. 

For let an inclined plane be made of one of the substances and let 
its face be made as smooth as is possible; on this face let there be 
placed a slab, having a plane ftice, compost of the other substance. 

If the angle of inclination of the plane be gradually increased, until 
the slab just slides, the tangent of the angle of inclination is the co- 
efficient of friction. 

To obtain the result as accurately as possible, the experiment 
should be performed a large number of times with the same sub- 
stances, and the mean of all the results taken. 

In the apparatus hero drawn we have a board hinged at one end to 
another board which can be clamped to the table. The hinged board 
can be raised or lowered by a string attached to it whose other end 
passes over the top of a fixed supx)ort. 



On the hinged board can be placed sliders of different sizes find 
materials upon which various wmghts can be placed. Each slider x 
has two thin brass rods screwed to it on which weights con be piled so 
that they shall not slip during the experiment. A graduated vertical 
scale is attached to the lower board, so that the height of the hinged 

board at B is easily seen. The value of i,e,, tan ^ of Art. 185, is 

then easily obtained. 
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By this apparatua the laws of friction can be verified; for, within 

SC 

iliti limits of experiment, it will be found that the value of 

AC 

(1) is always the same so long as the slide a: is made of the same 
material in the same state of preparedness of surface, 

(2) is independent of the weights put upon the slide, or of its 
shape, 

(3) is different for different substances. 

This method is the one used by Coulomb in the year 1785. 

194. Equilibrium on a rough inclined plane. 

A body is •placed 07i a rough plane incli'ued to the horixo'a at 
an atigle gt'eater than the emgh of friction^ and is supported 
by a force^ aeting parallel to the plam^ey and along a line of 
greatest slope; to find the limits between which the force 
must lie, 

I^t a bo the inclination of tho plane to the horizon, 
W the weight of the lx)dy, and R the normal reaction 
(Fig. L, Art. 156). 

(i) Let the body be on the point of motion down the 
plaiiOi so that the friction acts up the plane and is equal to 
pR ; let P he the force required bo keep the body at rest. 

Resolving parallel and perpendicular to the plane, we 


have 

P + fiR = IF sin a (1), 

and R== W cos a ' (2). 


P = IF (sin a — /a cos a). 

If /A = tan X, wo have 
, P= IF [sin a — tan X cos a]^ 

sin a 008 X - sin X cos “1 ^ sin(a - 

cos X J "" cos X 

(ii) Let the body be on the point of motion up the 
plane, so that the friction acts dotm the plane and is equal 

16 




L. B. 
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to fjiH ; let bo the force required to keep the body at 
rest. In this case, we have 

W sina, 

and R^W cos a. 

Hence Pi = W (sin a + /a cos a) 

= W [sin a -f tan \ cos a] = IK M 

These values, P and P^ are the limiting values of the 
force, if the body is to remain in equilibrium ; if the force 
lie between P and Pi, the body remains in equilibrium, 
but is not on the point of motion in either direction. 
Hence, for equilibrium, the force must lie between the 

values 

cos A 

It will be noted that the value of Pi may be obtiiined 
from that of P by changing the sign of ft. 

195 . If the power P act at an angle fi with the in- 
clined plane (as in Art. 156, Case III.), when the body is 
on the point of motion clown the plane and the friction 
acts therefore up the plane, the equations of equilibrium arc 


P coa -h pR = jy sin a (1), 

sin ^ = IT cos a (2). 


Hence, multiplying (2) by p, and subtracting, we have 

cos ^ — fi sin ^ ~ cos (^ -n A) ' 

By substituting this value of P in (2), the value of R may 
be found. ^ 

When the body is on the point of motion up the plane 
we have, by changing the sign of p, 
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Cor. The force that will just be on the point of moving 

the body up the plane is least when 

„-8in(a + X). , , 

W — ( IS least, 

cos {B — a) 

when -cos {$ — X) is unity, 


when ^ = X. 

ttence the force required to move the body up the plane 
will be least when it is applied in a direction making with 
the inclined pLane an angle equal to the angle of friction. 


190 . Tlio results of the previous article may be found by 
Kcometrio construction. 




Draw a vortical lino KL to rei)resent W on any scale that is 
convenient (e,g, one inch per lb. or one inch per 10 lbs.). 

Draw LO parallel to the direction of the normal reaction i2. 
Make OLF^ OLFy^ each equal to the qnglo of friction X, as in the 
figure. 

Then LF^ LF^ are parallel to the directions DJf, of the 
resulting reaction at D according as the body is on the point of 
motion down or up the plane. 

Draw KMMi parallel to the supporting force P to meet LF^ 
in M and ilf| . 

Then clearly KLM and KLM^ are. respectively the triangles of 
forces for the two extreme positions of equilibrium. ' 

Hence, on the same scale that KL represents W, KM and KM^ 
represent the P and ^be previous article. 

Clearly OLK— z between R and the verticals a, so that 
jLMLKssh-^X and z M^LKsssig'^^t 


16—2 
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Similarly 

Z KQO= I between the directions of U and P=90° - 
so that L + I KMJ.=^0° + 9-\ 

and ZiirJlfL=90° + ^ + X. 

Hence 

P _ KM _ sin KIjM _ sin (a - X) _ sin (a X) 
ir ” “ ^inKML " + " cos> + X) * 

and 

Pi _ A'il/j _ sin KLM^ __ sin (a + X) sin (a + X) 

W ~ ~KL “■ “ sin (90^^ - X) ■" cos X) ' 

Cor. It is clear that KM^ is least when it is drawn perpendicular 
to Lf \ , i.e. when P. is inclined at a right angle to the direction of 
resultant reaction and therefore at an angle X to the inclined 

plane. 


EXAMPLES. TrTTCJ 

1. A body, of weight 40 lbs., rests on a rough horizontal plane 
whoso coefficient of friction is *25 ; find the least force which acting 
horizontally would move the body. 

Find also the least force which, acting at an angle cos“* g with tlic 
horizontal, would move the body. 

Determine the direction and magnitude of the resultant reaction 
of the plane in each case. 

2. A heavy block with a plane base is resting on a rough hori- 
zont^ plane. It is acted on by a force at an inclination of 4^}° to the 
plane, and the force is (padually increased till the block is just going 
to slide. If the coefficient of friction bo *5, compare the force with 
the weight of the block. 

3. A mass of 30 lbs. is resting on a rough horizontal plane and 
can be just moved by a force of 10 lbs. wt. acting horizontally ; find 
the coefficient of friction and the direction and magnitude of the 
resultant reaction of the plane. 

■^4! Shew that the least force which will move a weight W along a 
rough horizontal plane is W sin 0, where 0 is the angle of friction. 

5. The inclination of a' rough plane to the horizon is oo8~^yf ; 
shew that, if the coefficient of friction be the least force, acting 
parallel to the plane, that will support 1 cwt. placed on the plane is 
drig lbs. wt. ; shew also that the force that would be on the point of 
moving the body up the plane is 11 jg lbs. wt. 
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6. Tho baso of an inclined plane is 4 feet in length and the height 
is 3 feet ; a force of 8 lbs. , acting p^irallel to the plane, will just prevent 
a weight of 20 lbs. from sliding down ; find the coefficient of friction. 

^ K. body, of weight 4 lbs., rests in limiting equilibrium on a 
rough plane whose slope is 30° ; the plane being raised to a slope of 
60°, find the force along the plane required to support the body. 

8. A weight of 30 lbs. just rests on a rough inclined plane, the 
height of the plane being f ths of its length. Shew that it will require 
a force of 36 lbs. wt. acting parallel to the plane just to be on the 
point of moving the weight up tlie plane. 

9. A weight of 60 lbs. is on the point of motion down a rough 
inclined plane when supported by a force of 24 lbs. wt. acting parallel 
to the plane, and is on the point of motion up the plane when under 
the influence of a force of 36 lbs. wt. parallel to the plane ; find the 
coefficient of friction. 

-10. Two inclined planes have a common vertex, and a string, 
passing over a small smooth pulley at the vertex, supports two equal 
we^hts. If one of the planes be rough and the other smooth, find the 
relation between the two angles of inclination of the two planes 
when tho weight on the smooth plane is on the point of moving 
down. 

11. Two unequal weights on a rough inclined plane are connected 
by a string which passes round a fixed pulley in the plane ; find tho 
greatest inclination of the plane consistent with tho equilibrium of 
the weights. 

12. Two equal weights are attached to the ends of a string which 
is laid over the top of two equally rough planes, having the same 
altitude and placed back to back, the angles of inclination of the 
planes to the horizon being 30° and 60° respectively ; shew that the 
weights will be on the point of motion if the coefficient of friction be 
2 -^ 3 . 


✓ 13. A particle is placed on the outside surface of a rough sphere 
whose coefficient of friction is /a. Shew that it will be on the point of 
motion when the radius from it to the centre makes an angle tan*~^/* 
with the vertical. 

gf 14. How high can a particle rest inside a hollow sphere, of radius 
a, if the coefficient of friction be 

V® 

16. At what angle of inclination should the traces bo attached to 
a sledge that it may be drawn up a given hill with the least exertion ? 
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16. A cubical block of stone, of weight 5 cwt., is to be drawn 
along a rough horizontal plane by a force P inclined at 40^ to the 
horizontal. If the angle of friction be 25°, find, by a graphic con- 
struction, the least value of P. 

17. A body, of weight 1 cwt., r^ts on a plane inclined at 25° 
to the horizon, being just prevented from sliding down by a force 
of 15 lbs. acting up uie plane ; find, by a graphic construction, the 
force that will just drag it up and the value of the coefficient of 
friction. 

197. To find the work done in dragging a body up a 
rough inclined plane. 

From Art. 194, Case II., we know that the force 1\ 
which would just move the body up the plane is 
W (sin a + fi cos o). 

Hence the work done in dragging it from A to C 
= Pi X AC (Fig. Art. 166) 

* 

= ir(sina+/xcosa).ilC 

= W. AC Bin a + ft FT. AC cos a 
= W.SC + pjr.AB 

= work done in dragging the body through the same 
vertical height without the intervention of the plane 
+ the work done in dragging it along a horizontal distance 
equal to the base of the inclined plane and of the samo 
roughness as the plane. 

/ 198. From the preceding article we see that, if our 
inclined plane be rough, the work done by the power is 
more than the work done agmnst the weight. This is true 
for any machine ; the principle may be expressed thus, 

In CM/y machine^ the work done by the power is egtial to 
the work done against the weighty togdherwUhthetoork done 
agavMi the frietional resistances of the machine^ and the 
work done against the weights qfths component parts of the 
maehine. 
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The ratio of tho work done on the weight to the work 
done by the effort is, for any machine, called the efficiency 
of the machine, so that 


Efficiency = 


Useful work done by the machine 
Work supplied to the machine 


Let Pq be the effort required if there were no friction, 
and P the actual effort. Then, by Art. 138, 

Work done against the weight 

= 7^ X distance through which its point of application moves, 
and work supplied to the. machine 

= P X distance through which its point of application moves^ 
Hence, by division, 

p 

Efficiency = -p 


Effort when there is no friction 
« ? Actual effi)rt 

We can never get rid entirely of frictional resistances, 
or make our machine without weight, so that some 
work must always be lost through these two causes. 
Hence the efficiency of the machine can never be so great 
as unity. The more nearly the efficiency approaches to 
unity, the better is the machine. 

There is no machine by whose use we can create work, 
and in practice, however smooth and perfect the machine 
may be, we always lose work. The only use of any machine 
is to multiply the force we apply, whilst at the same time 
the distance through which the force works is more than 
proportionately lessened. 


^ 190 . Equilibrium of a rough aorew. Tojmd 
the reUUion between the effort and the resistance in the ease of 
a screWf when friction is taken into account. 
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Using the same notation as in Art. 178, let the screw 
be on the point of motion downwards^ 
so that the friction acts upwards along 
the thread. [As in Art. 176, its sec- 
tion is rectangular.] 

In this case tiie vertical pressures 
of the block are 

R (cos tt + /i sin a), S (cos a + sin a), . . . 
and the horizontal components of these pressures are 
R (sin a — /I cos a), S (sin a — /a cos a), . . . 

Hence the equations (1) and (2) of Art. 178 l^econie 

IF = (R + ^ + 5’+ ...) (cos a + /Lisin a) (1), 

and P. ft=:a(i? + iSi 4 - T ■¥ ...)(8ina — /ncosa) (2). 

Hence, by division, 

P, h sin a — a cos a sin a cos X — cos a sin X 
}V cos a + /A Sin a cos a cos X 4- si n a sin X 
_ sin(tt-X) 

"" ^ cos (a - X) ’ 

Similarly, if the screw be on the point of motion up- 
wards, we have, by changing the sign of /a, 

Pi a sin a 4 - ia cos a a , , ^ . 

W 0 cos a — p Sin a 6 ' ' 

If the effort have any value between P and Pj, the screw 
will be in equilibrium, but the friction will not be limiting 
friction. 

It will Se noted that if the angle a of the screw be equal 
to the angle of friction, X, then the value of the effort P is 
zero. In this case the screw will just remain in equilibrium 
supported only by the friction along the thread of the screw. 
If a<X, P will be negative, i,e, the screw will not descend 
unless it is forced down. 
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Bx. 1 . If circtmference of a screto Ins two inches, the distance 
between its threads half an inch, and the coefficient of friction 
find the limits between which the effort must lie, so that the screw may 
be in equilibrium when it is supporting a body of weight 1 cwt.^ the 
length of the effort-arm being 12 inches. 

Here 2ira=2, and 2?ratana=:^. 

a=i, and ttina = i. 

IT * 

Also tanX=:^, and &=12. 

o 

Hence the force which would support the screw 

= 112 tan (a- X) 


= 112 X X i ^ ^ ;JT = hh 
12ir 1 + i . J 12ir 21 99 


Ajrain, tlie force which would just be on the point of moving the 
screw upwards 

ino / .XV 112 ^ + i 112 9 

-112x j^tan{o+X)-j2^ x £ _ i Y - jg, 19 

= 1 j*oV lbs. wt.=l-4067 lbs. wt. 

Hence the screw will be in equilibrium if the effort lie l)etween 
*i4 and 1*4067 Iba. wt. 


If the screw were smooth, the force required would 

,__a, 112 1 49 -.oiu * 

=112-- tan a = - x - = ,,5 = *742 lbs. wt. 

b 127r 4 00 


The ofllciency therefor( 3 , by Ai*t. 198, 


•742 

1*4067 


= •627. 


Bx. 2 . The coefficient of friction of wrought iron on wood being 
*16, shew that the least angle of inclination of the thread of a screw, 
so that it may slide into a prepared hole in the wood under the 
influence of its own weight, is 

- • 

Bx. 3. If the circumference of a screw be 7 inch, the coefficient 
of friction *15, the length of the power-arm 12 inches, and if there be 
3 threads to the inch, find the forces which will respectively just 
support, and just move, the screw when it supports a weight W. Find 
also the value of the effort, when the some screw is smooth, and 
deduce its efficiency. 


W 


W 


W 
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Bz. 4. Sliew that the efficiency of a screw is yreatest when its 
angle is 45°-^. 

The force required to lift the weight IK, when there is friction, 
tana + X, 

and where there is no friction it 

= IT? tana. 
o 

As in Art. 198 the efficiency, K, 

=the ratio of these 
_ tan a __ sin a cos (a + X) 

tan (a + X) cos a sin a + X 

co8aein(a + X) 'cosaKiri(a-hX) 

_ 28inX 
""sin ( Ja + X) + .sin X * 

.* K is greatest when 1 - is least, 
i.e, when sin(2o + X) is greatest, 

Le. when 2a+X=90'^, 

and then tt=45® - ^ . 

■ 200. Wheel aiid Axle vnth the pivot reslhig on ronyh 

hearings, 

L 

P 
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Let the central circle represent the pivots A or B oi 
Fig. Art. 159 (much magnified) when looked at endways. 

The resultant action between these pivots and the 
l)earing8 on which they rest must be vertical, since it 
balances P and W, 

Also it must make an angle X, the angle of friction, 
with the normal at the point of contact Q, if we assume 
that P is just on the point of overcoming W. 

Hence Q cannot be at the lowest point of the pivot, but 
must be as denoted in the figure, where OQ makes an^angle 
X with the vertical. The resultant reaction at Q is thus 


vortical. 

Since R balances P and W, 

i2 = p+r (1). 

Also, by taking moments about 0, we have 

P.ft — /f.csin A= W,a (2), 


where c is the radius of the pivot and 6, a the radii of the 
wheel and the axle (as in Art. 159), 

Solving (1) and (2), we have 

6 — c sin A 

If jP be only just sufficient to support IF, t.c. if the 
machine be on the point of motion in tho direction 
then, by changing the sign of X, we have 

p ^ y a-osinX 
' ft + csinX* 

In this case the point of contact Q is on the left of the 
vertical through 0, 
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201. The Wedge is a piecn of iron, or metal, 
wliicli has two plane faces meeting 
in a sharp edge. It is used to split 
wood or other tough substances, its 
edge being forced in by repeated 
blows applied by a hammer to its 
upper surface. 

The problem of the action of a 
wedge is essentially a dynamical 
one. 

We shall only consider the statical problem when the 
wedge is just kept in equilibrium by a steady force applied 
to its upper sui'face. 

Let ABC be a section of the wedge and let its faces be 
equally inclined to the biise BC, Let the angle CAB })e a. 

Let P he the force applied to the upper face, B and JP 
the normal reactions of the wood at the pt^ints whore the 
wedge touches the wood, and fiR and fiK' the frictions, it 
being assumed that the wedge is on the point of being 
pushed in. 

Wo shall suppose the force P applied at the middle 
point of BC and that its direction is perpendicular to BC 
and hence bisects the angle BAC. 

Resolving along and perpendicular to BC^ we have 
fiR sin ^ — 72 cos fiR' sin ^ — cos 5 (1), 

and P = /*(i? + 72')cos^ + (/2 + 7if')sin^ (2). 

From equation (1) we have 72=72', and then (2) gives 
T' = 272 cos ^ + sin 
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Hence 


2/g 1 

P a , a 

fi cos ^ + sin ^ 


cosX 


.a . a • \ 

sin s cos A + cos ^ sin A 


cos A 



if A be the coefficient of friction. 


, The splitting power of the wedge is measured by R. 
For a given force P this splitting power is therefore 
greatest when a is least. 

Theoretically this will bo when a is zero, i»e. when the 
wedge is of infinitesimal strength. Practically the wedge 
has the greatest splitting power when it is made with as 
small an angle as is consistent with its strength. 


909. If there be no friction between the wedge and wood 
(though this is practically an impossible supposition), we should have 
X = and therefore 


2Ji 

P 


1 

■■■= cosec 



a 

2 * 


90a. If the force of compression exerted by the wood on the 
wedge be groat enough the force P may not be large enough to make 
the wedge on the point of motion down ; in fact the wedge may bo on 
the point of being forced out. 

If P^ be the value of P in this case, its value is found by changing 
the sign of /li in Art. 201, so that we should have 



If g be>X, the value of Pj is positive. 

If ^ be < X, P| is negative and the wedge could therefore only be 
2 
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on the point of slipping out if a pull were applied to its upper 
surface. 

If |=Xi the wedge will just stick fast without the application of 
anj force. 

Bz. Prove that the multiplication of force produced by a screw- 
press, in which the distance between successive threads is c and the 
power is applied at the extremities of a cross-bar of length 2&, is the 
same as that produced by a thin isosceles wedge of angle a such that 

sin|=c-^4ir6. , 

204 . Friction exerts such an important influence on 
the practical working of machines that the theoretical 
investigations are not of much actual use and recourse 
must for any particular machine be had to experiment. 
The method is the same for all kinds of machines. 

The velocity-ratio can be obtained by experiment ; for 
in all machines it equals the distance through whicli the 
effort moves divided by the corresponding distance through 
which the weight, or resistance, moves. Call it n. 

Let the weight raised be fK. Then the theoretical 

TT 

effort A, corresponding to no friction, is — . Find by 

experiment the actual value of the effort P which just 

raises IF. The actual mechanical advantage of the machine 

W F 

is and the efficiency of it is, by Art. 198, ~ . The 

F W IF 

product of the efficiency and the velocity ratio = . 77 = -5 

X Jr I, Jr 

= th5 mechanical advantage. 

^ 205 . As an example take the case of a class-room model of 
a dififerentiol wheel and axle on which some experiments were 
performed. The machine was not at all in good condition and was 
not cleaned before use, and no lubricants were used for the bearings of 
cither it or its pulley. 

With the notation of Art. 164 the values of a, b, and c were found 
,to be 1^, 3, and 6f inches, so that the value of the velooitj^ ratio n 
26 2x6f ^ 

ss s= 7 rs8. 

8-lJ 
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This value was alra verified by experiment ; for it was found that for 
eveiy inch that W went up, P went down nine inches. 

P was measured by means of weights put into a scale-pan whose 
weight is included in that of P ; similarly for W, 

The weight of the pulley to which W is attached was also included 
in the weight of W, 

The corresponding values of P and in grammes’ weight are 
given in the following table ; the value of P was that which just over- 
came the weight W. The third column mves the corresponding vaJues 
of Pq, i.e. the effort which would have l^en required had there been 
,no frictional resistances. 


jr 

V 

i>-”' 

p 


50 

28 

5*55 

*2 

1*79 


36 

nil 

*31 

2*78 

150 

45 

16*67 

•37 

3*3 

250 

60 

27*78 

•46 

4*17 

450 

90 

50 

•56 

5 

650 

119 

72*22 

•61 

5*46 

850 

147 

94*44 

*64 

5*78 


175 

116*67 

*67 

6 

1250 

203 

138*88 

*68 

6*16 

1450 

232 

1 

161*11 

1 

*694 

6*25 


The fourth column gives the values of HJ, the corresponding 
efficiency, and the last column gives the values of M, the mechaniciu 
advantages. 

On plotting out on squared paper the above results, which the 
student should do for himself, the TOints giving P are found to 
roughly be on a straight line going through the third and last of 
the al^ve. Hence, according to the theory of graphs, the relation 
between P and fV is of the form F=saTF+bf where a and b are 
constants. 

Also P=46 when 1^=160, and P=232 when 7r=1460. 

46=160a+6and232=1450o-t.b. 

Solving, we have a =*144 and b=23*4 approximately, so that 
P=-1447F+23-4. 


This is called the Law of the Machine. 


Also 

Hence 


P P. ‘inir 
P"'*144IF+28-4’ 
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aTid 



•144?r+23-4’ 


Tliese give K nn<l M for any weight IF. 

The values of F 4 and M get bigger as IF increases. Assuming tlie 
al)ove value of F to bo true for all values of then its greatest value 
is when W is infinitely great, and 


•111 

•144 


= about *77, 


so that in this machine at least 23% of the work put into it 
is lost. 

The corresix)nding greatest value of the mechanical advantiigc 

= -r^= about 7. 

•144 

If the machine had been well cleaned and lubricated before the 
experiment, much better results would have been obtained. 


206 . Just as in the example of the last article, 
so, with any other machine, the actual elTicicncy is found 
to fall considerably short of unity. 

There is one practical iidvantage which, in general, 
belongs to nutchines having a comparatively small 
efficiency. 

It can be shewn that, in any machine in which the 
magnitude of the effort applied has no effect on the 
friction, the load does not run down of its own accord 
when no effort is applied provided that the efiSciency is less 
than 

Examples of such machines are a Screw whose pitch is 
small and whose “ Power or effort is applied horizontally 
as in* Art. 178, and an Inclined Plane where the effort acts 
up the plane as in Art. 194. 

In machines where the friction does depend on the 
efifort applied no such general rule can he theoretically 
proved, and each case must be considere<l separately. 
But it may be taken as a rough general rule that where 
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ilio oifort has a comparatively small effect on the amount of 
friction then iho load will not run down if the efticiency be 
less than Such a machine is said not to “reverse” 
or “overhaul.” 

Thus in tlm case of the Differential Pulley (Art. 165), 
as usually constructed the efliciency is less than and the 
load W does not run down when no force P is applied, tliat 
is, when the inacliine is left alone and the chain let go. 

This property of not overhauling compensates, in great 
measure, for tlie comparatively small efficiency. 

In a wheel find .axle the mechanical advantage is 
usually great and tlie efficiency usually considerably more 
than J : but the fact that it reverses does aiot always make 
it a more useful machine than the Differential Pulley. 

The student, wlio desires further information as to the 
])ractical working of machines, should consult Sir Robert 
Rail’s Ex 2 )crumv(al Mechanics or works on Applied 
[Mechanics. 


EXAMPLES. XXXII. 


1. Jlow much work is done in drawiiif^ a load of 6 cwt. up a rough 
inclined piano, whoso height is 3 feet and base 20 feet, the coefficient 
of friotioii being 

2. A weight of 10 tons is dragged in Imlf an hour through a 
length of .330 feet up an inclined plane, of inclination 30^, thi} co- 

eiiicient of friction being find the work expended and the ii.r. of 

the engine which could do the work. 

3. A tank, 24 feet long, 12 feet broad, and IG feet deep, is filled 
by water from a well the surface of which is always 80 feet below the 
top of the tank ; find the work done in filling the tank, and the ii. r. 
of an engine, whose efficiency is *5, tluit will fill the tank in 4 hours. 

17 


L. S. 
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4. Tlio (lianictor of tlio circular piston of a stctiin crif'ino is 
60 inches and it makes 11 strokes per minute, the length of each 
stroke being 8 feet, the mean pressure per square inch on the piston 
being 15 lbs., and the clliciency of the engine •G5. Find the number 
of cubic feet of water Unit it will raise per hour from a well whose 
depth is 300 feet, on the supposition that no w'ork is wasted. 

5. The diameter of the piston of an engine is 80 inches, the mean 
pressure of steam 12 lbs. per square inch, the length of the stroke 
10 feet and the number of double strokes i)er minute is 11. The 
engine is found to raise 42^ cub. ft. of water per minute from a depth 
of 500 fathoms. Shew that its efficiency is ’6 nearly. 

6, The radii of a wheel and axle are 4 fef*t and G inches. If a foive 
of 56 lbs. wt. is required to overcome a resistance of 200 lbs. wt. what 
is the efficiency of the machine? 

7, In some experiments with a block and tackle (second system of 
pulleys), in which the vebxjity-ratio was 4, the weights lifted were 10, 
80, and 160 lbs. and the corresponding values of the effort were 23, 58, 
and 85 lbs. Find the efficiency in each case. 

8. With a certain inachine it is found that, with efforts equal to 
12 and 7*5 lbs. wt. n'S^KJOtively, resistances ecjual to 700 and 300 lbs. 
wt. arc overcome; assuming that V=a-\-hW, find the values of 
a and h, 

9, In some experiments with ti .screw-jack the values of the load IF 
were 150, 180, 210, 240 and 270 lbs. wt. and the corresponding values 
of the effort P were found to be 20-9, 22-7, 25-75, 28- 1 and 31-4 lbs. wt. ; 
j)lot the results on squared pa[K*r and assinning Unit i*— a + blF, find 
the !Lpproximat<3 values of a and b. 


10. In some experiments with a Jiiodcl block and tackle (the 
second system of pulleys), the values of W (inclurling the weight of 
the lower block) and P expressed in grammes’ weight were found to 
be as follows: 

)r = 75, 175, 275, 475, 675, 875, 1075; 

P=25, 48, 71, 119, 166, 214, 264. 

Also there were five strings at the lower block. Find an approxi- 
mate relation l)ctweeii P and \V and the corresponding values for the 
efficiency and mechanical advantage. 


Draw the graphs of P, P, and M. 
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11. Tho following table gives tlic load in tons upon n crane, and 
the corresponding effort in lbs. wt. : 

Lo»id 1. 3, 6, 7. 8, 10, 11. 

Effort 9, 20, 28, 37, 42, 51, 56. 

Find the law of the machine, and calculate tho efficiency at the 
loads 5 and 10 tons given that the velocity-ratio is 500. 

12. A weight is lifted by a screw-jack, of pitch \ inch, tho force 
being applied at right angles to a lever of length 15 inches. The 
values of the weight in tons, and the cm*responding force in lbs., arc 
given in tho following table: 

Weight 1, 2-5, 5, 7, 8, 10. 

Force 24, 32, 46, 57, 63, 73. 

Find the law of tho machine, and calculate its cllicieiicy for the 
weights 4 and 9 tons. 


17 


2 



CHAPTEE XIV. 


FRICTION (continued). 


207 - In this chcapter we give some further examples 
of the solution of problems where friction is involved. 


fix. X. A uniform ladder ie in equilihriumy with imc end reeling on the 
ground^ and the other end against a vertical wall; if the ground and 
wall be 1)oth roughs the coejfficients of friction being fi and g! respectively^ 
and if the ladder he on the point of slipping at both endst find the 
inclination of the ladder to the horizon. 


'S 


Let AB be the ladder, and G its centre of gravity; let It and S be 
the normal reactions at A and B re- 
spectively; the end A of the ladder is 
on the point of slipping/ro7» the wall, 
and hence the friction pR is towards 
the wall; the end B is on the point 
of motion vertically downwards^ and 
therefore the friction p'S acts upioards. 

Let 0 be the inclination of the lad- 
der to the ground, and 2a its length. 

Resolving horizontally and ver- 
tically, we have 



( 1 ), 

and ‘ (2). 


Also, taking moments about A, we have 


ir. o cos = /t'S . 2o oos + .9 . 2(t sin , 


/. Woo8$=:2S(/ifoos$+BmB) (3). 

From (1) and (2), we have 

and •. (4). 
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By (3) and (4), we have, by division, 

cosg _ 2(n'co8g+Bing) 

II ~ 1+w*' ’ 

/. cos^(l-/£/4')=2/A8in^. 

Hence tan 0 = — . 

2/4 

OtberwlM tliiui; 

Let X and X' be the angles of friction at A and B ; draw A G making 
an angle X with the normal at A, and BC making an angle X' with 
the noimal at if, as in the figure. 

By Art. 189, AC and BC are the directions of the resultant re- 
actions at A and if. 

The ladder is kept in equilibrium by these resultant reactions and 
its weight; hence their directions must meet in a point and therefore 
the vertical line through G must pass through C. 

Formula (1) of Art. 79 gives 

{a + a) cot CGB=aootAC(r - a cot ifCG, 


i,c. 


2 tan d=cotX - tan X' 


1 




.*. tanf?= 


2At 


Bz. 2. A ladder U placed in a given position with one end resting 
on the ground and the other against a vertical wall. If the ground and 
wall he both rough, the angles of friction being X awrf X' respectively, 
find by a graphic construction how high a nian can ascend the ladder 
without its slipping. 

Let AB (Fig. Ex. 1) be the ladder. 

Draw AC and BC making the angles of friction with the normals 
at A and B to the wall and ground respectively. 

Draw CG vertically to meet AB in G, If the centre of gravity of 
the man and ladder together be between A and O the ladder will rest ; 
if not, it will slide. 

For if this centre of gravity be between G and B the vertical 
through it will meet BC, the limiting direction of friction i^t B, 
in a point P such that the z PAR is greater than the angle of friction 
at A, and so equilibrium will be impossible. 

If this centre of gravity be between G and A equilibrium will be 
possible; for even if the friction were limiting at A the vertical 
through this centre of gravity would meet ilG in a point P such that 
the angle PBS would be <X', so that equilibrium would be possible. 
Similarly we may shew that if the friction be limiting at B, there is 
still equilibrium. 

If then Gi bo the centre of gravity of the ladder, the highest 
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possible position of the man, and ll\ and ^ their respeotive 
weights, then is determined by the relation 

^ Wi.GGi=:}V^.CrG^. 

EXAMPLES. XXXm. 

1, A uniform ladder, 13 feet long, rests with one end against a 
smooth vertical wall and the other on a rough horizon ttil plane at a 
point 5 feet from the wall ; find the friction between the ladder and 
the ground, if the weight of the ladder bo 56 lbs. 

^2. A uniform ladder rests with one end on a horizontal floor and 
the other against a vertical wall, the ooeificients of friction being 
respectively ? and -J-; find the inclination of the ladder when it is 
about to slip. 

" 3. If In the last example the coefficient of friction in oacli case be 
J, shew that the ladder will slip when its inclination to the vertical is 
tan“^f. 

4. A uniform ladder rests in limiting equilibrium with one end 
on a rough floor, whose coefficient of friction is /a, and with the other 
against a smooth vertical wall ; shew that its inclination to the vertical 
is tan-i (2/x). 

5. A uniform ladder is placed against a wall ; if the ground and 
wall be equally rough, the coefficient of friction being tan shew that 
the limiting inclination of the ladder to the vertical is 29. 

When the ladder is in this position can it be ascended without its 
slipping? 

6. A uniform ladder rests in limiting equilibrium with one end 
on a rough horizontal plane, and the other against a smooth vertical 
wall ; a man then ascends the ladder ; shew that he cannot go more 
than half-way up. 

/ 7. A uniform ladder rests with one end against a smooth vertical 
wall and the other on the ground, the coefllcient of friction being f ; 
if the inclination of the ladder to the ground be 45°, shew that a man, 
whoM weight is equal to that of the l^der, can just ascend to the top 
of the ladder without its slipping. 

^ 8* A uniform ladder, of length 70 feet, rests against a vertical 
wall with which it makes an angle of 45°, the coefficients of friction 
between the ladder and the wall and ground respectively being ^ and 

L lf a man, whose weight is one-half that of the ladder, ascend the 
der, how high will lie be when the ladder slips? 

If a boy now stand on the bottom rung of the ladder what must bo 
his least weight so that the man may go to the top of the ladder? 



FRICTION 


263 


9. Two equal ladders, of weight are placed so as to lean agfiinst 
each other with their ends resting on a rough horizontal floor ; given 
the coeilicient of friction, /4, and the angle 2a, that they make with 
each other, find what weight on the top would cause them to slip/ 

Explain the meaning of the result when tan a5*2/4 or</*. 

10. A uniform bidder rests, at an angle of 4*5° with the horizon, 
witli its upper extremity against a rough vertical wall and its lower 
extremity on the ground. If fj. and fi' be the cocflicients of limiting 
friction between the ladder and the ground and wall respectively, shew 
that the least horizontal force which will move the lower extremity 

towards the wall is hW . ~ / -- . 

- l-F 

11. In Ex. 9 if the weight be placed at the middle point of one 
log and bo heavy enough to cause slipping, shew that the other leg 
will be the one that will slide first. 


208. Ex. 1. A unifitrm cyUmlcr u placed with its plane base 
on a rough inclined plane and the inclination of the plane to the 
horizon is (jradually increased ; she^o that the cylinder will topple over 
before it slides if the ratio of the diameter of the base of the cylinder 
to its height be less than the coefficient of friction. 


Let 0 be the inclination of the plane 
cylinder is on the point of tumbling over. 
The verticail line through the centre of 
gravity (] of the cylinder must just fall 
within the base. 

Hence, if All be the base, the line GA 
must be vertical. 

Lot C be the middle point of the base, 
r its radius, and let h bo the height of the 
cylinder. 


to the horizon when the 



tan 0=cot = (1). 

CG ih h . ^ 


Also the inclination $ of the plane to the horizon, when the 
cylinder is about to slide, is given by 

tan $=^fi (2). 


Hence the cylinder will toi>plo before it slides if 0 be less than 6, 


2r, 

t.e., if be -. 7 *. 
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fix. 2. A rectangle AJiCD rests on a vertical plane, with its hose 
AB 071 a rmigh table; a graihially vicreasing force acts alo7ig DC; 7cill 
equilibrium he broken by sliding or toppling ? 

Let F be the force, and W the weight of the rectangle. 

Let AB=2a and BC=h. 

If the rectangle topples it will clearly 
turn about B, and this will be when the 
moments of F and 7F about B just balance, 

i.e., when F , h=W . a (1). 

Also the rectangle will slide when F is 
equal to the limiting friction, 

i.e,, when F=ix\V (2). 

The rectangle will topple or slide ac- 
cording as the value of F given by (1) is less 
or greater than the value of F given by (2), 

i.c., according as~’^/ 4 , 
h> 

i.e., according as p is ^ the ratio of the base to twice the height of the 
rectangle. 


D C .F 

I — ■ ■■■■'■ ■ > 






A 



W 


EXAMPLES. XXXIV. 

1. A cylinder rests with its circular base on a rough inclined 
plane, the coefficient of friction lieing Find the inclination of the 
plane and the relation between the height and diameter of the base of 
the cylinder, so that it may be on the point of sliding and also of 
toppling over. 

2. A solid cylinder rests on a rough horizontal plane with one of 
its flat ends on the plane, and is acted on by a horizontal force through 
the centre of its upper end ; if this force be just sufTicient to move 
the solid, shew that it will slide, and not topple over, if the coefficient 
of friction be less than the ratio of the radius of the base of the 
cylinder to its height. 

3. An equilateral triangle rests in a vertical plane with its base 
resting; on a rough horizon W plane ; a gradually increasing horizontal 
force acts on its vertex in the plane of the triangle ; prove that the 
triangle will slide before it turns about the end of its base, if the 
coefficient of friction be less than 

4. A conical sugarloaf, whose height is equal to twice the diameter 
of its base, stands on a table rough enough to prevent sliding ; one 
end is gently raised till the sugarloaf is on the point of falling over ; 
find the inclination of the plane to the horizon in this position. 
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5. A cone, of given vertical angle 2a, rests on a rough plane which 
is inclined to the horizon. As the inclination of the plane is in- 
creased, shew that the cone will slide, before it topples over, if the 
coeflicient of friction bo less than 4 tan a. 


6, A right cone is placed with its base on a rough inclined plane ; 
if be the coefficient of friction, find the angle of the cone when 

V'' 

it is on tlie point of both slipping and turning over. 

7, A cone rests on a rough table, and a cord fastened to the vertex 
of the cone passes over a smooth pulley at the same height as the top 
of the cone, and supports a weight. Shew that, if the weight be con- 
tinually increased, the cone will turn over, or slide, accor^ng as the 
coefficient of friction is > or ctana, where a is the semi-vertical 
angle of the cone. 


8. A cubical block rests on a rough inclined piano with its edges 
parallel to the edges of the plank. If, as the plank is gradually raised, 
the block turn on it before slipping, wliat is the least value that the 
coefficient of friction can have ? 

9, The triangular lamina, JBC, right-angled at /i, stands with BC 
upon a rough horizontal plane. If the plane be gradually tilted round 
an axis in its own plane perpendicular to Jf^C, so that the angle B is 
lower than the angle O, shew that the lamina will begin to slide, or 
tox)ple over, according as the coefficient of friction is less, or greater, 
than tan A . 


10. A square uniform nietallio plate ABCD rests with its side BC 
on a perfectly rough plane inclined to the horizon at an angle a. A 
string AB attached to A, the highest point of the plate, and passing 
over a smooth pulley at P, the vertex of the piano, supports a weight 
Wf and AP is horizontal. If IV be the weight of the plate, shew that, 
as w increases, it will begin to turn when 

l + tim a 
w>lV — 


11. A block, of weight one ton, is in the form of a rectangular 
parallelepiped, 8 feet high, standing on a square base whose side is 
6 feet. It is placed on a rough weightless board with the sides of its 
base parallel to the length and breadth of the board, and the centre 
of the base is distant 6 feet from one extremity of the board. The 
board is now tilted round this extremity until the block topples with- 
out sliding ; find the work done. 
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209. Bz. A uniform rod rents in limitinffhquilihrium within 
a rough hollow sphere; if the rod subtend an angle 2a at the centre 
of the sphere^ and if \ be the angle of friction^ sheic that the angle 
of inclination of the rod to the horizon is 

tan (a + X) - tan (a - X)"] 

2 J- 

Lefc AB be the rod, O its centre of gravity, and O tlio centre of the 
sphere, so that 

lGOA= L GOBz=a, 

Through A and B draw 
lines A C and BC making an 
angle X with the lines join- 
ing A and B to the centre. 

By Art. 189, these are the 
directions of the resultant 
reactions, 11 and at A and 
B respectively. 

Since these reactions and 
the weight keep the rod in 
equilibrium, the vortical line 
through G must pass through C. 

Let AI) be the horizontiil lino drawn through A to meet CG in D 
so that the angle GAL) is 0, 

The angle CAGr^ L O/ff? -X=90^-a-X, 
and the angle GBG = z OBG + X = 90° - a + X. 

Ilenoe theorem (2) of Art. 79 gives 

(a -h a) cot CGB= a cot CAB -a cot GBA , 
i.e. 2 tan <? = cot(90°-a-X)-cot(90°-a + X) 

= tan (a + X) - tan (a-X) .(1). 

Otbarwlsa tbns; The solution may be also obtained by using the 
conditions of Art. 83. 

Bcsolving the forces along the rod, we have 

R cos (90 ° - a cos (90° - a + \) = W sin 


i.c. J? sin (a + X) - <9 sin (a - X) = ir sin ^ (2). 

Resolving perpendicular to the rod, we have 

Ji cos (a + X) + 5 cos (a - X) = IK cos ^ (3). 

By taking moments about A, we have 

S . A B sin (90° - a + X) = W, AO cos 0, 

i.e, 2Scoa(a-\)=Jrcoa0 (4). 

From equations (3) and (4), wo have 


JJ cos (a + X) = S' cos (a - X) = i IK cos 0, 
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Substituting tUtoe values of II and S in (2), we have 
tan (a+X) -tan(a-X) = 2 tan ff. 

Numerical example. If the rod subtend a right angle at the centre 
of the sphere, shew that its inclination to the horizon is twice the 
angle of friction. 


aiO. Bx. Two hoiliest of weights TFj and Wn, are placed on an 
inclined plane and are connected Ivy a light string which coincides with 
a line of greatest slope of the plane; if the coefficients of friction 
between the hnlies and the plane he respectively and /a.^, find the 
inclination of the plane to the horizon when both Itodtes are on the point 
of motion^ it being assumed that the smoother body is below th^ other. 

The lower body would slip when the inclination is tan“^^j, but the 
upper would not do so till the inclina- 
tion hod the value tan"^ p^. When the 
two are tied together the inclination for 
slipping would bo between these two 
values. Let it be ^ and let if] and if^ 
be the normal reactions of the bodies; 
also let T bo the tension of the string. 

The frictions pili^ and p.^R^ both 
act up the plane. 

For tlie equilibrium of TFj, we have 

TF]Sin<? = r-fAtii^i» 

and [Fjcos^? — if]. 

(sin cos 0) (1). 

For the equilibrium of IK, we have 

IK sin ff 4- T=p 2 Ri, 

and irjcos^ =i22* 

T=p^R^ - JFj sin 0= Wo {p^ cos ^ - sin (2). 

Hence, from (1) and (2), 

IF] (sin 0 - Pi cos 0) = TFg {p^ cos ^ - sin 0) . 

(TF] + IFj) sin 0 = ( JFi/i] + W.pL.^ cos 0. 



tantf= 


>F|+Ha ■ 


Bx. 1. Two equal bodies arc placed on a rough inclined plane, 
being connected by a light string; if the coefficients of friction bo 
respectively ^ and show that they will both be on the point of 
motion when the inclination of the plane is tan'^-^^-. 


Bx. 3. Show that the greatest angle at which a plane may be 
inclined to the horizon so that three equal bodies, whose coefficients 
of friction are -g, and | respectively, when rigidly conneusted together, 
may rest on it without slipping, is tan~^ 
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2X1. Bac. A particle is placed on a rough j^ne, whose inclina- 
tion to the horizon is a, ami is acted upon by a force P acting parallel 
to the plane and in a direction making an angle p with the line of 
greatest slope in the plane; if the coefficient of friction be p. and the 
equilibrium be limiting^ find the direction in which the body will begin 
to move. 


Let \V be the weight of the particle, and R the normal reaction. 

The forces perpendicular to the in> 
dined plane must vanish. 

R=W cos a (1). 

TLe other component of the weight 
will be irsino, acting down the line of 
greatest slope. 

Let the friction, /iJ2, act in the direc- 
tion ABf making an angle 0 with the 
line of greatest slope, so that the particle 
would begin to move in the direction RA produced. 

Since the forces acting along the surface of the plane are in equi- 
librium, we have, by Lami’s Theorem, 

p R _ irsin a _ P 

sin p ~~ .sin (^ +/?) sinO ^ '* 

From (1) and (2), eliminating R and ir, we have 
R sin a sin p 
cos a — ^ sin (0 + p) ' 



XT . tan a sin 

Hence sin (^ + /3) = 

giving the angle 6. 


Numerical Example. Suppose the inclination of the piano to bo 
30°, the coefficient of friction to bo and the angle between the force 
P and the line of greatest slope to be 30°. 

In this case we have 

«„ = V^=Bin60o (4). 

Hence 0 is 30°, and the body bemns to slide down the plane in a 
direction making an angle of 30° with the lino of greatest slope. 

W 

The force P could bo easily shewn to bo ^3. 

If the force bo on the point of overcoming the weight, it can bo 
easily shewn [or it follows from (4), since another solution is ^=90°], 
that the friction pR acts horizontally, so that the partide would start 
in a horizontal direction, and that tho corresponding value of P is 
II' 
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# EXAMPLES, XXXV. 


1, A ladder, whose centre of gravity divides it into two portions 
of length a and rests with one end on a rough horizontal floor, and 
the other end against a rough vertical wall. If the coefficients of 
friction at the floor and wall be respectively and shew that the 
inclination of the ladder to the floor, when the equilibrium is limiting, 

. 4 . OL-hfifi! 

IS ton-i , . r; . 

At(a + 6) 


2, A weightless rod is supported horizontally between two rough 
inclined planes at right angles to each other, the angle of friction X 
being less than the inclination of either plane. Shew that the length 
of that portion of the rod on which a weight may be placed without 
producing motion is sin 2a . sin 2X of the whole length of the rod, 
where a is the inclination of either plane to the horizon. 


3. A heavy uniform rod is placed over one and under the other of 
two horizontal pegs, so that the rod lies in a vertical plane ; shew that 
the length of the shortest rod which will rest in such a position is 
a (I + tan a cot X), 

where a is the distance between the pegs, a is the angle of inclination 
to the horizon of the line joining them, and X is the angle of friction. 


4t, A uniform heavy rod, 1 foot long, one end of which is rough 
and the other smooth, rests within a circular hoop in a vertical plane, 
the radius of the hoop being 10 inches. If the rod is in limiting equi- 
librium when its rough end is at the lowest point of the hoop, shew 
that the coefficient of friction is f 

5. A heavy uniform rod rests with its extremities on a rough cir- 
cular hoop fixed in a vertical plane ; the rod subtends an angle of 120° 
at the centre of the hoop, and in the limiting x>OBition of equilibrium 
is inclined to the horizon at an angle 0, If ^3/4= tan a, ft being the 
coefficient of friction, shew that 

tiind : tan 2a :: 2 : 

6. A and are two small equal heavy rings which slide on a mugli 

horizontal rod, the coefficient of friction being 3"^. Another equal 
heavy ring C slides on a weightless smooth string connecting A and B; 
shew that, in the position of limiting equilibrium, ABC is an equi- 
lateral triangle. 


7. One end of a hea^ uniform rod AB can slide along a rough 
horizontal rod AC, to which it is attached by a ring; B and C are 
joined by a string. If ABC be a right angle when the rod is on the 
point of sliding, ft the coefficient of friction, and a the angle between 
AB and the vertical, shew that 



'*~tan‘a+2.* 
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8. A uniform rod glided witli its ends on two fixed equally rough 
rods, one being vei'tical and the other inclined at an angle a to the 
horizon. Shew that the inclination 0 to the horizon of the movable 
rod, Avhen it is on the point of sliding, is given by 


tau^rs 


1 =F 2/1 tan a - /A* 
2 (tan a -^/i) 


9, A uniform ladder, whose length is a and wdioso weight is 11', 
makes an angle $ with the horizontal, and rests with one end against 
a vertical wall and the other ujwn a horizontal fl(K)v, the wall and 
floor being equally rough , and the coefficient of friction being tan X. 
Shew that a man, whose weigiit is P, can never get nearer to the top of 

n in ircot2X+/^cot\-(irj-P)tan<? . 

the ladder than a sin2\. 


10. The poles sux>porting a lawn-tennis net are kept in a vertical 
position by guy ropes, one to eiujli ih)1c, which pass round pegs 2 feet 
distant from the poles. If the coefficient of limiting friction between 
the ropes and pegs bo 3, shew that the inclination of the latter to the 
vertical must not be less than tan“^ the height of the poles being 
4 feet. 

11. A chest in the form of a rochingular parallclopiped, whoso 
weight without the lid is 200 lbs., and w idth from Iwick to front 1 f(K)t, 
has a lid weighing 50 Ihs. and .stands with its back 6 inches from a 
sniootli w.all and parallel to it. If the lid bo open and lean against the 
wall, find the least coefficient of friction between the chest and the 
ground that there may be no motion. 

12. A heavy circular disc, who.so plane is vertical, is kept at rest 

on a rough inclined plane by a string parallel to the plane and touch> 
iiig the circle. Shew that the disc will slip on the plane if the 
ct>efficient of friction bo loss than 1 tani, where i is the hIotk) of the 
piano. ^ 


13. A particle ro'jting on a rough table, whose coefficient of 
friction is /*, is fastened by a string, of length a, to a fixed point A on 
the table. Another string is fastened to the particle and, after pas.siiig 
over the smrH>th edge of the table, BUX)XH>rts an equal paHicle hanging 
freely. Shew that the particle on the table will rest at any XH)int P 
of the cirelo, whoso centre is A and whose radius is a, which is such 
that the string AP\& kept taut and the distance of the second string 
from A is not greater than fia, 

14. A heavy rod, of length 2at lies over a rough peg with one 
extremity leaning against a rough vertical wall; if c be the distance of 
the j^g from tlio wall and X be the angle of friction both at the peg 
and the wall, show that, when the point of contact of the rod with the 
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wall is abovo tlio peg, then the rod is on the point of sliding down- 
wards when 


sin® 0—*'' cos-X, 
a 

where 0 is the inclination of the rod to the wall. If the iioint of 
contact of the rod and wall bo below the ixig, prove that the rod is on 
the ]x>int of slipping downwards when 

sin‘- 0 si n {0 + 2\) — ^ cos‘^ X, 

and on the point of slipping upwards when 

si u*-* si n (tf - 2X) — cos*-* X . 

15. A circular disc, of radius a and weight IT, is placed within a 
Binooth sidicrc, of radius b, and a particle, of weight ir, is placed on 
tlio disc. If tlic cocrticient of friction between the particle and the 
disc bo /4, find the greatest distance from the centre of the disc at 
which tlio particle can rest. 

16. A smootli sphere, of given weight IT, rests between a vertical 
wall and a prism, one of wliosc faces rests on a horizontal plane ; if the 
coeiricieiit of friction between the horizontal plane and the prism bo / a, 
shew tliat the least weight of the prism consistent with equilibrium is 

ir ^'*^^^** ~ 0 ’ a is the inclination to the horizon of the face 

in contact with the sphere. 

17. Two equal rods, of huigth 2ri, are fastened togcMicr so as to 
form two sides a s<nuire, and one of them rests on a rough peg. 
Show that the limiting distances of the [loints of contact from the 

middle point of the rod arc where /u, is the cocilicicnt of 

friction. 


18. L'wo uniform ro<ls, JC and Jt(\ aro rigidly joined at C so 
that they form one uniform bent rod, whose two iiortions arc at right 
angles. This bent rod is supiiorted on the edge of a rough table 
which touches AC at its middle point. If JJC bo three times AC, 
shew that the tangent of the inclination of AC to the horizon is 

Find also the least value of the coeilicieut of friction that the rod 
may rest with the point A on the edge of the table. 

19. A heavy string rests on two given inclined pianos, of the same 
material, passing over a small pulley at their common vertex. If tho 
string be on tho point of motion, shew that tho lino joining its two 
ends is inclined to the horizon at the angle of friction. 
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20. On a rough inclined plane (a(=^ i) a weight W is just supported 

ir 

by a force y iioting up the plane and parallel to it. Find the 

A 

magnitude and direction of the least additional force, acting along 

jr 

the plane, which will prevent motion when the force acts along 
the plane, but at 60° with the line of greatest slope. 

21. A weight Jr is laid upon a rough plane , inclined 

at 45° to the horizon, and is connected by a string passing through a 
smooth ring, at the top of the plane, with a weight P hanging 
vertically. If JV=3/\ shew that, if $ be the greatest possible inclina- 
tion of the string A JF to the line of greatest slope in the plane, then 

cos ^ 

Find also the direction in which IF would commence to move. 


22. A weight IF rests on a rough inclined plane inclined at an 
angle a to the horizon, and the coenicient of friction is 2 tan a. Shew 
that the least horiz«)ntal force along the plane which will move the 
body is ^airsina, and that the body will begin to move in a direction 
inclinc<i at 60° to the line of greatest s]o]^>e on the plane. 


23. two equal weights, unequally rough, be connected by a 
light rigid rod and be placed on an inclined plane whoso inclination, 
a, to the horizon is the angle whose tangent is the geometric mean 
l)etween the coelhcicnts of friction, shew that the greatest possible 
inclination to the line of greatest slope which the rod can make when 


at rest is cos ’ 
friction. 


where and the coclTicicnts of 


24. A heavy particle is phiced on a roiigli plane inclined at an 
angle a to the horizon, and is connected by a stretched weightless 
string APlofi fixed point in the plane. If d /? bo the line of greatest 
slope and 0 the angle PAD when the x>»>z'ticlc is on the point of 
slipping, shew that sin 6^— /icota. 

lntci*prct the result when /a cot a is greater than unity. 

25. A hemispherical shell rests on a rough plane, whose angle of 
friction is X ; shew that the inclination of the plane base of the rim 
to the horizon cannot be greater than sin~^ (2BinX). 

26. A solid homogeneous hemisphere rests on a rough horizontal 
plane and against a smooth vertical Wi^l. Shew that, if the coefficient 
of friction be greater than , the hemisphere can rest in any position 
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and, if it be less, the least angle that the base of the hemisphere can 
make with the vertical is cos“^ . 


If the wall be rough (cocdicient of friction fi!) shew that this angle 






27. A. heavy homogeneous heiiiisphero rests with its convex sur- 
face in contact with a rough inclined plane; shew that the greatest 
possible inclination of the plane to the horizon is sin 

Shew that a honiogeneous sphei'c cannot rest in equilibrium on any 
inclined plane, whatever its roughness. 


28. ^ hcinispherc rest in equilibrium with its curved surface 

in contact with a rough plane inclined to the horizon at an angle 
sin*'^ 1 ^, iind the inclination of the plane base of the hemisphere to 
the vertical. 


29. A uniform hemisphere, of radius a and weight IK, rests with 
its spherical surface on a horizontal plane, and a rough particle, of 
weiglit jr', rests on the plane surface ; shew that the distance of the 

particle from the centre of the plane face is not greater than , 

oil 

where /i is the coelhcient of friction. 


30. A spherti, whose radius is a and whose centre of grjivity is at 
a distance .* from the centre, rests in limiting equilibrium on a rough 
plane inclined at an angle a to the horizon; shew thait it may be 
turned through an angle 


2 cos 



and still be in limiting equilibrium. 


L. S. 
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CHAPTER XV. 

misgp:llaneous. 


212. Bodies connected by smooth hinges. 

When two bodies are hinged togetlMn*, it usually happens 
that, either a roundtxl end of one body fil*s l(K>sely into 
a prepared hollow in the other body, as in the case of 
a ball-and-socket joint; or that a round pin, or other 
separate fastening, passes through a hoh^ in each body, as 
in the case of the hinge of a door. 


Til either case, if the Ixxlies be smooth, the action on 
each body at the hinge consists of a single 
force. Let the figure represent a section 
of the joint connecting two bodies. If 
it be smooth the actions at all the points 
of the joint pass through the centre of the 
pin and thus have as resultant a single 
force passing through 0 , Also the action 
of the liinge on the one body is equal and opposite to the 
action of the hinge on the other body; for force.s, equal 
and opposite to these actions, k^p the pin, or fastening, in 
equilibrium, since its weight is negligible. 
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If the joint be not smooth, then at the points of contact (7, 

D, ... there will also be frictional resistances acting in directions per- 
pendicular to OA^ OBt OCt The forces acting on such a joint will 

not, in general, reduce to a single force but to a force and a couple 
(Art. 87). 

In solving questions concerning smooth hinges, the 
direction and magnitude of the action at the liinge are 
usually both unknown. Hence it is generally most con- 
venient to assume the action of a smooth hinge on one 
body to consist of two unknown components at right angles 
to one another ; the action of the hinge on the other body 
will then consist of components equal and opposite to 
these. 

The forces acting on each body, together with the 
actions of the hinge on it, are in equilibrium, and the 
general conditions of equilibrium of Art. 83 will now apply. 

Tn order to avoid mistakes as to the components of 
the reaction acting on each body, it is convenient, as in 
the second figure of the following example, not to pro- 
duce the beams to meet but to leave a space betwe<m 
them. 

213. Bx. lliree equal uuifarm rods, each of weight W, are 
smoothly jointed so as to form an equilateral triangle. If the system 
he supported at the middle point of one of the rods, shew that the 

action at the Icnoest angle is ^ W, ami tJuit at each of the others is 



Let ABC be the triangle formed by the rods, and 1) the middle 
point of the side AB sX which the system is supported. 

lict the action of the hinge at A on the rod AB consist of two 
components, respectively equal to Y and X, acting in vertical and 
horizontal directions; hence the action of the hinge on AC consists 
of components equal and opposite to these. 

Since the whole system is symmetrical about the vertical line 
through D, the action at B wiM consist of components, also equal to 
Y and X, as in the figure. 


18—2 



276 


STATICS 


Let the action of the hinge C on Cli consist of vertically up- 
wards, and Xi horizontally to the right, so that the action of the same 
hinge on GA consists of two components opposite to these, as in the 




For Alif resolving vertically, we have 

,Sf=Tr+27 .(1), 

where S is the vertical reaction of the peg at J>. 

For CJij resolving horizontally and vertically, and taking moments 
about Ct wc have 

X-\ X,=0 (2), 

?r.*=y+r, (3), 

and I r . cos 60"^ + A" . 2(i si n 60” — Y . 2a cos 60” (4) . 

For CA , by resolving vertically, wo have 

»=v-r. (5). 

From equations (3) iind (5) wc Iiave 

and Y.^W. 

lienee equation (4) is 

Therefore, from (2), Xj^=- W. 

Also (1) gives S=S1V. 

Hence the action of the binge at B consists of a force Y^ 

^t.c. 0-^ angle tan“’ — (i.c. tan“* 2i^3), to the 

horizon; also tlie action of the hinge at C consists of a horizontal 

force equal to —IF. 

o 

A priori reasoning would have shewn us that the action of the 
hinge at C must be horizontal ; for the whole system is symmetrical 
about the line CD, and, unless the com^nent Yj vanished, the re- 
action at C would not satisfy the condition of symmetiy. 
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EXAMPLES. XXXVL 

1. Two equal uniform beams, AB and are freely jointed at B 
and A is fixed to a hinge at a point in a wall about which AB can 
turn freely in a vertical plane. At what point in BC must a vertical 
force be applied to keep the two beams in one horizontal lino, and 
what is the magnitude of the force? 

2. Two uniform beams, A C and CB^ are smoothly hinged together 
at C, and have their ends attiiched at two points, A and Bf in the 
same horizontal line. If they be made of the same material and be of 
total weight 60 lbs., and if otich be inclined at an angle of 60° to the 
horizon, shew that the action of the hinge at the point C is a hori- 
zontal force of 5/^3 lbs. weight. 

3. A pair of compasses, each of whose legs is a uniform bar of 
weight Wt is supported, hinge downwards, by two smooth pegs placed 
at the middle points of the legs in the same horizontal line, the legs 
being kept apart at an angle *2a with one another by a weightless rod 
joining their extremities; shew that the thrust in this rod and that 
the action at the hinge are each cot a. 

4 . Two equal uniform rods, AB and AC, each of weight IF, arc 
smoothly jointed at A and placed in a vertical plane with the ends B 
and G resting on a smootu table. Equilibrium is preserved by a 
string which attaches G to the middle point of AB. Shew that the 
tension of the string and the reaction of the rods at A are both 
equal to 

cosec a tJi + Q cos® a, 

and that each is inclined at an angle tan~^ tan a) to the horizon, 
where a is the inclination of either to the norizon. 

5. Two equal beams, AG and BG, freely jointed together at C, 
stand with their ends, A and i?, in contact with a rough horizontal 
plane, and with the plane ABG vertical. If the coefficient of friction 
be i , shew that the angle A GB cannot be greater than a right angle, 
and find the thrust at C in any position of equilibrium. 

6. Three unifonn heavy rods, AB, BG, and CA, of lengths 5, 4, 
and 3 feet respectively, are hinged together at their extremities to form 
a triangle. Shew that the whole will balance, with AB horizontal, 
about a fulcrum which is distant of an inch from the middle point 
towards A. 

Prove also that the vertical components of the actions at the 

187 163 

hinges A and B, when tlie rod is balanced, are BJid TF 

IHKI (XaI 

respectively, where W is the total weight of the rods. 
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7, Two equfti rods, AD and DC, are jointed at i/, and have their 
middle joints connected by an inelastic string of such a length that, 
when it is straightened, the angle ABC is a right angle ; if the system 
bo freely suspended from the point A^ shew that the inclination x>f 
AB to the vertical will be tan~~i and find the tension of the string 
and the action at the hinge. 

8. Two equal bars, AB and BC, each 1 foot long and each of 
weight W, are jointed together at B and suspended by strings OA, OB, 
and OC, each 1 foot long, from a fixed peg O ; find the tensions of the 
three strings and the magnitude of the action at the hinge, the strings 
and bars being all in one plane. 

9, Three uniform beams A B, BC, and CD, of the same thickness, 

and of lengths I, 21, and I respectively, are connected by smooth hinges 
at B and C, and rest on a perfectly smooth sphere, whose radius is 21, 
so that the middle point of BC and the extremities, A and D, are in 
contact with the sphere; shew that the pressure at the middle point 
of BC is weight of the beams. 

10, Three uniform rods AB, BC, and CD, whose weights are 
proportional to their lengths a, h, and c, are jointed at B and C and 
are in a horizontal position resting on two pegs P and Q; find the 
actions at the joints B and C, and shew that the distance between the 
pegs must be 

'2(i+b'^ 2c + b'^^' 

11. AB and AC are similar uniform rods, of length a, smoothly 
jointed at A, BD is a weightless bar, of length b, smoothly jointed 
at B, and fastened at P to a smooth ring sliding on AC. The system 
is hung on a small smooth pin at Shew that the rod AC makes 
with the vertical an angle 

tan*”* — 

12. A square fi^e ABCD is formed by four equal uniform rods 
jointed together, and the system is suspended from the joint A, and 
kept in the form of a square by a string connecting A and C; shew 
that the tension of the string is half the weight of the four rods, and 
find the direction and magnitude of the action at either of the joints 
B or D. 


13. Four equal rods are jointed together to form a rhombus, 
and the opposite joints are joined by strings forming the diagonals, 
and the whole system is pla^ on a smooth horizon^ table. Shew 
that their tensions are in the same ratio as their lengths. 
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214. Funicular, i.e. Rope, Polygon. If a light 
cord have its ends attached to two fixed points, and if at 
different points of the cord there be attached weights, the 
figure formed by the cord is ciilled a funicular polygon. 

Let 0 and 0^ be the two fixed points at which the 
ends of the cord are tied, and let A.j, ... be 
the points of the cord at which are attached bodies, 
whoso weights are ... respt^ctively. 

Let tlie lengths of the portions 

A-j^Any AnA^j ... Ay^Oif be , Of^y ••• respectively, 
and let their inclinations to the horizon be 

^2J ••• ^n+l* 





Let h and k be respectively the horizontal and vertical 
distances between the points 0 and Oi, so that 

cos ttj + rta cos oa H- ... + cos ^h...{l)y 
and sin aj f a.^ sin Oy + . . . + sin = k . . .(2). 

Let 2\y T^y ... be respectively the tensions of the 
portions of the cord. 
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llcsolving vcrticjilly and horizontally for tlio equilibrium 
of the different weights in succession, wo liave 

7 2 sin tto — T^ sin aj - *and 2 \ cos ~ 1\ cos aj — 0 ; 

1\ sin ttj — T^ sin a.^ — and cos — 2\ cos = 0 ; 

T^ sin — T3 sin -■ and 2\ cos - T^ cos = 0 ; 


sin - 1 \, sill a,» -- w,,, and cos cos a,^ =0. 



These 2n equations, together with tlio equations ( 1 ) 
and (2), arc theoreticalh* sufficient to determine the {ii 1) 
unknown tensions, and the (zz -i 1) unknown inclinations 

••• “h+j* 

From the right-hand column of e(iiiations, wo liave 
Ti cos Qi " 7 2 ^ ~ ^3 cos ttg = . . . == 2\i^i cos 

= A'(say) ( 3 ), 

so that the liorizontal comjKinent of the tension of the 
OQrd is constant throughout and is denoted by K 
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From (3), substituting for 1\^ ... 

hand column of equations, we have 

tan ttj — tan > 

tan tty — tan = ^ > 

. . 

tan a 4 — tan , 


WJw 

tan - tan a,^ . 


If tho weights bo all equal, the right-hand mcmbera of 
this latter column of equations arc all equal and it follows 
that tanaj, taiia^, ... tana^^.!, aro in arithmetical pro- 
gression. 

Hence when a set of equal weights aro attached to 
difterent points of a cord, us al>ove, the tangents of in- 
clination to tho horizon of successive portions of the coni 
form an arithmetical progression whose constant diffenmee 
is the weight of any attached particle divided by the 
constant horizontal tension of the cords. 


215. Graphical construction. If, in the Funi- 
cular Polygon, tho inclinations of the difTerent portions of 
cord bo given, we can easily, by geometric construction, 
obtain the ratios of w. 2 , ... 


For let C be any point and CD 
tiie horizontal lino through C, Draw 
Cl\y Cl\^ ... CPn+i parallel to the 
cords A^A^, ... A^Oi, so that 

the angles P^GD^ ... are re- 

spectively a^, oa, .... 

Draw any vertical line cutting 
these linos in D, P^ Py.... 
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Tlieii, by the previous article. 


K 

K 


= tan — tan a 


= tan ttj — tan a 


DP, DK, 

* CD' CD 

^DP,J^, 

" CD CD " 


and so on. 


P^l\ 
'CD ’ 

CD ' 


Hence the quantities A', ... are respectively 

proportional to the lines (7/>, ••• 

hence their ratios are determined. 

This result also follows from the fact that GPJi^-^ is 
a triangle of forces for the weight at CP^P^ similarly 
for the weight at so on. 

Similarly, if the weights hung on at the joints be given 
and the directions of any two of the cords be also known, 
we can determine the directions of the others. We draw a 
vertical lino and on it mark off ••• proportional 

to the weights fFg,.... Tf the directions of the cords 
OAi, A^A^ are given, wo draw P./) parallel to them 
and thus determine the point O, Join 0 io P^^ 7*4, ... etc., 
and we have the directions of the rest of the cords. 


216 . Tensions of Elastic Strings. All through 
this book we have assumed our strings and cords to be 
inextensible, i,e, that they would bear any tension without 
altering their length. 

In practice, all strings are extensible, although the 
extensibility is in many cases extremely small, and prac- 
tically negligible. When the extensibility of the string 
cannot be neglected, there is a simple ex{>erimental law 
connecting the tension of the string with the amount 
of extension of the string. It may be expressed in the 
form 

The tension of an elastic string varies as the exteyision of 
the string beyond its natural length. 
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Suppose a string to be naturally of length one foot; its tension, 
when the length is 13 inches, will be to its tension, when of length 
15 inches, as ^ 

13-12:15-12, i.c., asl:3. 

This law may be verified experimentally thus ; take a spiral spring, 
or an india-rubber band. Attach one end A to a fixed point and at the 
other end B attach weights, and observe the amount of the extensions 
produced by the weights. These extensions will be found to be 
approximately proportional to the weights. The amount of the 
weights used must depend on the strength of the spring or of the 
rubber band; the heaviest must not large enough to injure 

or permanently deform the spring or band. 

217 - The student wiil observe carefully that the 
tension of the string is not proportional to its stretched 
longtli, but to its extension. 

The above law was discovered by Hooke (a.d. 1635 — - 
1703), and enunciated by him in the form Ut tensio, sic tns. 
From it we easily obbiin a formula giving us the tension in 
any case. 

Let a bo the unstretehed length of a string, and T 
its tension when it is stretched to bo of length as. The 
extension is now as — a, and the law states that 
T^oc fic — a. 

This is generally expressed in the form 


the constsint of variation being - . 

Qt 

Tlie quantity \ depends only on the thickness of the 
string and on the material of which it is made, and is called 
the Modxdus of Elasticity of tJie String. 

It is equal to the force which would stretch the string, 
if placed on a smooth horizontal table, to twice its natural 
length ; for, when x = 2a, we have the tension 

a 

No elastic string will however bear an unlimited 
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stretching; wlien the string, through being stretched, is 
on the point of breaking, its tension then is called the 
hreahing tension. 

Hooke’s Law holds also for steel and other bars, but the 
extensions for which it is true in these cases are extremely 
small. We cannot stretch a bar to twice its natural lengtli ; 
but A. will be 100 times the force which will extend the bar 

by Y^^th of its natural length. For if — a -- , then 



The value of T will depend also on the thickness of the 
bar, and the bar is usually taken as one square inch section. 
Thus the modulus of elasticity of a steel bar is about 
13500 tons per square inch. 

By the method of Art. 134 it is easily seen that 
the work done in stretching an clastic string is equal to the 
extension multiplied by the mean of the initial find final 
tensions. 


Ex. ABO is an elastic striiujf lumping vertically from a fixed 
point A; at B and C are attached particles^ of weights and W 
respectively. If the modulus of elasticity of the string he 3W, find the 
ratio of the stretched lengths of the portions of the string to their un- 
stretched lengths. 

Let c and c^ be the unstretched lengths ot AB and BG, and x and 
y their stretched lengths. 

Let T and be their tensions, so that 


T=\- — =3)K 
c 



[A 


and = -1. 

c, c, 

From the equilibrium of B and O', wo have 
T-T^ = 2W, and Ti=W. 

Henoe T=3ir. 

... aw^^=air,a,nd3ir^-^=w. 

C Cj 


B 

'T, 

^ ^Ti 


C 


.*. d:=2c, and 

BO that the stretched lengths are respectively twice and four-thirds of 
the natural lengths. 
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EXAMPLES. XXXVn. 


1, ABC is an elastic string, whose modulus of elasticity is 4 IT, 
which is tied to a fixed point at A. At 2? and C are attached weights 
each equal to tlie unstrctched lengths of AB and BC being each 
equal to c. Shew that, if the string and bodies take up a vertical 
position of equilibrium, the stretched lengths of AB and BC are 'ic 
and Jc respectively. 


2. An elastic string has its ends attaclicd to two points in the 
same horizontal plane, and initially it is just tight and unstretched ; 
a particle, of weight ir, is tied to the middle point of the string; if the 


W 

modulus of elasticity bo -, shew that, in the position of eqiiili- 

brium, the two poi'tions of the string will be inclined at an angle of 
60" to one another. 


3. In the previous question, if 2a be the distance between the 
two points, 2c the unstrctched length of the string, and X the modulus 
of elasticity, shew that the inclination, d, of the strings to the vertical 
is given by 

- tan 0 1 sm 


4. A body rests on a rough inclined plane whoso inclination a to 
the horizon is greater than X, the angle of friction ; it is held at rest 
by ail elastic string attached to it and to a point on the plane. If the 
modulus of elasticity be equal to the weight of tht! body, prove that in 
the position of equilibrium tlic nitio of the length of the string to its 
original length is 

1 + sin (a - X) . sec X. 

5, Four equal jointed rods, each of length a, are hung from an 
angular point, which is connected by an elastic string with the 
opposite ix)int. If the rods hang in the form of a square, and if 
the mrxluluH of elasticity of the string be equal to the weight of a 

rod, show that the unstrctched length of the string is 

U 

6. An clastic cord, whose natural length is 10 inches, can be kept 
stretched to a length of 15 inches by a force of 5 lbs. wt. ; find the 
amount of work done in stretching it from a length of 12 inches to a 
length of 15 inches. 

7, A spiral spring requires a force of one pound weight to stretch 
it one inch. How much work is done in stretching it three inches 
more? 
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Oraphlc Congtructtons. 

218 . To Jiiid the resvltomt of any number of coplanar 
forces. 

Let the forces bo Qy Ji, and S wJiose lines of action 
are as in the left-hand figur<5. 

Draw the figure AHCDE having its sides ABy BCy CD, 
and DE respectively parallel and proportional to I\ Q, R 
and S, Join AEy so that by the Polygon of Forces AE re- 
presents the required resultant in magnitude and dii’oction. 



Take any point 0 and join it to Ay By Cy and E; let 
the lengths of these joining lines l)e a, by c, d, and e 
respectively. 

Take any point a on the line of action of P ; draw a/8 
parallel to BO to meet Q in fiy fiy parallel to CO to meet 
R in y, and y8 parallel to DO to meet S in 8. 

Through 8 and a draw lines parallel respectively to EO 
and OA to meet in c. 

Through c draw cZ parallel and equal to AE, Then 
cZ shall represent tlie required resultant in magnitude and 
line of action, on the same scale that AB represents P. 
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For P, being represented by AB^ is equivalent to forces 
represented by AO and OB and therefore may bo replaced 
by forces equal to a and h in the directions ca and So 
Q may be replaced by h and c in directions and y)3, R by 
c and d in directions and Sy, and B by forces d and e in 
directions yS and cS. 

The forces 7^, 7i*, and B liave therefore iKien replaced 

by forces acting along the sides of the figure ajSySc, of 
which the forces along a^, ^y and yS balance. 

Hence we have left forces at € which are parallel and 
(H|ual to AO and OP, whose resultant is AE, 

Since is drawn parallel and equal to AE^ it therefore 
represents the required resultant in magnitude and lino of 
action. 

Such a figure as ABODE is called a Force Polygon 
and one such as a^ySc is called a Link or Funicular 
Polygon, because it represents a set of links or cords 
in equilibrium. 

219 . If the jioint E of the Force Polygon coincides 
with the point A it is said to close, and then the resultant 
force vanishes. 

If the Force Polygon closed, but the Funicular Polygon 
did not close, Le. if 8ca was not a straight line, we shouhl 
have left forces acting at 8 and a parallel to OE and A 0, 

we should in this case have two equal, opposite, and 
parallel forces forming a coupla 

If however the Funicular Polygon also closed, then Sea 
would be a straight line and these two equal, opposite, and 
parallel forces would now bo in tlie same straight lino and 
would balance. 

Hence, if the forces P, P, S are in equilibrium, both 
their Force and Funicular Polygons must close. 
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220 . I£ the forces be parallel the construction is the 
same as in the previous article. The annexed figure is 


drawn for the case in which the forces arc parallel and two 
of the five forces are in the opposite direction to that of 
the other three. 

Since Py 7?, and S arc in the same direction we have 
A By CDy and DE in one direction, whilst BC and EF 
which represent Q and T arc in the opposite direction. 

The proof of the construction is the same as in the last 
article. The line fA, (H|ual and parallel to Ah\ represents 
the required resultant both In niagnitiidc and line of 
.'iction. 

This construction clearly applies to finding the re- 
sultfint weight of a number of weights. 

221 . A closed polygon of light I'ods freely jointed at 
their extremities is acted upon by a given system of forces 
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acting at the joints which a/re in equilibrium; find the 
actions aloihg the rods. 

Let -^ 2^31 ••• ^ ^ system of five rods freely 

jointed at their ends and at the joints let given forces 
-^3> '^4> and act as in the figure. 

Let the consequent actions along the rods be t^, t^^ ^ 3 , t^, 
and as marked. 

Draw the pentagon having its sides parallel 

and proportional to the forces P,, 7^, ... P^^. Since the 
forces are in equilibrium this polygon is a closed figure. 

Through a^ draw a^O parallel to A^A^ and through a-^ 
draw a^O parallel to Aj^Ai. 

Now the triangle a^Ooi has its sides parallel to the 
forces A, and tn which act on the joint A^. Its sides 
are therefore proportional to these forces; hence, on the 
same scale that agii represents P,, the sides Oa^ and afi 
I'epresent t., and 

Join 0a.2f Oa.^ and Oa^. 

The sides a^a .2 and Ottj represent two of the forces, P» 
and tj, which act on A.^. Hence ajO, which completes the 
triangle aiOa^, represents the third force t^ in magnitude 
and direction. 

Similarly Oa^ k-nd Oa^ represent t^ and t^ respectively. 

The lines Oa^, Oceg, Oa.,, 0^4 and Oa^ therefore represent, 
both in magnitude and direction, the forces along the sides 
of the framework. The figure a^a^fLgxfi,^ is called the force 
polygon. 

A similar construction would apply whatever be the 
number of sides in the framework. 


L. s. 


19 
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222 . It is clear that the hgure and construction of the 
preceding article are really the same as those of Art. 218. 

If the right-hand figure represents a framework of rods 
aa^ 3 , ... acted on at the joints by forces along 

UiO, a,fiy ... then tlie polygon AiA.A.^A^Aa of tlie left-hand 
figure is clearly its force polygon, since AiA^y A,A.^ ... are 
respectively parallel to a^O, aj) .... 

Hence either of these two pol^^gons may be taken as the 
Framework, or Funicular Polygon, and then the other is 
tlie Force Polygon. For this reason such figures are called 
Reciprocal. 

As another example we give a triangular framework 
acted on at its joints by three forces I\ in equili- 
brium whose force polygon is ; conversely, A.^A;^A^ is 

the force polygon for the triangle acted on by forces 

7\, Pa, "Ai- 



223. fix. 1. A framewtyrky ABCD^ comimting of light rods 
stiffened by a brace AC ^ is sujtporU^d in a vertical jdaiie by supports at 
A and B, so tluit AB is horizontal; the lengths of AB^ BC\ CD and 
DA are 4, 3, 2, and 3 feet respectively; also AB and CD are parallel^ 
and AD and BCare equally inclined to AB. If weights of 5 and 10 cwt. 
respectively be placed at C and D, find the reactiom of the supports 
at A and B, and the forces exerted by the different portions of the 
framework, 

Tjet the forces in the sides be as marked in tlie figure and lot 7^ and 
Q be the reactions at A and B. 
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Draw a vertical line a/3, 5 inohea in length, to represent the weight 
10 cwt. at D; also draw parallel to AD and /3d parallel to CD, 




Then a/35 is the Triangle of Forces for the joint I>, and the forces at 
7) must be in the directions marked. 

Note tliat the force at C in the bar DC must be along DC or C7>, 
and that at D in the same bar along CD or DC. 

[This is an important general principle; for any bar, which under- 
goes stress, is either resisting a tendency to compress it, or a tendency 
to stretch it. 

In the first case, the action at each end is from its centre towards 
its ends, in which case it is called a Strut ; in the second case it is 
towards its centre, when it is called a Tie. 

In either case the actions at the two ends of the rod arc equal and 
opposite.] 

Draw /Sy vertical and equal to 2^ ins. to represent the weight at C. 
Draw ye parallel to BC and 5c parallel to AC. Then BfiyeB is the 
Polygon of Forces for the joint C, so that the actions at C are as 
marked. 

Draw c^ horizontal to meet ay in f*. 


19—2 
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Then ey^ is the Triangle of Forces for so that the reaction Q is 
represented by and Tj by 

Finally, for the joint At we have the polygon dented, so that P is 
represent^ by fvx. 

On measuring, we have, in inches, 

€f=l*10, 7 c= 3*31, 5^ = 1-77, 5a=:6*30, 3€=-91. 

7i-=3-125, and f-a = 4-376. 

Hence, since one inch represents 2 cwt., we have, in cwts., 
r,=2-20, ra=6-62, 2’3=3*54, T4=10-6, 25=1-82, 

. <?=6‘25, and JP=8*75. 

It will be noted that the bars AB and AC are in a state of tension, 
i,e. they are ties, whilst the other bars of the framework are in a state 
of compression, i.e. they are struts. 

The values of P and Q may be also found, as B and £f are found 
in the next example, by the construction of Art. 220. 

Bz. 2. A portion of a Warren Girder consists of a liglvt frame com- 
posed of three equilateral triangles ABC t OBO, CT>E and rests with A CK 
horizontal being supported at A and E, Loads of 2 and 1 tom are hung 
on at B and D; find the stresses in the various members. 



Draw a/3, 87 vertical, and equal to 2 inches and 1 inch respectivelyt 
to represent 2 tons and 1 ton. Take any pole O and join Oa, 0/3, O 7 . 

Take any point a on the line of action of the 2 ton wt. ; draw ad , 
parallel to aO to meet the reaction R in d, and ab parallel to pO to' 
meet the vertical through D in b, and then be parallel to 7 O to meet 
S in c. Join cd. Then abed is the funicular polygon of which (if we 
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draw Ob parallel to cd) afiyb is the force polygon (in this case a straight 
line). Hence ba represents B and 7^ represents S, 

Let the forces exerted by the rods, whether thrusts or tensions, be 
Tjj, ... as marked. 

Draw be parallel to CA and ae parallel to AB; then aeb is a 
triangle of forces for the joint A, so that ae and eb represent 2 2 
and Ti. 

Draw e^ and parallel to BC and BI) respectively. Then eafij;’ is 
tlie polygon of forces for the joint B so that and 23 are given by cf 
and respectively. 

Draw bd parallel to DC; then be^d is the polygon of forces for the 
joint C and hence 1^6 and 6b represent 2 b and T^. 

Draw 71 parallel to DC to meet e^ produced in i ; then is the 
> polygon of forces for the joint D so that yi and represent 2 3 and 2 « 
respectively ; [it follows that yi must be equal and parallel to bd^ and 
hence i0 must be equal and parallel to yb and therefore represent N.] 

Finally is the triangle of foioes for the joint B. 

Hence if we measure off the lengths aS, ^7, eb, ea, f'/S, e^, $bi 

in inches, we shall have the values of Sy 2\ , , 23 , , 23 , 

1\ respectively expressed in tons* wt. * 

They are found to be 1*75, 1*25, 1*01, 2*02, *87, *29, *72, -29, and 
1*44 tons* wt. respectively. 

From the figure it is clear that ACy CE and CD are ties and that 
the others are struts. 

EXAMPLES. XXXVin. 

[The following arc to he eolved by graphic methodeJ] 

1. A uniform triangular lamina ABC, of 30 lbs. weight, can turn 
in a vertical plane about a hinge eAB; it is supported with the side 
AB horizontal by a peg placed at the middle point of BC, If the sides 
ABy BCy and CA be respectively 6, 5, and 4 feet in length, find the 
pressure on the prop and the strain on the hinge. 

2. A uniform ladder, 30 feet long, rests with one end against a 
smooth wall and the other against the rough ground, the distance of 
its foot from the wall being 10 feet ; find the resultant force exerted 
by the ground on the foot of ^he ladder if the weight of the ladder be 
150 lbs. (1) when there is no extra weight on the ladder, (2) when 
1 cwt. is placed f of the way up. 

3. It is found by experiment that a force equal to the weight of 
. 10 lbs. acting along the plane is required to make a moss of 10 lbs. 

begin to move up a plane inclined at 45° to the horizon ; find the co- 
efficient of friction between the mass and the plane. 
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4. Throe forces equal reapecfcively to the weights of 6*06 Jbs., 
4*24 lbs., and 3*85 lbs. PiOt at three given points of a flat disc resting 
on a smooth table. Place the forces, by geometric construction, 
so as to keep the disc in equilibrium, and measure the number of 
degrees in each of the angles which they make with one another. 

5, A uniform rectan^lar block, of which ABCD is the sym- 
metrical section through its centre of gravity, rests with CD in con- 
tact with a rough horizontal plane (/u=^); the weight of the block is 
40 lbs. and a force equal to 10 lbs. wt. acts at D in the direction CD ; 
if the lengths of DC and CD be respectively 3 and 6 feet, find the value 
of the least force which, applied at the middle point of CB parallel to 
the diagonal 7)71, would move the block. 

6. A body, of weight 100 lbs., rests on a rough plane whose 
slope is 1 in 3, the coefficient of friction being ^ ; find the magnitude 
of the force which, acting at an angle of 40° with the plane, is on the 
point of dragging the body up the plane. Find also the force which, 
acting at an angle of 40° with the plane, is on the point of dragging 
the b^y down the plane. 

7, ABC is a triangle whose sides AB^ BC^ CA are respectively 
12, 10, and 15 inches long and BD is the mrpendicular from B on CA . 
Find by means of a force and funicular polygon the magnitude and the 
line of action of the resultant of the following forces ; 8 from A to C, 
8 from C to 7i, 3 from B to A, and 2 from 71 to D. 

AB is a straight line, 3 feet long; at A and B act parallel 
forces equal to 7 and 5 cwt. respectively which are (1) like, (2) unlike; 
construct for each case the x>osition of the point D at which their 
resultant meets AB and measure its distance from A, 

9. Loads of 2, 4, 8 cwt. are placed on a beam 10 ft. long at 
distances of 1 ft., 3 ft., 7 ft. from one end. Find by an accurate 
drawing the lino of aotion of the resultant. 

10. A horizontal beam 20 feet long is supported at its ends and 
carries loads of 3, 2, 5, and 4 owt. at distances of 8, 7, 12, and 15 feet 
respectively from one end. Find by means of a funicular polygon the 
thrusts on the two ends. 

11. A triangtdar frame of jointed rods ABC, right-a^led at A, 
can turn about A in a vertical plane. The side AB is horizontal and 
the oomer C rests a^nst a smooth vertical stop below A.*' If AB= 3 ft. , 
ACsx 1 ft. , and a weight of 50 lbs. be hung on at B, find graphically the 
stresses in the various bars. 

12. Forces equal to 1, 2, 4, and 4 lbs. weight respectively act 
along the sides AB, BC, CD, and DA of a square. Prove that their 
resultant is 3*6 lbs. weight in a direction inclined at tan~^ f to CB and 
intersecting BC produced at O, where CG is equal to i BO. 
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13. AC and Cli aro two equal beams inclined to one another at 
an angle of 40°, the ends A and B resting on the nound, which is 
rough enough to prevent any slipping, and the plane ACB being 
inclined at an angle of 70° to the ground. At C is attached a body 
of weight 10 cwt. , and the system is supported by a rope, attached to 
C, which is in the vertical plane passing through C and the middle 
point of AB. If the rope be attached to the ground and be inclined 
at an angle of 50° to the ground, find the tension of the rope and the 
action along the beiims. [This arrangement is called a Sheer-legs.] 

14. A beam, AB^ of weight 140 lbs., rests with one end ^ on a 
rough horizontal plane, the other end, 1?, being supported by a cord, 
l^assing over a smooth pulley at C, whose horizontal and vertical 
distances from A arc respectively 15 and 20 feet. If the length of the 
beam be 15 feet, and it be on the point of slipping when the end B is 
at a height of 9 feet above the horizontal plane, find the magnitudes 
of the cocflicient of friction, the tension of the chord, and the resultant 
reaction at A . 

15. A triangular framework ABG^ fomied of three bars jointed at 
its angular points, is in equilibrium under the action of three forces 
By Qy and B acting outwards at its angular points, the line of action 
of each being the line joining its point of application to the middle of 
the opposite bar. If the sides BCy CA, md A B be 9 ft., 8 ft., and 7 ft. 
in length respectively, and if the force P te equal to 50 lbs. wt., find 
the values of Q and P, and the forces acting along the bars of the 
framework. 

16. A and B are two fixed pegs, B being the higher, and a heavy 
rod rests on B and passes under A ; shew that, the angle of friction 
between the rod and the pegs being the some for both, the rod will 
rest in any position in which its centre of gravity is beyond B, 
provided tliat the inclination ot A B to the horizon is less than the 
iiiigle of friction ; also, for any greater inclination, determine graphic- 
ally the limiting distance of the centre of gravity beyond B consistent 
with equilibrium. 

17. A uniform beam ABy weighing 100 lbs., is supported by 
strings AC and P/1, the latter being vertical, and the angles CAB and 
ABD are each 105°. The rod is maintained in this position by a 
horizontal force P applied at B. Shew that the value of P is al^ut 
25 lbs. weight. 

18. AM and AC aro two equal rods of no appreciable weight 
smoothly jointed together at Ay which rest in a vertical plane with 
their ends upon a smooth horizontal plane BC. D is a point in AB 
such that AD^^AB and E and F are the points of trisoction of ACy 
K being the nearer to A, A fine string connects P and Pand is of 
such a length that the angle A is 60°. Shew that, if a weight W be 

W 

attached to P, the tension of the string is . 
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19. AJiCDKF is a regular hexagon. 8hew that the forces which 
must act along yfC, AF^ and J)E to produce equilibrium with a force 
of 40 lbs. weight acting along EC are respectively 10, 17*32, and 
34*64 lbs. weight. 

20. Fig. 1 consists of a symmetrical system of light rods freely 
joint^ and supported vertically at the extremities ; vertical loads of 
10 and 5 cwt. are placed at the points indicated ; find the thrusts or 
tensions of tlie rods, if the side rods are inclined at 50° to the 
horizon. 


21. Fig. 2 consists of a symmetrical system of light rods freely 
jointed and supported by vertical reactions at A and H ; if a weight of 
10 cwt. be plac^ at T> find the thrusts or tensions in the rods, given 
that / 2)^121=55° and 



22. A crane is constructed as in Fig. 3, and 15 cwt. is hung on 
at A ; find the forces along the parts AC and AB. 

If the post BC be free to move, and BD be rigidly fixed, find the 
pull in the tie CV. 

23. A portion of a Warren girder consists of three equilateral 
triangles AliC, ADC, BCE, the lines AB, DCE being horizontal and 
the latter the uppermost. It rests on vertical supports at A and B and 
carries 5 tons at D and 3 tons at E, Find the reactions at the supports 
and the stresses in the four inclined members. 

24. , ABCD consists of a quadrilateral consisting of four light rods 
loosely jointed, which is stiffened by a rod BD; at A and ^act forces 
equal to 40 lbs. weight. Given that AB=2 ft., BC=S ft., CD=^ ft., 
DA=4^ ft., and DB=6 ft., find the tensions or thrusts of the rods. 



CHAPTER XVL 


SOME ADDITIONAL PROPOSITIONS. 

224. Formal proof of the Parallelogram of 
Forces. 

The proof is divided into two portions, (I) as regards the 
direction, (II) as regards the magnitude of the l esultant. 

L DlUECTlON. 

(a) Equal Forces. 

Let the forces be equal and repi\;s(»iitcd by OA and 

on. 

Complete the parallelogram 
and join 0(7. Then 00 
bisects the jingle A OB. 

Since the forces arc equal, 
it is clear that the resultant 
must bisect the angle between 
them; for^here is no reason to shew why the resultant 
should lie on one side of 0(7 which would not equally hold 
to shew that the resultant should lie on the other side of 
0(7. Hence, as far as regards direction, we may assume 
the truth of the theorem for equal forces. 
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(/i) Commensurable Forces. 

Lemma. If the theorem he trm^ as far as regards 
direction^ for a j>air of forces P and Q, and also for a 
of forces P and R acting at the same angle, to shew that it is 
(nie for the 'pair of forces P and {Q k- R). 

Let the forces act at a point of a rigid body, and let 
AR be the direction of P, and ACD that of Q and R. 

Let AR and AG rej)rescnt the forces P and Q in 
iiiagiiitudc. 

Since, by the piinciple of The Transniissibility of 
Force, tlic force R may be supposed to act at any point in 
its line of action, let it act at C and be represented by 

CD, 



Complete tlie parallelograms AREC and A RED, 

The resultant of P and Q is, by supposition, C(j[ual to 
some force T acting in the direction AK \ let them bo 
replaced by this resultant and lot its point of application be 
removed to E, 

This forc(j 1\ dieting at E, may iiow” be replaced by 
forces, equal to 7* and Q, acting in the directions GE and 
EF respectively. 

Let their points of application bo removed to C 
and F, 

Again, by the supposition, the resultant of P and R, 
acting at (7, is equivalent to some force acting in the 
direction CF \ let them be replaced by their resultant and 
let its point of application bo removed to F, 
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All the forces have now been applied at F without 
altering their combined cfTect; hence F must be a point 
on the line of action of their resultant ; therefore is 
the dii’cction of the required i-esultant. 

Hence the Lemma is proved. 

Application of the lemma. 

By (a) we know that the theorem is true for forces 
whicli are each equal to S, 

Hence, by the lemma, putting P^ and R each equal 
to aS’, wc see that the theorem is true for forces S and 2*S^ 
Again, by the lemma, since the theorem is true for forces 
{Sj S) and {S^ 2S) we see that it is true for forces (S, 3S). 
Similarly for forces (S, 4*S') and so on. 

Continuing in this way we see that it is true for forces 
S and mSj where m is any positive integer. 

Again, from the lemma, putting P equal to mS, and 
Q and R both equal to Sy the theorem is true for forces 
mS and 2S. 

Again, putting P eijual to mS, Q to 2*8^, and R to Sy 
the theorem is true for forces mS and 3 a9. 

Proceeding in this way we see that the tl 1601*6111 is true 
for forces mS and 7iSy where m and n are positive integers. 

Also any two commensurable forces can bo represented 
by mS and nS. 

(y) Incommensurable Forces. 

Let P and Q be incommensurable £ 01 * 068 , and let AB 
and AG represent them. 
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Complete the parallelogram A BDG. 

If the resultant of P aiid Q be not in the line AD let it 
iict in the line AIJ meeting CD in E. 

Divide AG into any number of equal parts ac, each less 
than ED^ and from CD cut off successively portions, each 
equal to x. The last point of subdivision F must fall 
between E and jO, since x is less than ED, 

Draw FG parallel to GA to meet AB in 6?, and join 
AF, 

The lines AG and AG represent commensurable forces, 
and therefore their resultant is, by ifi)^ in the direction 
AF. 

Hence the resultant of forces AG and AB must lie 
within the angle BAF. But this resultant acts in the 
direction AE^ which is without the angle BAF. 

But this is absurd. 

Hence AE cannot be the direction of the resultant. 

In a similar manner it can be shewn that no other 
line, except AD^ can be the direction of the resultant. 

Hence AD the direction of the resultant. 

II. Magnitudk. 

As before let AB and AC represent the forces P and Q. 
Complete the parallelogram A BDG. 

E 
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Take a force R, represented both in magnitude and 
direction by AE^ to balance the resultant of P and Q, 

Then, by the first part of the proof, AE is in tlie same 
straight line with AD, AE shall also be equal Ui AD. 

Complete the parallelogram AEFB, 

Since the three forces P^ Qy and R are in equilibrium, 
each of them is equal and opposite to the resultant of the 
other two. 

Now the resultant of P and R is in the direction AF \ 
lienee ACy the direction of Qy is in the same straight lino 
with AF, 

Therefore A DBF is a parallelogram, and hence DA 
equals BF, 

But, since AEFB is a parallelogram, equals AF, 

Therefore AD equals AEy and hence AD is equal, in 
magnitude as well as direction, to the resultant of P 
and Q, 

The above proof is known as Bnehayla's Proof. 

225, Centre of gravity of a uniform circular 

arc. 

Let AB be a circular arc, subtending an angle 2a at its 
centre Oy and let OC bisect the 
angle AOB, 

Let the arc Ali be divided 
into 2/1 equal portions, the 
points of division, starting from 
Cy being P^y towards 

Ay and Q^y towards B, 

At each of these points of 
division, and at the extremities 
A and B, and also at the point 
Cy let there be placed equal particles, each of mass 7 /i. 

Let the arc joiniiig two successive particles subtend 
an angle J3 at the centre 0, so that 2nfi = 2a. 


e 
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Since tlie system of particles is symmetrical with respect 
to the line OC, the centre of gravity, (f\ must lie on the 
line OC. Let x be the distance OG, 

Then, by Art. Ill, 

mr -f . r cos P . r cos 2/8 + . . . '‘Imr cos np 
•m + 2m h 2m f- ... + 2m 


v 1 ^ yS + 2 cos 2p+ ... +2 cos np^ 


2?i + 1 


1 + 2 - 


+ 1 . nP 

cos —zy— P sin 




, [yWf/. Art. 242] 


by summing the trigonometrical series, 


2n + 1 


sin (^i + 

^ 7T 


. p 

sm 2 


«n(n+l)^ sin (a + 2 “^) 

"B r — — — — — 

{2n + 1) sin I (2w + 1) sin 


.(i). 


Now let the numl-ier of piii*ticles be increased without 
limit, a remaining constant, and consequently p decreasing 
without limit. We thus obbiin the ca.se of a unifonn 
circular arc. 


Now {2n - 1 - 1 ) sin ^ ^ ^ a . 


2n 


a 

2n 


sm - 


fi 1 1 2 m 

* 2m ' 

when M is made indefinitely great. 
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Hence, in the case of a uniform circular arc, (i) becomes 


x-r 


Cor. In the case of a semicircular arc, in which a - 
the distance of the centi’e of gravity from the centre 


2r 


226 . Centre of gravity of a sector of a circle. 

With the same notation as in the last article, let P and Q 
be two consecutive points on the circular boundary of the 
sector, so that PQ is very approximately a straight line, 
and OPQ is a triangle with a very small vertical angle at 0. 

Take F on OP such that OF - ^OP \ when PQ is very 
small, F is the centre of gravity of the triangle OPQ, 


* 'riie Silidoiit who is iW/quainted with the Integral Calculus 
can obUiin this result very much easier tlius; 

Let P be a point on the arc such that lPOC^O^ and 7^ a vciy 
close point such that I P'OP:=SO. 

If M 1x3 the mass of the whole arc the mass of the element PF is 

-f- . and the abscissa of the point P is r cos 6, Hence, by Art. 11 1 , 
2a 



Also, by symmetry, it is clear that the centre of gravity must lie 
on 00, 
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3y joining 0 to an indefinitely large number of con- 


secutive points on the arc AB^ the 
sector can be divided into an in- 
definitely large number of triangles, 
each of whose centres of gravity 
lies on the dotted circular arc, whose 
radius is fr. 

Hence the centre of gravity of 
the sector is the same as that of the 
circular arc A'CR^ so that, by the 
last article, 



a * a 


Cor. If the sector lie a senii-circlo, a and the 


distance OC' — 


2fl7. Centre of gravity of the segment of a 
circle. 

The segment of a circle ACB is the difiereiice between 
the sector OACB and the triangle 


GAB, 

Using the same notation as in 
the two previous articles, let and 
6r., be respectively the centres of 
gravity of the triangle AOB and the 
segment ACB, Also lot G Ixj the 
centre of gravity of the sector, and 
let AB meet OC in D. 

We have, by Art. 109, 



QQ - ^ + segment ACB x 0G.i 

~ A AOB -i- segment ACB 
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But 

iiiirl 

Also 


OGy — \0D - cos a, 

OG-lr""---, 

A A OR — sin tin, 


;iii(l so^Miie-ni A /IG - sector A OR —AA OR 

— . 2tt — Jr*-* sin 2a. 

Hence (Mjnation (i) iKJcomes 

„ sin a sill 2a x j-r c<»s a + (2a - sin 2a) x OG^ 

j,.-. 


4 


ijr cos a sin 2a + OG.^ (2a - sin 2a) 


r sin a )Jr cos a sin 2a — 0 G ,2 (2a --- sin 2tt) ; 


0(/,-*r 


Sin a cos^asina 
2a sin 2tt 


4 


siir* a 
a - sill 2a ‘ 


228 . Centre of gravity of a Zone of a Sphere. 

7o lyrovc that the anttre of <jravitij of the sarfave of antj 
zonti of a .sphere in mklivay between its plane erufs. 

[A zone is tlio jiortioii of a spliero intercepted lietwcen 
;iny two parallel planes.] 

Ijet ARCf/J lie the section of the zone which is made hy 
a j llano through the centre of the sphere perjx'iidiciilar to 
its plane ends. 

Ill the plane of tlie paper let ROR* be tlio diaiiiettu* 
jiarallel to the plane ends. Draw the tangents RU and* 

20 


L. 8, 
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B,*V* at its ends, and let AB and CD meet tliem in the 
points a, c, and d. 

Consider the figure obtained by revolving the above 
figure about E0E\ The arc AD will trace out the zone 
and the line ad will trace out a ]X)rtion of the circum- 
scribing cylinder. 



We shall shew that the areas of the portions of the 
zone and cylinder intercepted l>etween the planes ah and cd 
are the s^ime. 

Take any point P on the arc Ixitween A and D and 
another point Q indefinitely close U) P, Draw the lines 
pPMP'p' and qQEQ'q' perpendicular to OE as in the 
figure. 

Let PQ meet E'E in T and draw QS perpendicular 
to PM. 

Since Q is the very next point to jP on the arc, the 
line PQ is, by the definition of a tangent, the tangent at P 
and hence OPT is a right angle. Also in the limit, when 
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P and Q are very close to one anotlier, the area traced out 
by PQ^ which really lies between 2irMP.PQ and 2irNQ.PQ^ 
is equal to either of thenL 

We then have 


element of the zone area traced out by PQ 
element of Sie cylinder area traced out by j)q 
^ 2jj^MP .PQ ^ PQ ^ \ 

~ 27 r . Mp . pq "" Mp ‘ SQ ~~ Mp * cos SQP 

MV _1 ^ 1 MP OP 

Mp ' cos OTP ’ sin J/OZ* Mp ' MP 


The portions of the zone and cylinder cut off by these 
two indefinitely close planes are therefoi'e the same and 
hence their centres of gravity are the same. 

If we now take an indefinitely large number of thin 
sections of the zone and cylinder startitig with AB and 


ByZntasralOaleultts. Let l AOK—.a, i and L 

Tho element of area at P=</5^ x 2irrt sin and tlie abscissa of P is 
aoosB. Hence, by Art. Ill, 


2ir<t-sin OdB 


/> 


/ 2irn^ sin BSB . a cos B /si 

..LA- 

/: 

. - • 

Jfl a sin- a ~ si 

■“[--'I'"' 

a ooB*i9-oos*a a, . 

2 cos/9-cosa 2' ^ ' 

==i[or+o//j. 


sin B cos Bd& 


sin BdB 


sin*-^ 
'2 oos^-cosa 


20-2 
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ending with CD the corresponding sections hfive the same 
mass and ilio same centre of gnivity. 

The centre of gr»T,vity of the zone and cylinder am 
tliereforc the wiiiie, and tlio centre of gravity of tlie latter 
is clearly the middle point of LL\ 

Hence the centre of gravity of any zono of a s])heit3 is 
midway between its plane ends. 

229. Centre of gravity of a hollow hemisphere. 

Let AB i)ass through the centre of the sphoro and 
iherefort^ coincide with B.R\ Also let D and C move uj) 
to coincide with so that the bounding plane DC becomes 
a point at E, 

The zone thus becomes the hemispliore MDECR^ iuid its 
centre of gravity is therefore at the middle point of OBy 

it })isects the radius of the sphere perpendicular to tho 
plane base of the hemisphere. 

230. To fmd the (f the centre if gravity if 

a solid hemisphere. 

*Let f^AM be the secthm of the hemisphere made by the 

* By Intesral Caloulus. Let P be anj point on tho are Ah\ 
dniw PN perpendicular to OA and let 0A’^=.c, NP~y; then clearly 

whore a is the radius of the liemisphere. 

Tho oloment of volume included between i\V iukI the piano at 
distance is T//^d.c. Also tho abscissa oE P is x. 

Hence, by Art. Ill, 
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plane of the paper, and let OA be the radius of the 
hemisphere which is perpendicular to its 
plane base. 

Take any point P on the hemisphere 
and consider exceedingly small ele- 
ment of the surface at P. The centre 
of gravity of the very thin pyramid, 
whose base is this small element and 
whose vertex is 0, is at a point on 
0/\ such that OP* -~ \0P, (Art. 107.) 

The weight of this very thin pyramid 
may tlierefon? be consideriHl concentrated 
at P\ 

Let the external surface of the hemisphere be entirely 
divided up into very small portions and the corresponding 
pyramids drawn. Their centres of gravity all lie on the 
hemisphere JJP*aM* whose centre is 0 and whose radius is 
0a(^^\0A), 

Hence the centre of gravity of the solid hemisphere is 
the same as that of the hemispherical shell IJP'aM*^ i.#?. it 
is at 6r, where 

0O==l0a=r.l-0A. 

231 - Tn a similar manner we may obtain the position 
of the centre of gravity of a spherical sector which is the 
figure formed by the revolution of a circular .sector, such as 
the figure OAQEBO, in the figure of Art. 228, alnnit the 
bisecting radius OE. 

The distance of its centre of gravity from 0 is easily 
seen to Ikj (OL + OE). 

232 . There are some points which are not quite 
satisfactory in the foregoing proofs. For a strict demon- 
stration the use of the Calculus is i*equired. 
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233. Virtual Work. 

When we have a system of forces acting on a body in 
equilibrium and we suppose that the iKxly undergoes a 
slight displacement, which is consistent with the geometrical 
conditions U7vder which the system eccistSf afkl if a point Q of 
the body, with this imagined displacement, goes to then 
QQ' is called the Virtual Velocity, or Displacement, of the 
point Q. 

The word Virtual is used to imply that the displac^unent 
is an imagined, and not an actual, displacement. 

234. If a force d act at a point Q of the body and 
QQ' be the virtual displacement of Q and if be the 
perpendicular from O' on the direction of /?, then the 
product d.Qd’ is called the Virtual Work or Virtual 
Moment of the force 7?. As in Art. 127 this work is 
positive, or negative, according as Qd is in the same 
direction as d, or in the opposite direction. 

235. The virUial work of a force is equal to tlie 
mm of the virt'nal works of its compo7ients. 

Ijet the components of d in two directions at right 


angles be X and 7, d being 


inclined at an angle ^ to the Y/ 


direction of JT, so that M 



X=7?coa«/) and y=72sin^. 


Let the point of application < 

a t 

<2 of 7? 1)6 removed, by a virtual 



displacement, to and draw C/d perpendicular to d 
and let 





SOME ADDITIONAL PBOPOSITIONS 311 


The sum of the virtual works of X and Y 
= X.QL+Y.QM 

~ R cos . QQ* cos (<^ + a) + if sin . QQ^ sin + a) 
li . QQ' [cos ^ cos (</» + a) + sill ^ sin (0 -i- a)] 

' R.QQ' cos a 
= R.QN 

— the virtual work of if. 

236. The principle of virtual work states that If a 
system of forces o/cting on a body he in equilibrium and the 
body undergo a slight displacemsrit consistent with die 
geometrical conditions of the system^ the algebraic sum of 
the virtual works is zero ; and conversely if this algebraic 
sum be zero the forces are in equilibrium, hi other wordSy 
•if each force It have a virtual displacement r in the 
direction of its line of actloriy then 2 (A\ r) = 0 ; also con- 
versely if S(R^r) be zerOy the forces are in equilibrium. 

In the next article we give a proof of this theorem for 
coplanar forces. 

237- Proof of the principle of virtual work for any 
system of forces in one plane. ^ 

Take any two straight lines at right angles to one 
another in the plane of the forces and let the body under- 
go a slight displacement. This can clearly be done by 
turning the body through a suitable small angle a radians 
about 0 and then moving it through suitable distances a 
and b parallel to the axis. 

[The student may illustrate this by moving a book from any 
position on a table into any other position, the book throughout 
the motion being kept in contact with the table.] 
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Ijot Q l>o the point of applicntiou of any force 7?, wliose 
coordinates referred to 0 are 
X and y and whose polar 
coonli nates are r and so 
that X - r cos 0 and y~r sin 
wliere OQ r and XOQ — 0, 

When tlie small displace- 
ment has ])een iniide tlie coordinates of tlie new position 
Q' of Q arc 

r cos (B + a) + a and r sin (0 -l a) i- 
i,e, r cos 0 cos a — r sin 0 sin a i a 

and r sin 0 cos a + r coh 0 sin a t- />, 

i.c. r cos 0 -~a,r sin ^ a 

and r sin + a . ?• cos ^ + b, 

since a is very small. 

The changes in the coordinates of Q are therefore 
a — a nV sin $ and b a, r cos 
i.e, - a - ay and b + ojx. 

If then X and Y lie the components of /?, the virtual 
work of Jly which is equal to the sum of the virtual 
works of X and is 

X{a — ay) + F (6 + oar), 
i.n. ^ a . X b , Y a (Yx Yy), 

Similarly we have the virtual work of any other 
force of the system, a, h, and a being the same for (‘ach 
force. 

Tlie sum of the virtual works will therefore l>o zero if 
a% {X) -t- (F) + a2 (Fa; - Xy) be zero. 

If the forces lie in equilibrium then 2 {X) arul 2 ( i’) are 
the sums of the components of the forces along the axes 
OX and OY and hence, by Art. 83, they are scqiaratidy 
equal to zero. 
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Also Yx - Xy — sum of tlie moments of X and Y alxjut 
tlio origin 0 moment of It about 0. (Art. G2,) 

TTencc S ( Yx — Xy) sum of ilie moinenis of all the 
forms about O, and this sum is zer<i, by Art. 83. 

It follows tliat if the forceps lie in e(|uilibrium the sum 
of their virtual works is zero. 

238 . C< inversely, if the sum of the virtual works he 
zeio for any displaeement, the forces are in ociuilibrium. 

With the same notation as in the last article, the sum of 
the virtual works is 

r/>S(X) i-/>S(r) + aS(iV* Xy) (1), 

and this is given to he zero, /or <11 disp/acanierUa. 

Choose a displacement such that the Ixsly is displaced 
only through a distance parallel to the axis of x. For 
this displacement h and a vanish, and (1) then gives 

(X) = 0, 

so that 2 (A) — 0, i.e. the sum of the components parallel to 
OX is zertj. 

Similarly, choosing a displacement parallel to the axis 
of 7/, we have the sum of the components parallel to OF 
zero also. 

Finally, let the displacc3inent he one of simple rotation 
round the origin 0. Tn this ca.se a and h vanish and (1) 
gives 

2(}’;r-^y)=0, 

so tliat the sum of the momonts of the forces about 0 
vanish. 

The three conditions of equilibrium given in Art 83 
therefore hold and the system of forces is therefore in 
equilibrium. 
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989 . As an example of the application of the Principle of 
Virtual Work we shall solve the following 
problem. 

Six eqiuil rods AB, BG, 2>A’, A’F, 
and FA are each of weight jr and are 
freely jointed at their extremities so as to 
form a hexagon; the rod AB is fixed in a 
horizontal position and the middle points 
of AB and DE are joined by a string; 
prove that its tension is SJK 

^ Let (7j , G.J , G« , G4 , Gg , and G^ be the 
middle points of the rods. 

Since, by symmetry, BC and CD are equally inclined to the 
vertical the depths of the points C, G.^ and D below AB are respec- 
tively 2, 3, and 4 times as great as that of G^. 

Let the system undergo a displacement in the vertical plane of 
such a character that JD and E are always in the vertical lines through 
B and A and DE is always horizontal. 

If G, descend a vertical distance a;, then Gj will descend 3.r, G^ 
will descend 4x, whilst Gg and Gg will descend 3 j; and x respectively. 

The Slim of the virtual works done by the weights 
= ir. j: -I- ir. 3.C + W. 4x -f W. 3.1: + Tr^ .r 
= V2W.x, 

If 2’ be the tension of the string, the virtual work done by it 
will be 

Tx{-4x). 

For the displacement of G4 is in a direction opposite to that in 
which 'T acts and hence the virtual work done by It is negative. 

The principle of virtual work then gives 
12lKx + T{-4x)=0y 
i.e. T=zBW, 

240, RobenraPs Balance. This balance, which 
is a common form of letter- weigher, consists of four rods 
BE^ ED, and DA freely jointed at the corners A, B, 
E, and D, so as to form a parallelogram, whilst the middle 
points, C and F, oi A B and ED are attached to fixed 
points C and F which are in a vertical straight line. The 
rods AB and DE can freely turn about C and M 
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To the rods AD and DB are attached scale-pans. In 
one of these is placed the substance W which is to be 
weighed and in the other the counterbalancing weight P. 



We shall apply the Principle of Virtual Work to pn)ve 
that it is immaterial on what part of the scale-pans the 
weights P and W are placed. 

Since CHEF and CADF are parallelograms it follows 
that, wiiatever be the angle through which the balance is 
turned, the rods BE and are always parallel to CF and 
therefore are always vertical. 

If the nxl' AB be turned through a small angle the 
point B rises as. much as the point A falls. The rod BE 
therefore rises as much AD falls, and the right-hand 
scale-pan rises as much as the left-hand one falls. In such 
a displacement the virtual work of the weights of the rod 
BE and its scale-pan is therefore equal and opposite to the 
virtual work of the weights of Z> and its scale-pan. These 
virtual works therefore cancel one (inother in the equation 
of virtual work. 

Also if the displacement of the right-hand scale-pan be 
p upwards, that of the left-hand one is p downwaixla 
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Tlio eqimtion of virtual work thei*efore gives 

P .p + W (-;?)“ 0, 

i.e. r=w. 

if the machine balance in any position wliatever, 
the weights P and W are equal, and this condition is 
independent of the position of the weights in the scale-pans. 
The weights tiieroforo may have any position on the 
scahi-pans. 

Tt follows that the scale-pans need not have the same 
shape, nor he similarly attached to tlie machine, provided 
only that their weights are the same. 

For (‘xample, in the above figure either scale-pan instead 
of pointing away from CF may point towards it, and no 
change would be requisite in the position of the other. 


EXAMPLES. XXXIX. 

1. Four equal heavy uniform rods are freely jointed so as to 
form a rhombus which is freely suspended by one angular point and 
the middle points of the two upper rods are connected by a light tod 
so that the rhombus cannot collapse. Prove that the tension of 
this light rod is 4irtana, where W is the weight of each rod and 2a 
is the angle of the rhombus at the point of suspension. 

2. A string, of length a, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length h and weight Jr, which 
are hinged together. 

If one of the rods be supported in a horizontal position i>rove that 
the tension of the string is 

2ir(2b3-ag) 

3. A regular hexagon ABCDEF consists of 6 equal rods 
which are each of weight W and are freely jointed together. The 
hexagon rests in a vertical plane and AB is in contact with a 
horizontal table; if C and F be connected by a light string, prove 
that its tension is TF^/3* 
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4. A tripod conHists of three equal uniform bars, each of Icnf^h 
a and weight w, which are freely jointed at one extremity, llieir 
middle joints being joined by strings of length h. The trijiod is 
placed with its free ends in conttict with a smooth horizontal plane 
and a weight W is attached to the common joint; prove that the 
tension of each string is 
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5. A square framework, formed of uniform heavy rods of equal 
weight ir, jointed together, is hung up by one corner. A weight 
W is suspended from each of the throe lower comers and the shaiie 
of the square is preserved by a light rod along the horizontal 
diagonal. Prove that its tension is 4ir. 

6. Four equal rods, each of length are jointed to form a 
rhombus A BCD and the angles 7f and D are joined by a string of 
length 1. The system is placed in a vertical plane with A resting on 
a horizontal plane and AC is vertical. iVove that the tension of the 

string is 2 IF - . ^ - , where W is the weight of each rod. 


7, A heavy clastic string, whoso natural length is 27rn, is placed 
round a sriKMth cone wliose axis is VfU’tical and whose semivertical 
angle is a. If IF be the weight and \ the modulus of elasticity of the 
string, prove that it will l»e in equilibrium when in the form of a circle 

whose riulitis is ri • 

8. Two equal uniform nnls A B and A (\ cac*h of length 2f>, are 
freely jointed at A and rest on a siiux)th vertical circle of radius rr. 
Shew, by the Principle of Virtual Work, that, if *1$ be the angle 
between them, then 

?isin-’6> — acos^. 


9. Solve Ex. lo, page 278, by the application of the l*rinciplo 
uf Virtual Work. 
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EASY MISCELLANEOUS EXAMPLES. 

1. Find the resultant of two forces, equal to the weights of 13 
and 14 lbs. respectively, acting at an obtuse angle whose sine is 

2. Besolve a force of 100 lbs. weight into two equal forces acting 
at an angle of 60^. 

3. ABGD is a square; forces of 1 lb. wt., 6 lbs. wt. and 9 lbs. wt. 
act in the directions ^ if, AC, and AD respectively; find the magni- 
tude of their resultant correct to two places of decimals. 

4. The resultant of two forces, acting at an angle of 120^, is 
perpendicular to the smaller component. The greater component is 
equal to 100 lbs. weight ; find the other component and the resultant. 

5. If E and F be the middle points of the diagonals A C and BD 
of the quadrilateral ABCDy and if EF bo bisected in Cr, prove that the 
four forces represented in magnitude and direction by AO, BO, CO, 
and DO, will be in equilibrium. 

6. A stiff pole 12 feet long sticks liorizontally out from a vertical 
wall. It would break if a weight of 28 lbs. were hung at the end. 
How far out along the pole may a boy who weighs 8 stone venture 
with safety? 

7. A rod weighing 4 ounces and of length one yard is placed on a 
table so that one-third of its length projects over the edge. Find the 
greatest weight which can be attached by a string to the end of the 
1 ^ without causing it to topple over. 

8 . A uniform beam, of weight 30 lbs., rests with its lower end on 
the ground, the upper end being athvehed to a weight by means of a 
horizontal string passing over a small pulley. If the beam be 
inclined at 60° to the vertical, prove that the pressure on the lower 
end is nearly 40 lbs. wt., and that the weight attached to the string is 
nearly 26 lbs. wt. 

9. Find the centre of parallel forces which are equal respectively 
to 1, 2, 8, 4, 5, and 6 lbs. weight, the points of application of the 
forces being at distances 1, 2, 3, 4, 5, and 6 inches respectively 
measured from a given point A along a given line AB, 

10. The angle B of a triangle ABC is a right angle, AB being 
8 inches and BC 11 inches in len^h; at A, B, and C are placed 
particles whose weights are 4, 5, and 6 respectively; find the distance 
of their centre of gravity from A . 
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11. On tho side AB of an equilateral triangle and on the side 
remote from C is described a rectangle whose height is one half of 
AB ; prove that the centre of gravity of the whole figure thus formed 
is the middle point of AB, 

12. f'rom a regular hexagon one of the equilateral triangles with 
its vertex at the centre, and a side for base, is cut away. Find the 
centre of gravity of the remainder. 

13. A pile of six pennies rests on a horizontal table. Find the 
greatest possible horizontal distance between the centres of the highest 
and lowest pennies. 

14. The pressure on the fulcrum when two weights are suspended 
in equilibrium at the end of a straight lever, 12 inches long, is 20 lbs. 
wt. and the ratio of the distances of the fulenun from the ends is ^ 
3 : 2. Find the weights. 

15. A straight lever of length 5 feet and weight 10 lbs. has its 
fulcrum at one end and weights of 3 and 6 lbs. are fastened to it at 
distances of 1 foot and 3 feet from the fulcrum ; it is kept horizontal 
by a force at its other end; find the pressure on the fulcnim. 

16. Find the relation between the effort P .and the weight ir in a 
system of 5 movable pulleys in which each pulley hangs by a separate 
string, the weight of each pulley being P. 

17. In the system of 5 weightless pulleys in which each string is 
attached to a weightless bar from which the weights hang, if the 
strings be successively one inch apart, find to what point of the bar the 
weight must bo attached, so that the bar may bo always horizontal. 

18. A body, of mass 5 lbs., rests on a smooth plane which is 
inclined at 30° to the horizon and is acted on by a force equal to the 
weight of 2 lbs. acting parallel to the plane and upwards, and by a 
force equal to P lbs. weight acting at an angle of 30° to the plane. 
Find the value of V if the body be in equilibrium. 


19. If one scale of an accurate balance be removed and no mass 
be placed in the other scale, prove that the inclination of the beam to 

the horizon is t«.n“^ >, y- —-7 , where is the length of the beam, h 

and k are respectively the distances of the point of suspension from 
the beam and the centre of gravity of the balance, and B and IV' arc 
respectively the weight of the scale-pan and tho remainder of the 
balance. 


20. If the distance of the centre of gravity of the beam of a 
common steelyard from its fulcrum bo 2 inches, the movable weight 
4 ozs., and the weight of the beam 2 lbs., find the distance of the zero 
of grtiduations from the centre of gnivity. Also, if the distance 
1)etween the fulcrum and the end at which the scale-pan is attached 
be 4 inches, find the distance between successive graduations. 
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21. If the circiiniforencc o( a screw be ‘20 inches and the distance 
between successive threads *75 inch, find its mechanical advantage. 

22. The height of a rough piano is to its base as 3 to 4 and it is 
found that a body is just supported on it by a horizontal force equal 
to half the weight of the body; find the cocllicient of friction between 
the body and the plane. 

23. A ladder, 30 feet long, rests with one end against a smooth 
vertical wall and with the otlier on the ground, which is rough, the 
coefficient of friction being 1 ; find how high a man whose weight is 
•1 times that of the ladder can ascend before it begins to slip, the foot 
of the ladder being 6 feet from the wall. 

24. A cylindrical shaft has to bn sunk to a dcjdh of 100 fathonis 
through chalk whoso density is *2*.3 lirne.s that of water; the diameter 
of the shaft being 10 feet, what must bn the n.r. of the engine that 
can lift out the material in 12 working days of 8 hours each? 


*«HAED£R MISCELLANEOUS EXAMPLES. 

1. If O hn the centre of the circle circumscribing the triangle 
J/ff', and if forces act along OJ, 0/1, and 0(7 resj^KJCtivcIy propor- 
tional to rj, and v//l, shew that their resultant x>asses through 
the centre of the inscribed circle. 

2. Three forces act along the si(h*s of a triangle AJi(\ taken 
in order, and their resultant pusses through the orthwentre and 
the centre of gravity of the triangle; shew that the forces are in 
the ratio of 

sin ‘2.1 sin (/» - : sin 2/f sin (C - J) : sin ‘2(/sin (J - 71). 

Shew also that their res\dtant acts along tl»c line joining the centres 
of the inscribed and circumscribing circles, if the forces be in tho 
ratio 

cos 71 cos C : cos (/ - cos J : cos A - cos 71. 

3. Three forr*es 7M, 771, and iY/, diverge from the point 7^ and 
three others 71<7, and CQ converge to a point Q. Shew that 
the resultant of the six is represented in magnitude and direction 
by 3/^^ and tliat it i)asses through tho centre of gravity of the 
triangle A I/C, 

4. T is the orthocentre, and 0 the oircuincentro of a triangle 
.1716'; shew that the three forces yf 7', I/7\ and C'i’have as resultant 
the force represented by twice OT. 
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5. Find the centre of gravity of three particles placed at the 
centres of the escribed circles of a triangle, if they be inversely 
proportional to the radii of these circles. 

6. ABCD is a rectangle; find a point P in AD such that, when 
the triangle PDC is taken away, the remaining trapezoid ABCP 
may, when suspended from P, hang with its sides AP and BG 
horizontal. 

7. A triangular lamina ABC^ obtuse-angled at C, stands with 
the side yfC in contact with a ttible. Shew that the least weight, 
which suspended from B will overturn the triangle, is 

^ a2 + 3bS-r2 

where ir is the weight of the triangle. 

Interpret the above if 

8. A pack of cards is laid on a table, and each card projects 
in the direction of the length of the pock beyond the one below it ; 
if each project as far as possible, shew that the distances between 
the extremitos of successive ctirds will fonn a harmonical pro- 
gression. 

9. It oAf hB, c(J ... represent n forces, whose points of appli- 
cation are u, b, c ... and whose extremities are A, B, Cj ...^ shew that 
their resultant is given in magnitude and direction by n.tfG, where 
4j is the ccuitro of inertia of n equal pirticles a, c, ...» and G the 
centre of inertia of n equal ptirticlcs A^ P, C, .... 

What follows if g coincide with G? 

10. 1 ''rom a body, of weight ir, a iwriion, of weight is cut 
out and nioved through a dis^nce x; shew that the line joining the • 
two jjosiiions of the centre of gravity of the whole body is parallel to 
the line joining the two positions of the centre of gravity of the part 
nioved. 


11. Two uniform rods, AB and AC, of the some material are 
rigidly connected at A, the angle BAG being 60°, and the length 
of AB being double that of AC. If G be the centre of inertia of the 
/ 19 

ro<ls, show that BG=AG ^ and, if the system be suspended 

freely from the end *B of the rod AP, shew that the action at A 
consists of a vertical force equal to one-third of the weight, TF, of 
the system, and a couple whose moment is 
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12, If the hinges of a gate be 4 feet apart and the gate be 10 feet 
wide and weigh 500 lbs., shew that, on the assumption that all the 
w’eight is borne by the lower hinge, the stress on the upper hinge 
must be 625 lbs. wt. 

13. A step-ladder in the form of the letter A, ^vith each of its legs 
inclined at an angle a to the vertical, is placed on a horizonfeil floor, 
and is held up by a cord connecting the middle iwints of its legs, 
there being no friction anywhere; shew that, when a weight IK is 

placed on one of the stex)s at a height from the floor equal to - of the 
height of the ladder, tlie iticrejise in the tension of the cord is ~ IKtana. 


14. A cylinder, of radius r, whoso axis is fixed horizontally, 
touches a vertical wall along a genciating line. A flat beam of uni*- 
form material, of length 21 and weiglit IK, rests with its extremities 
in contact with the wall and the cylinder, making an anglo of 45^ 


with the vertical. Shew that, in the absence of friction, — = , 

that the pressure on the wall is ^IK, and that the reaction of the 


cylinder is ly/^W, 


15, A uniform rod, of length 35a, rests partly within and partly 
without a smcKith cylindrical cup of radius a. Shew that in the 
position of equilibrium the rod makes an angle of 60” with the 
horizon, and prove also that the cylinder will topple over unless its 
weight be at least six times that of the rod. 


16, A tipping basin, whose interior surfjuje is spherical, is free 
to turn round an axis at a distance c }>elow tlie centre of the sphere 
and at a distance a above the centre of gravity of the basin, and a 
heavy ball is laid at the bottom of the basin; shew that it will tip 



the basin. 


17, A thin hemispherical shell, closed by a plane base, is filled 
with water and, when suspended from a ix>int on the rim of tho base, 
it hangs W'ith the base inclined at an anglo a to tho vertical. Bliew 
that the ratio of tho weight of tho water to that of the shell is 
tan a - ^ : g- - tan a. 

18. A hollow cylinder, composed of thin metal open at both 
ends, of rtidius a, is placed on a smooth horizontal plane. Inside it 
are placed two smooth spheres, of radius r, one al)ove the other, 2r 
being >a and <2a. If IK be the weight of the cylinder and IK' t}io 
weight of one of the spheres, show that the cylinder will ju^t stand 
upright, without tumbling over, if 

TK.tt=2TK'(«-r). 
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19. An isosceles triangular lamina, with its plane yertical, rests, 
vertex downwards, between two smooth pegs in the same horizontal 
line ; shew that there will be equilibrium if the base make an angle 
sin~^(cos^a) with the vertical, 2a being the vertical angle of the 
lamina and the length of the base being three times the distance 
between the pegs. 

20. - A prism, whose cross section is an equilateral triangle, rests 
%ith two ^ges horizontal on smooth planes inclined at angles a 
and jS to the horizon. If $ b^^the angle that the plane through these 
edges makes with the vertical, shew that 

2^3sinttsin^ + 8in (a+)3) 

uAH 0 ^ 7^ — . g • 

^3 sin (a-'/3) 

21. A thin -bonrd in th^form of an equilateral triangle, of weight 
> 1 lb., has one-quarter of its base resting on the end of a horizontal 

table, and is kept from falling over by a string attached to its vertex 
and to a point on the table in the same vertical plane as the triangle. 
If the length of the string be doable the height of the vertex of the 
triangle above the base, find its tension. 

22. A solid cone, of height h and semi-vertical angle a, is placed 
with its base against a smooth vertical waJl and is supported by a 
string attached to its vertex and to a point in the wall ; shew that 

the greatest possible length of the string is tan’^a. 

23. The altitude of a cone is h and the radius of its base is r ; a 
string is fastened to the vertex and to a point on the circumference 
of the circular base, and is then put over a smooth peg ; shew'that, if 
the cone rest with its axis horizontal, the length of the string must 
be 

24. Three equal smooth spheres on a smooth horizontal plane 
are in contact with one another, and are kept together by an endless 
string in the plane of their centres, just fitting them; if a fourth 
equal sphere be x^laced on them, shew that the tension of the string 
is to the weight of either sphere as 1 : 3j^6. 

25. A smooth rod, of length 2a, has one end resting on a plane 
of inclination a to the horizon, and is supTOrted by a horizontal rail 
which is parallel to the plane and at a distance c from it. Shew 
that the inclination 0 of the rod to the inclined plane is given by 
the equation csina=aBin®^cos(^-a). 

26. A square board is hung flat against a wall, by moans of a 
string fastened to the two extremities of the upper edge and hung 
round a perfectly smooth rail ; when the length of the string is less 
than the diagonal of the board, shew that there are three positions of 
equilibrium. 


21-^2 
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27. A. hemisphericiil bowl, of radius r, rests on a smooth hori- 
zontal table and partly inside it rests a rod, of length 21 and of 
weight equal to that of the bowl. Shew that the position of equili- 
brium is given by the equation 

I sin (a+p)=r sin a = - 2r cos (a + 2p ) , 
where a is the inclination of the base of the hemisphere to the liori- 
zon, and 2p is the angle subtended at the centre by the pai*t of the 
rod within the bowl. 


28. A uniform rod, of weight W, is suspended horizontally from 
two nails in a wall by means ot two vertical strings, each of length Z, 
attached to its ends. A smooth weightless wedge, of vertical angle 

jir 

30*’, is pressed down with a vertical force -g- between the wall and 

the rod, without touching the strings, its lower edge being kept hori- 
zontal and one face touching the wall. Find the distance through 
which the rod is thrust from the wall. 


29. is a smooth plane inclined at an angle a to the horizon, 
and at yl, the lower end, is a hinge alxjut which there w'orks, without 
friction, a heavy uniform smooth plank AC^ of length 2e. Between 
the plane and tlic plank is placed a smooth cylinder, of nidius r, 
which is prevented from sliding down the plane by the pressure of 
the plank from above. Tf \V be the weight of the plank, JF' that of 
the cylinder, and the angle between the plane and the X)lank, shew 
that 


jrv 


1 ' cos ^ 
sin a 


30. Two eqiinl circular discs — of radius r — with smooth edges, 
are placed on tlvjir flat sides in the corner between two smooth 
vertical planes inclined at an angle 2a, and touch each other in the 
line bisecting the angle ; prove that the radius of the least disc that 
can be xiro^sed between tiicm, without causing them to separate, is 
r (seca~l). 

31. A rectangular frame ATiCD consists of four freely jointed 
bars, of negligible weight, the bar AV being fixed in a vertical posi- 
tion. A w'eight is placed on the upjicr horizontal bar AB at a given 
point P and the frame is kept in a rectangular shape by a string A C. 
Find the tension of the string, and shew that it is unaltered if this 
wei^it be placed on the lower bar CD vertically under its former 
position. 

32. A uniform rod MN has its ends in two fixed straight rough 
grooves OA and OP, in the same vertical plane, which make angles a 
and p with the horizon ; shew that, when the end ill is on the point 
of slipping in the direction AO, the tangent of the angle of inolina- 

tion of 3fN to tho horizon is — r , where < is the 

2Bin{p+€) sin (o - e) 

angle of friction. 
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33. A rod, resting on a rough inclined plane, whose inclination a 
to the horizon is greater than the angle of friction X, is free to turn 
about one of its ends, which is attached to the plane; shew that, 
for equilibrium, the greatest possible inclination of the rod to the 
line of greatest slope is sin~^(tanXcota). 

34. 7wo equal uniform rods, of length 2a, are jointed at one 
extremity by a hinge, and rest symmetrically upon a rough hxed 
sphere of r^ius c. Find the limiting position of equilibrium, and 
shew that, if the coefficient of friction be c~a, the limiting inclination 
of each rod to the vertical is tan~i,yc-^-a. 


35. A uniform straight rod, of length 2c, is placed in a horizontal 
position as high as possible within a hollow rough sphere, of radius 
a. IShow that the line joining the middle point of the rod to the 


centre of the sphere makes with the vertical an angle tan'^ 


fia 


36. A rough rod is Axed in a horizontal position, and a rod, 
having one end freely jointed to a fixed point, is in equilibrium 
resting on the fixed rod; if the perpendicular from the fixed point 
upon the fixed rod be of length b and be inclined to the horizon at an 
angle a, shew that the portion of the fixed rod upon any point of which 
the movable rod may rest is of length 

2/Af^cos a 

ij si n-a — /*- cos-a * 

where /i is the coefficient of friction. 


37. A glass rod is balanced, partly in and partly out of a cylin- 
drical tumbler, with the lower end resting against the vertical side 
of the tumbler. If a and ^ bo the greatest and least angles which 
the rod can make with the vertical, shew that the angle of friction is 

X tan-1 . 

sm* a COS a + Sin'-* cos 

38. A rod rests partly within and partly without a box in the 
shape of a rectangular narallelopiped, and presses with one end 
against the rough vertical side of the ^x, and rests in contact with 
the opposite smooth edge. The weight of the box being four times 
that of the rod, shew that if the rod be about to slip and the box 
be about to tumble at the same instant, the angle that the rod makes 
with the vertical is ix + i cos~^(i‘ 00 sX), where X is the angle of 
friction. 
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39. A uniform heavy rod lies on a rough horizontal table and is 
pulled perpendicularly to its length by a string attached to any point. 
About wliat point will it commence to turn? 

Shew also that the ratio of the forces, required to niovo the rod, 
when applied at the centre and through the end of the rod perpen- 
dicular to the rod, is + : 1. 

40. Two equal heavy particles are attached to a light rod at 
equal distances c, and two strings are attached to it at equal distances 
a from the middle point; the rod is then placed on a rough hori- 
zontal table, and tho strings are pulled in directions perpendicular 
to the rod and making tho same angle ^ with the vertical on ox)posite 
sides of the rod. Find the least tensions that will turn tho roil and 

show that, if the ooeflicient of friction bo - , the tension will bo least 

c 

when 0 is 45°. 

41. Two equal similar bodies, A and 71, each of weight W, are 
connected by a light string and rest on a rough horizontal plane, 
tho coefficient of friction being fi. A force Py which is less than 
2fji.Wy is applied at A in the direction BAy and its direction is 
gradually turned through an angle 0 in the horizontal plane. Shew 
that, if P be greater than ,j2fi\Vy then both the weights will slip 

p 

when cos and be greater tlian 

fiWy then A alone will slip when sin . 


42. A uniform rough beam Ali lies horizontally upon two others 
at xx)ints A and <7; shew that the least horizontal force applied at U 
in a direction perpendicular to BAy which is able to move the beam, 

is the lesser of the two forces J/aTFand ^ , whore AB is 2a, 

ACi^hy W is the weight of the beam, and fi the coefficient of friction. 

43. A uniform rough beam ABy of length 2ti , is placed horizontally 
on two equal and equally rough balls, the distance between whoso centres 
is by touching them in C and I ) ; shew that, if h he not greater than 

, a position of the beam can be found in which a force P exerted at 

o 

B perpendicular to the beam will cause it to be on the point of motion 
both at C and D at the same time. 

44. A uniform heavy beam is placed, in a horizontal position, 
between two unequally rough fixed planes, inclined to the horizon 
at given angles, in a vertical plane perpendicular to the planes. Find 
the condition that it may rest there. 
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45- A uniform rod is in limiting equilibrium, one end resting 
on a rough horizontal plane and the other on an equally rough plane 
inclined at an angle a to the horizon. If \ be the angle of friction, 
and the rod be in a vertical plane, shew that the inclination, 0. 
of the rod to the horizon is given by 


tan B~ 


sin (a - 2X) 

2 sin X sin (a -X) " 


Find also the normal reactions of the planes. 


46. pf^Lir of compasses rest across a smooth horizontal* 

cylinder of radius c, shew that the frictional couple at the joint 
to prevent the legs of the com^iasses from slipping must bo 

ir (c cot a cosec a - a sin a), 

where IK is the weight of etich leg, 2a the angle between the legs, and 
a the distance of the centre of gravity of a leg from the joint. 


47. The handles of a drawer are equidistant from the sides of 
the drawer and are distant c from eiush other ; shew that it will be 
impossible to pull the drawer out by pulling one handle, unless the 
length of the drawer from back to front exceed /ac. 


48. one cord of a sash-window break, find the least coeflicicnt 
of friction iK'twoen the sash and the window-frame in order that the 
other weight may still support the window. 

49. A circular hoop, of riulius one foot, hangs on a horizontal 

bar and a man hangs by one hand from the hoop. If the coeHlcient 
of friction between the hoop and the bar be find the shortest 

possible distance from the man’s hand to the bar, the weight of 
the hoop being neglected. 


50. A square, of side 2a, is placed with its plane vertical between 
two smooth pegs, which are in the same horizontal lino and at a 
distance c; show that it will bo in equilibrium when the inclination 

of one of its edges to the horizon is either 45“ or ^ sin“i “ 72 “ * 


51. Three equal circular discs. A, B, and C, are placed in contact 
with each other upon a smooth horizontal plane, and, in addition, 
IJ and C are in contact with a rough vertical wall. If the coeffioient 
of friction between the circumferences of the discs and also between 
the discs and wall be 2 - «y3, shew that no motion will ensue when A 
is pushed perpendicularly towards the wall with any force P. 
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52. If centre of gravity of a wheel and axle be at distance 
a from the axis, shew that the wheel can rest with the plane through 
the axis and the centre of gravity inclined at an angle less than d 

to the vertical, where Rin^=- sin0, b being the radius of the axle, 

and tp the angle of friction. 

53. -A. particle, of weight u;, rests on a rough inclined plane, of 
weight ir, whose base rests on a rough table, the coefficients of friction 
being the same. If a gradually increasing force be applied to the 
particle w along the surface of the inclined .plane, find whether it will 
move up the plane before the plane slides on the table, the angle of 
inclination of the plane being a. 

54. A rough cylinder, of weight W', lies with its axis horizontal 
upon a plane, whose inclination to the horizontal is a, w'hilst a man, 
of weight W (with his body vertical), stands upon the cylinder and 
keeps it at rest. If his feet be at A and a vertical section of the 
cylinder through A touch the plane at B, shew that the angle, sub- 
tended by AB at the centre of the section, the friction l>eing sufficient 
to prevent any sliding, is given by the equation 

Trsin(^? + a).-(ir+?r)sina. 


55. Two rough unifonu spheres, of equal radii but unequal 
weights and 11 ^ spherical bowl, the line joining their 

centres being horizontal and subtending an angle 2a at the centre of 
the bowl; shew that the coefficient of friction between them is not 


less than 


llV+Hj 



56. Two rigid weightless rods are firmly jointed, so os to be at 
right angles, a weight being fixed at their junction, and are placed 
over two rough pegs in the same horizontal plane, whose coefficients 
of friction are ft and Shew that they can be turned either way 

from their symmetrical position through an angle Jtan-i^— , 

2 2 

without slipping. 


57. A sphere, of weight W, is placed on a rough plane, inclined 
to the horizon at an angle a, which is less than the angle of friction ; 

shew that a weight W — , fastened to the sphere at the 

® cos a - sin a ^ 

upper end of the diameter which is parallel to the plane, will just 
prevent the sphere from rolling down the plane. 

What will be the effect of slightly decreasing or slightly increasing 
this weight? 
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68.^ Two eqmd uniform rodsj are joined rigidly together at one 
extremity of each to form a V, with the angle at the vertex 2a, and 
are plaxs^ astride a rough vertical circle of such a radius that the 
centre of jpiyity of the V is in the circumference of the circle, the 
angle of friction being e. Shew that, if the V be just on the point of 
motion when the line joining its vertex with the centre of the circle 
is horizontal, then sin 6= Jsin a. 

If the rods be connected by a hinge and not rigidly connected 
and the free ends be joined by a string, shew that the joining string 
will not meet the circle if sin a be if this condition be satisfied, 
shew that if the V is just on the point of slipping when the line 
joining its vertex to the centre is horizontal, the tension of the string 

will be ^/l H- cosec a, where JF is the weight of cither rod. 

59. A vertical rectangular beam, of weight IF, is constrained by 
guides to move only in its own direction, the lower end resting on a 
smooth floor. If a smooth inclined plane of given slope be pushed 
under it by a horizontal force acting at the back of the inclined 
plane, find the force required. 

If there be friction between the floor and the inclined plane, but 
nowhere else, what must be the least value of ju. so that the inclined 
plane may remain, when left in a given position under the beam, 
without being forced out? 

60 . A circular disc, of weight and radius a, is suspended 
horizontally by three equal vertical strings, of length 6, attached 
symmetrically to its perimeter. Shew that the magnitude of the 
horizontal couple required to keep it twisted through an angle d is 


rr M. ' y = . 

f/--4a‘‘*Bin2^ 

61, Two small rings, each of weight ir, slide one upon each of 
two rods in a vertical plane, each inclined at an angle a to the 
vertical; the rings are connected by a fine elastic string of natural 
length 2a, and whose modulus of elasticity is X; the coefiicient of 
friction for each rod and ring is tanp; shew that, if the string be 
horizontal, each ring will rest at any point of a segment of the rod 
whose len^h is 

a ooseo a {cot (a - /8) - cot (a+/9)}. 

62 . A wed^, with angle 60°, is placed upon a smooth table, and 
a weight of 20 lbs. on the slant face is supported by a string lying on 
that face which, after passing through a smooth ring at the top, 
supports a weight W hanging vertically; find the magnitude of W. 
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Find also the horizontal force necessary to keep the wed^e at rest 

(1) when the ring is not attached to the wedge, 

(2) when it is so attiiched. 

Solve the same question supposing the slant face of the wedge to 


be rough, the cocfllcient of friction being and the 20 lb. weight on 
the point of moving down. 


63. Shew that the power necessary to move a cylinder, of radius 
r and weight JV, up a smooth plane inclined at an angle a to the 
horizon by means of a crowbar of length I inclined iit an angle ^ Ui 
the horizon is 

irr sin a 
I l + cos(a + /9)' 


64, A letter- weigher consists of a uniform plate in the form of a 
right-angled isosceles triangle A TIC, of iiniss B ozs., which is suspended 
by its right angle C from a fixed point to which a plumb-line is 
also attached. The letters are suspended from the angle and their 
weight reiul off by observing where the plumb-line intersects a scale 
engraved along Ali, the divisions of which are marked 1 oz., 2 oz., 
3 oz., etc. Shew tliat the distances from A of the divisions of the 
scale form a hannonic progression. 

65. A ladder, of length I feet and weight Tribs., and iinifonn in 
every respect throughout, is raised by two men A and li from a hori- 
zontal to a vertical position. A stands at one end and getting 
underneath the ladder, walks from the other end towards A holding 
successive jioiiits of the ladder above his head, at the height of d feet 
from the ground, the force he exerts being vertical. Find the force 
exerted by B when thus supporting a point n feet from A, and shew 
that the worl^one by him in piinssing from the to the {n - 1)*‘‘ foot 

Wld * 

2w (71 -ij* 

When must A press his feet downwards against his end of the 
ladder? 


66. Prove that an ordinary drawer cannot bo pushed in by a 
force applied to one handle until it has been pushed in a distance 
a,fihj forces applied in some other manner, where a is the distance 
between the handles and /a is the coefficient of friction. 


67. Three equal uniform rods, each of weight TK, have their ends 
hing^ together go that they form an equilateral triangle ; the triangle 
rests in a horizontal position with each rod in contact with a 
smrjoth cone of semivertical angle a whose axis is vertical; prove 

that the action at each hinge is — 
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68. ^ consisting of a spindlo of radius c with two circular 
ends of radius a, is placed on a rough inclined plane and has a thretid 
wound on it which unwinds when the reel rolls downwards. If bo 
the coeihcient of friction and a be the inclination of the plane to the 
huri/iOntal| shew that the reel can be drawn up the piano by means 

of the thread if u be not less tlitvn . 

a- c cos a 

69. Prove the following geometrical construction for the centre 
of gravity of any uniform plane quadrilateral A BCD ; find the centres 
of gravity, X and P, of the triangles ABD^ CBD ; let XY meet BD in 
U ; then the required centre of gravity is a point G on XY, such that 
YG = XU. 


70. There is a small interval between the bottom of a door and 
the floor, and a wedge of no appreciable weight has been thrust into 
this interval, the coefficient of friction between its base and the floor 
being known. If the angle of the wedge be smaller than a certain 
atnount, shew that no force can open the door, the slant edge of the 
wedge being supposed smooth. 

71. On the top of a fixed rough cylinder, of radius r, rests a thin 
uniform plank, and a man sUinds on the plank just above the point 
of contact. Show that lie can walk slowly a distance (n + 1) re along 
the plank without its slipping olf the cylinder, if the weight of the 
plank is n times that of the man and e is the angle of friction between 
the xdank and the cylinder. 


72. A hoop stands in a vertical plane on a rough incline which 
the jilanc of the hoop cuts in a line of grejite'^t slope. It is kept in 
equilibrium by a string fastened to a x>oint in the circumference, 
wound round it, and fastened to a peg in the incline further up and 
in the same plane. If X is the angle of friction, 0 the angle the hoop 
subtends at the peg, and a that of the incline, shew that there is 

limiting equilibrium when ^=ra + cos“^ 


happen if 6 has n greater value? 


73. Shew that the least force which applied to the surface of a 
heavy uniform sphere will just maintain it in equilibrium against a 

rough vertical wiUl is 

iroose or ir tan c [ton c- \/ tan- e - i] 

/5 — 1 

according as e<or>oos"'i ^ where W is the weight and e the 

angle of friction. 


74. A uniform rod, of weight W, can turn freely about a hin^ at 
one end, and rests with the other against a rough vertical wall marking 
an angle a with the wall. Shew that this end may rest anywhere on 
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an aro of a circle of anj^le 2 [/t tan a], and tliat in either of the 

extreme positiona the preasure on the wall is ^ IF [cot- a + /a®] “ where 
fi is the coefficient of friction. 

75. greatest x)osaiblo cul)c l)c cut out of a solid hemisphere 
of uniform density, prove that the remainder can rest with its curved 
surface on a perfectly rough inclined x>lane with its base inclined to 
the horizon at an angle 

"“1 V -8 “"“ J - 

where a is the slope of the inclined plane. 

76. A cylindrical cork, of length Z and radius r, is slowly ex- 
tracted from the neck of a bottle. If the normal pressure per unit of 
area between the bottle and the unextnicted part of the cork at any 
instant be constant and equal to P, shew tliat the work done in 
extracting it is 7/i.rZ-P, where /x is the coefficient of fiiction. 



ANSWEBS TO THE EXAMPLES. 


I. (Pages 15, 16.) 


1. (i) 25; (ii) 3^3; (iii) 13; (iv) ^61; (v) 60*; 
(vi) 1.5 or ; (vii) 3. 

2. 20 lbs. wfc. ; 4 lbs. wt. 

3. 11)S. wt. in n direction south-west. 

4. 205 IKs. wt. 

5. P lbs. wt. at ri;{lit angles to the first component. 

6. 2 lbs. wt. 7. 20 lbs. wt. 8. 17 lbs. wt. 

9. 60°. 10. 3 lbs. wt. ; 1 lb. wt. 

11. (i) 120'’; (ii) cos"’ i.e. 1.51“ .3'. 


12 . 


13. 

forces. 



1 A'^ + rr-\ 

2A^-JP)' 


In the direction of the resultant of the two given 


14. (i) 23-8; (ii) 6-64; (iii) 68“ 12'; (iv) 2-.56. 


II. (Pages 19, 20.) 

1. 5^3 and 6 lbs. wt. 2. (i) jP^2; (ii) {^P. 

3. 60 lbs. wt. 

4. Each is i 100^3, i.e. 67-736, lbs. wt. 

6. 36-603 and 44-83 lbs. wt. nearty. 
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6. P(V3 - 1) and | (^6- U P x -732 and 
Px-5176. 

8. PJ3 and 2K 

9. F,J2 at 135° with the other component. 

10. 10^5 at an angle tan“‘ ^ (i.e. 22’36 at 26° 34') with 
the vertical 

11. 33*62 Ills. wt. ; 51*8 lbs. wt. 


m. (Pages 25, 26.) 


1. 

1 : 1 ; V3. 2. 

V3: 

1:2. 3. 

120°. 

4. 

90“, 112° 37' ( = 

180°- 

co8“‘ j®g), and 

157° 23^ 

9. 

A!,--34*4 llw. wt. 

, a, -81 

°; Jt.y-.C, r> lbs. 

wt, a.j = 109“, 

10. 

o 

o 

o 


11. 52 ; 

9rr. 

12. 

G7-2; 101. 


13. 46; 

138°. 

14. 

29-6; 14°. 


15. 2 *60 cwts. 


IV. (Pages 26—28.) 

1. 40. 2. *.e. 104°29'. 

3. 2^3 and ^3 lbs, wt. 

4. 15^3 and 15 lbs. wt. 5. 5:4. 

6. 5 and 13. 9. 12 lbs. wt. 

16. The straight lino passes through C and the middle 
point of AB. 

19. The required point bisects the line joining the 
middle points of the diagonals. 

20. Through B draw BL, parallel to AC, to meet CD 
in fj ; bisect DL in X; the resultant is a force through X, 
parallel to AD, and equal to twice AD, 
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V. (Pages 33 — 36.) 

1. 4 lbs. wt. in the direction AQ, 

2. /\/50 + ir2^2 at an angle tan"’ i,e. 9*76 

lbs. wt. at 36“ 40', with the first force. 

3. 2/* in the direction of the middle force. 

4. *IP at cos“’ -] J, i,e. 38° 13', with the third force. 

5. at 30° with the third force. 

6. 12*31 making an angle tan“^5, Le, 78° 41', with AB. 

7. 14*24 lbs. wt. 

8. 5 lbs. wt. opposite the second force. 

9. \P {Jfy + 1) \/i0 I- 2^5 bisecting the angle l)etween 
Q and R. 

10. 10 lbs. wt. towards the opposite angular point. 

11. Vl25 + ()8>^3 1})S. wt. at an angle tan"’— — , 

Le, 15*58 lbs. wt. at 7G° 39', with the first force. 

13. P X 5 027 towards the op[K>site angular point of the 
octagon. 

14. 17*79 lbs, wt. at 66° 29' with the fixed line. 

15. 9*40 lbs. wt. at 39° 45' with the fixed line. 

16. 39*50 lbs. wt. at 111° 46' witli the fixed line. 

17. 42*5 kilog. wt. at 30° wdth OA, 

VI. (Pages 38—41.) 

1- f(s/6-V2); ir(^3-l). 

2. 2f and 3J Ihs. wt. 3. 126 and 32 lbs. wt. 

4. 56 and 42 lbs. wt. 5. 48 and 36 lbs. wt. 

6. 4, 8, and 12 lbs. wt. 7. W, 

8. 120 lbs. wt. 

9. The inclined portions of the string make 60“ with 
the vertical and the thrust is 
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10. 7’23 lbs. wt 11. The weights are equal. 

12. 1*31 inches. 13. 2^ and 9 J lbs. wt. 

14. 14 lbs. wt. 15. 6 ft. 5 ins. ; 2 ft. 4 ins. 

16. They are each equal to the weight of the body. 

18. 2 /Vos * , whore a is th<i angle at the bit between 

tho two portions of the rein. 

20. -’-soc~. 22. IF; WJ2. 

A A 

VII. (Pages 45, 40.) 

1. 42*9 lbs. wt. \ 19*91 IKs. wt. 

2. 1 J and 1 g tons wt. 

3. 37*8 and 85-1 lbs. wt. 4. 15*2 lbs. 

5. 3*4, 6 *6,' 3 -67, 7*55 and 5 cwt. respectively. 

6. 160 lbs. and 120 lbs. wt. ; 128 and 72 lbs. wt. 

7. 20 cwts. and 6 cwls. 

8. 214*84 and 561*34 lbs. wt. 

9. 2*73 and *93 tons wt. 

10. (1) 3, 1 J and 1 ton wt. ; (2^ 2, J and 1 Um wt. 

11. A thrust of 5 01 tons wt. in AC^ and a pull of 1*79 
Ions wt. in Cl>. 

VIII. (Pages 55—57.) , 

1. (i) 7^-11, AGr^l ins.; (ii) - 30, AC-^l ft. 
7 ins. ; (iii) H = 10, AC = 1 ft. 6 ins. 

2. (i) J?- 8, ^(7 = 25 ins.; (ii) 72 =- 8, .4(7 = — 75 ins.; 
(iii) 7?-=17, AG ins. 

3. (i) <2-9, ABr.81 ina; (ii) P=2|, 7i?=13J; 

(iii) C==6f, 7?=12f. 

4. (i) Q = 25, AB = 3/^ ina ; (ii) 24|, 7? = 13f ; 
(iii)<> = 2f,7? = 3?. 
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5. 15 and 5 lbs. wt. 6. 43^ and 13^ lbs. wfc. 

8. 98 and 70 lbs. wfc. 

9. TIio block rausfc be 2 ffc. from fclie sfcronger man. 

10. 4 ft. 3 ins. 11. 1 lb. wfc. 12. 1 foofc. 

13. 20 lbs. ; 4 ins. ; 8 ins. 14. 14g ins. ; 10| ins. 

16. 40 and 35 lbs. wfc. 17. \ W. 

18. The force varies inversely sus fcho disfcance between 
his hand and his shoulder. 

19. (i) 100 and 150 lbs. wfc. ; (ii) 50 and 100 lbs. wfc. ; 
(iii) 25 and 75 lbs. wt. 


20. 

1 lb. wt. at 5 ffc. from the first. 


21. 

77-55 and 34*45 lbs. wt. approx. 



IX. (Pages 71—74.) 


1. 

ia*l. 2. 5^3 ffc.-lbs. 


3. 

75^3 = 129*9 lbs. wt. 


4. 

3 ffc. 8 ins. from the 6 lb. wfc. 


5. 

At a point distant 6*6 feet from the 

20 lbs. 

6. 

2j ft. from the end. 7. 

lbs. 

8. 

lbs. 


9. 

(1)4 tons wt. each ; (2) 4^ tons wt., 

3| tons wt. 

10. 

A is 3 inches from the peg. 11. 

^ cwt. 

12. 

One-ijuarter of the length of the beam. 

13. 

55 lbs. wt. 


14. 

Tho weight is 3.^ lbs. and the point 

is 8.V ins. from 

the 5 lb. wt. 


15. 

3 ozs. 16. 85 851, and 29 lbs. wt. 

17, 

96, 96 and 46 lbs. wfc. 


18. 

ins. from the axle. 



19. 2J2 lbs. wt., parallel to CA^ and cutting AD at Pt 
where AP equals ^AD, 

20. ^P acting along DC, 

21. The resultant is parallel AC and cuts AD at P, 
where AP is J ft. 

l:s 


22 
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22. 20^5 lbs. wt. cutting All and AD in points distant 
from A 8 ft. and 16 ft. respectively. 

23. perpendicular to BC and cutting it at Q where 
BQ is IBG. 

29. The required height is wlierc I is the length 

of the rope. 

31. A straight line dividing tlie exterior anglo between 
the two forces into two angles the inverse ratio of wfioso 
sines is equal to the ratio of the forces. 

33. 225 lbs. wt. 


X. (Page 79.) 

2. 9 ft.-lbs. 3. 6. 

4. A force equal, parallel, and opposite, to the force at 
C, and acting at a point C' in AC ^ such that ( 7 ( 7 ' is g AR 

XI. (Pages 92—96.) 

2. 45®. 3. 10^2 and 10 lbs. wt. 

4. The length of the string is AC. 

5. 

CL 

8. 7 must be < 1 and > 7 ^-. 

I ^ 

12. f ^5 and lbs. wt. 

14. W cosec a and W cot a. 15. -J W ^3. 

16. 30® ; ^irV3 ; },WJX 17. : 2^3. 

18. wt. 19. lbs. wt. 

21. hjW + sin® a/(4 + a cos a), where 2a is the height 
of the picture. 

22. The reactions are 

^ ^ TI/- 1 ^ ^ nr 

Y L-— W and 7 - W, 

a — ah cl + b — ah 

26. 3*16 ft. ; 133 and 118*8 lbs. wt. 

26. 15*5 lbs. wt. 27. 6*75 and 16*6 lbs. wt. 

28. 2*83 and 3*61 cwts. 29. 26*8 and 32*1 lbs. wt. 
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XII. (Pages 107—111.) 

1 . IW^S. 2 . IW^3. 

4. ^ W cot a; cot a. 

TTsina /cot/? — cota\ 

sin(ar4^)^ kn(a + fiy V 2 /• 

8. 'J lb. wt. 11. AC ~ a ; the tension -- 2 W 

14. The reactions at the edge and the base are 
respectively 3*24 and 4*8 ozs. wt. nearly. 

15. IK. r-/2 18. IK^, 23. J IK^fi- 

24. 133J and IGCrJ lbs. wt. 

26. ITJ-J- and lbs. wt. 27. . 20 lbs. wt. 


XIII. (Page 113.) 

1. The force is 4 lbs. wt. inclined at 45“ to the 
third force, and the moment of the couple is 10a, where 
a is the side of the square. 

2. The force is 5/^ ^^2, parallel to DB, and the moment 
of the couple is 3/*a, where a is the side of the square. 

3. The force is 6 lbs. wt., parallel to CB, and the 

moment of the couple is where a is the side of 

the hexagon. 

XIV. (Pages 117, 118.) 

1. The side makes an angle tan"* 2 with the horizon. 

2. 15a. 3. (n + 2)N/S^cl 

4. A weight equal to the weight of tlie table. 

6. 10 lbs. 

7. On the line joining the centre to the leg which is 
opposite the missing leg, and at a distance from the centre 
equal to one-third of the diagonal of the square. 


22—2 
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8. 120 lbs. 


9. sin“^ — . 

p + io 

11. Tlie pressure on A is W 

2 sill B sm C 


XV. (Pages 128, 129.) 

1. 1-J, 1§, and feet. 2. 2, 2^, and Ig feet 

3. 2;^5, 3, and 3 indies. 

6. The pressure at the point A of tlio triangle is 
3 c sin B * 

where a is the perpendicular distance of tlie weight W from 
the side BG. 


10. 60“ 


12. cos-^ Jjr, 73“ 44'. 


XVI. (Pages 131, 132.) 

1. 4 1 inches from the end. 

2. 15 inches from the end. 

3. 2^ feet. 4. inch from tlie middle. 

5. 7 J inch from the first particle. 

6. It divides the distance between the two extreme 
weights in the ratio of 7 : 2. 

7. 5:1, 8. 1-335... foet* 9. inches. 

o 

10. 12 lbs. ; tlie middle point of the rod. 


XVII. (Pages 137, 138.) 

1. One-fifth of the side of the S(][uare. 

2. ^ from AB ; ~ from AD, 

4 4 

3. At a point whose dLstances from AB and AD are 
16 and 15 inches respectively. 
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4. 7 J and 8 J inches. 5. ^^283. 

7. At the centre of gravity of the lamina. 

8. 8 J and 11} inches. 10. 2:1 : 1. 

12. At a point whose distances from BC and CA are 
respectively y^^ths and -^^jths of the distances of A and B 
from the same two lines. 

14. It divides the line joining the centre to the fifth 
weight in the ratio of 5:9. 

18. One-quarter of the side of the st][uare. 

20. inches from A, 

21. It passes through the ceniro of the circle inscribed 
in the triangle. 

XVIII. (Pages 141—143.) 

1. inches from the joint. 

2. 5 J inches from the lower end of the figure. 

3. It divides the beam in the ratio of 5 : 1 1. 

4. At the centre of the base of the triangle. 

5. 7^ inches. 

7. One inch from the centre of the larger sphere. 

8. Its distance from the centre of the parallelogram is 
one-ninth of a side. 

9. The distance from the centre is one-twolfth of the 
diagonal. 

10. The distance from the centre is .>\-th of the diagonal 
of tho square. 

11. It divides the line joining the middle points of the 
opposite parallel sides in the ratio of 5 : 7. 

12. inches from 0, 14. 

lo 

15. A* bisects ADy where D is the middle point of BC, 

18. It divides GA in tho ratio 1 : — 3^w + 1. 
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3-/3 

17. The heighfc of the triangle is - , i.e, *634, of the 

side of the square. 

18. inches from the centre. 

19. Tlie centre of the hole must be 16 inches from tho 
centre of the disc. 

53 

20. Tt is at a distance -r , — from the centre of the 

a- + ab + 6® 

larger sphere. 

21. where h is the height of the cone. 

22. 13*532 inches. 

23. The height, £c, of the part scooped out is one-third 
of the height of the cone. 

24. 3080 miles nearly. 


XIX. (Pages 145—148.) 

1. By 7, 8, and 9 lbs. wt. respectively. 

2. 1^^^ inch. 6. 5:4. 

10. At the centre of gravity of the triangle. 

14. 2sin-4. 15. ^6:1. 

16. The height of the cone must be to the height of the 
cylinder as 2-^2 : 1, i.e, as *5858 : 1. 

19. It divides the axis of the original cone in the ratio 
3 : 5. 


1 . 


XX, 

6 1 inches. 


(Pages 159—162.) 

2. -S. iriohes. 


4, 


W 

T- 


7. 120^ 

8. 18 if they overlap in the direction of thtur lengths, 
and 8 if in the direction of their breadths. 

11. times the radius of the hemisphere. 


12. 1 : ^2. 14. 4r. 
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18^ The string makes an angle cos"^ 

the plane where a is its inclination to the horizon; the 
equilibrium is stable. 

19. Tlie line from the fixed point to the centre is inclined 
at an angle sin"^ rU c J vertical ; the equi- 

librium is stable. 


XXL (Pages 168 170.) 

1. (1) 1G8J ft.-toiis; 117J tVtons. 2. 1000 feet. 

3. 6 X 10^ ft..lbs. 4. 21120. 5. 9|-J hours. 

0. 8}f-. 7. 71 jV mins. 9. 4*4352. 

10. 660,000 ft. -lbs. ; 30 h.p. 

11. 111^1- tons wt. 13. 176 ft.-lbs. ; *213 H.P. 

14. 24*2... ft. -lbs. ; + 1) ft. -lbs. 

16. 3ft.-lb8. ^ 18. 166ft.-lbs. 

XXII. (Pages 178—180.) 

1. 5 feet. 

2. 4 feet from the first weight; toward the first 
weight. 

3. 11:9. 4. 2 lbs. 6. 4 lbs. 

7. 9^1b.s. 

8. 6 ins. from the 27 ounces ; 1^ inch. 

9- 1 foot. 10. 360 stone wt. 11. 21 lbs. wt. 

12. 15 lbs. wt. 13. at 45® to the lever. 

14. 50 lbs. wt. 

7 

15. The long arm makes an angle tan"'-^ with the 
horizon. 

16. 8^ lbs. wt. 19. 20 lbs. 

20. The weight of 2\ cwt, 21. ~ (^3 - 1) a. 
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XXIIL (Pages 186, 187.) 

1. (i) 320 ; (ii) 7 ; (iii) 3. 

2. (i)7; (ii)4r)J; (iii)7; (iv)6. 

3. 290 lbs. 4. lOJlbs. 5. 5 lbs. 

7. 5 lbs. 9. 49 lbs. ; 1 Ib. each. 

10. An)-y2\w, 12. OjJ^lbs. wt. 13. 18 lbs. wt. 

XXIV. (Pages 189, 190.) 

1. G lbs. 2. 4 strings ; 2 lbs. 

3. 47 lbs. j G pulJt^ys. 4. 7 strings; 14 lbs. 

5. ----- where n is the number of strin;;s ; - 

nil’ ” ’ n - 1 

6. 9 stone wt. 

7. The cable would support 2J- tons. 8. n. 

9. 75 lbs. ; IGGH lbs. 10. l^'^^cwt. 

XXV. (Pages 195, 196.) 

1. (i) 30 lbs. ; (ii) 4 lbs. ; (iii) 4. 

2. (i) IGl lbs. wt. ; (ii) 16 lbs. wt. ; (iii) ^ lb. ; (iv) 5. 

3. 10 lbs. wt. ; the point required divides the distance 
betw’ceii the first two strings in the ratio of 23 : 5. 

4. -J ^ inch from the cud. 5. 1^^/;;. 

6. I inch from the end. 

8. \w\ 8 ozs. ; 1 lb. wt. 

9. 4; 1050 lbs. 10. 4. 

12. W=:P(2^-l)-\-W' (2”-i - 1). 

XXVI. (Pages 201—203.) 

1. 121bs. wt.; 201b.s. wt. 2. 30°;jr^y. 

3. 103-92 lbs. wt. 5. 3 : 4; 2/'. 

6. ; 1. 7. cos"’JJ^ ; shr^J to the plane. 
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8 . 

11 . 

14. 

16. 

17. 

18. 


1 . 

2 . 

3. 

6 . 

9. 

12 . 


13. 


14. 


1 . 

4. 


7. 

9. 

10 . 

12 . 

13. 

14. 

15. 


lbs. wt. j — T-.f lbs. wt. 


9. 6 lbs. wt. 


Bin a 


tons. 


73'"“ 7^3 

IGilbs. 12. ^ — r— 

^ Bin p — Bin a 

The point divides tlie string in the ratio 1 

17*374 lbs. wt. ; 46*884 lbs. wt. 

10*318 lbs. wt. ; 12*208 lbs. wt. 

16*12 lbs. wt. ; 34*056 lbs. wt. 


smcu 


XXVII. (Pages 208, 209.) 

7 Ills. wt. 

120 lbs. wt. j 70 lbs. Avt. on each; 110}^ lbs. wt. 
20 inches. 4. 7 feet. 5. 3| tons. 

3 lbs. wt. 7. 55 lbs. 8. 23 J- lbs. wt. 

2 J lbs. wt. 10. 360 lbs. 11. 120 lbs. 

1500 ft.-lbs. 

47040 ft. -lbs. ; 2 cwt. ; 210 feet. 

2h ^ 

Ji-r' 


XXVIII. (Pages 216, 217.) 

nibs. 2. 26i lbs. 3. 


2 : 3 ; 6 lbs. 5. 24*494 lbs. 

^J^/110 inches; >^110 lbs. 

2s. 3(?. : l.v. 9Jtt 
He Avill lose one sliilling. 

10 : ^101 ; VlOl : 10. 

I^Q P^Q 
2 ~ ’ 2 * 

ww' — 7” 


6 . 


(Q-py 




7i?- 


P-i 


2 ozs. 

5 : ^26. 


16. 16 lbs. 
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XXIX. (Pages 222—224). 

1. 34^ inches from the fulcrum. 

2. 2 inches from the end ; 1 inch. 

3. 32 inches from the fulcrum. 

4. I inch ; 4 J lbs. 5. 4 inches. 

6. 16 lbs. ; 8 indies beyond the point of attachment of 
the weight. 

7. |lb.;l§lb. 

8. 26 lbs. ; 15 ll)s. ; 10 inches from the fulcrum. 

9. 3 lbs. 10. 15 J lbs. ; 6 J lbs. ; 4 inches. * 

11. It is 10 inches from the point at which the weight 
is attached. 

12. 3 ozs. 13. 30 inches. 

15. The machine being graduated to shew lbs. the 
weights indicated must each be increased by ^th of a lb. 

16. The numbers marked on the machine must each be 

X W 

increased ^7 ~ Jq j where x and y are respectively the 

distances of the centre of gravity of the machine and its 
end from the fulcrum, and W is the weight of the machine. 

17. He cheats his customers, or himself, according as ho 
decreases, or increases, the movable weight. 

XXX. (Pages 230, 231.) 

(In the following examples w is taken to he 
1. 4400 lbs. 2. inches. 3. lbs. wt. 

4. i^^yir ^54 wt. 

6. 13f| tons wt. 7. tons wt. 

8. 60^ lbs. wt. ^ 9. 4y”y®y inches. 

10. 4525«. 11. 5430^ 12. 4J. ft-lbs. 
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XXXI. (Pages 244—246.) 

1. 10 lbs. wt. ; 121 10^17 and lbs. 

wt. respectively, inclined at an angle tan"“i 4 with the 
horizontal. 




W' 


4714 . 


3. 10^10 lb& wt. at an angle tan"* 3 with the 

horizon. 


6. 7- lbs. wt. 

h/ACO 

ir,+ nv 


10. sin ~ sin a + /a cos a. 


9 

16 • 


( Ir + W \ 

— jf' y’ are the two 

weights. 

14. ax '134. 

IS. At an angle equal to the angle of friction. 

16. 2-19 owts. 17. 79-7 lbs. wt. j -32. 


XXXn. (Pages 257—259.) 

1. 3808 ft-lbs. 2. 7,392,000 fb-lbs. ; 7yV h.p. 

3. 23,040,000 ft.-lbs. ; h.p. 

4. 7766. 6. -446. 

7. 'll, *34, and *47 nearly. 

8. a= 4*125; 6 = *01125. 

(The answers to the following four questions 
will be only approximations.) 

9. a =5*3; 6 =*097. 

10. i>=7*3 + *236ir; 

r. _ W . W_ 

36*6+ 1*18 r" ■ 7*3 + *236 V 

11. P = 4*3 + 4*7 W; *8 and *88. 

12. P = 18*6 + 6-5F; *69 and *79. 
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XXXIII. (Pages 262, 263.) 


1. 11-2 lbs. wt. 2. i5\ 

5. It can bo ascended as far as the centre. 


8 . 


50 feet ; one-quarter of the weight of the ladder. 
2fL — tan a 


9. w ® ^ 2/ll, the weight is negative, 

i.e, tlie ladder would have to be held up in oixler that there 
should bo equilibrium ; if tan a < /a, the weight is again 
negative, and we should then only get limiting equilibrium 
if the ladder were held up, and in this case the feet would 
be on the point of moving towards one another. 


XXXIV. (Pages 264, 265.) 

1. tan“' -1 ; height --twice diameter, 4. 45^ 

6. 2 tan-* ^ = 2 ten-* (-1443) 16* 26'. 

u 

8. Unity. 

XXXV. (Pages 269—273.) 

11. = 15. + 

30 ^\w J 

18. 1. 

20. The required force is f W at an angle cos'* \ }- with 
the line of greatest slope. 

5/3 

21. In a direction making an angle cos“* — (- 15** 48') 
with the line of greatest slope. 

24. If fi cot a be greater than unity, there is no limiting 
position of equilibrium, i.c., the particle will rest in any 
position. 

28 . 60 *. 
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XXXVI. (Pages 277, 278.) 

Sir 

1. At where BP equals \BC ; —a—. 


5. 


7. 


W. 

^ tan 
SIT 



2 ■ 

ir 

^10 at t;ui“' J to the hori/ontaL 


W Sir ^TT 
'2 ^ "2“^ ■ 4 • 

10. Half the weight of the middle rod. 

12. One-eighth of the total weight of the rods, acting 
in a horizontal direction. 


XXXVII. (Page 285.) 

6. |ft.-lb. 7. -S-ft.-]h. 

XXXVIII. (Pages 293—296.) 

1. 39 lbs. wt. ; 25*8 lbs. wt. at 1" 40' to the horizon. 

2. 152-3 and 267 96 lbs. wt. 3. -41. 

4. 124°, 103°, 133°. 5. 26-9 lbs. wt. 

6. 74 lbs. wt, ; 12-7 lbs. wt. 

7. A force 2*6 lbs. along a line which cuts BC and AC 
produced in points /i and L such that 0^= 19-25 ins. and 
6"A-17-6 ins. 

8. (1) IJj ft.; (2) 7?r ft. in the direction opiKJsite 
to AB, 

9. 3*9 ft. from the end. 

10. 7 ’15 lbs. wt. and 6*85 lbs, wt. 

11. 150, 158*115, and 50 lbs. wt. 

13. Each equals the wt. of 10 cwt. 

14. *46 ; 91*2 and 57*2 lbs. wt. 

15. 58*1, 65*8, 37*4, 33*2, and 29 lbs. wt. respectively. 
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20. T^ = 13-05 ; 1\ = 9*79 ; T^ = 3-26 ; = 8-39 ; 

Tg = 5 cwts. T 4 and T^ are ties ; the others are struts. 

21. ^1 = 8-39; ^ 2 = 11-98; ^3=9-02. is a strut; 
2 \ and T^ are ties. 

22. 37 - 2 , 47 '5 and 43-1 cwts. 

23. 6 tons and 2 tons; 5*77, 1-155, 1*155 and 3*464; 
of these last four the first, third and fourth are struts and 
the second is a tie. 

24. The tensions of AB, BC^ GD^ DA are 32*4, 36*4, 
16*8 and 25*5 lbs. wt. ; the thrust of BD is 36*7 lbs. wt. 

EASY MISCELLANEOUS EXAMPLES. 
(Pages 318—320.) 

1. 15 lbs. wt. at an angle tari“* -J- with the second 
force. 

2. Each component is 57*735... lbs. wt. 

3. 14*24 lbs. wt. 4. 50 and 86*6025... lbs. wt. 

6. 3 feet. 7. 2 ozs. 9. 4 inches from A» 

10. inches. 

12. It divides the lino joining the centre to the middle 
point of the opposite side in the ratio 2:13. 

13. Jtlis of the diameter of a penny. 

14. 8 and 12 lbs. wt. 15. 9^ lbs. wt. 

16. 

17. The required^ point divides tlie distance between the 
two extreme strings in the ratio 13 : 49. 

18. J^3 1bs. wt. 20. 18 inches; 4 inches. 

21. 26|. 22. T-f. 

23. He can ascend the whole length. 

04 in 
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HARDER MISCELLANEOUS EXAMPLES. 
(Pages 320—332.) 

5. The centre of the inscribed circle. 

6. P divides AD \n the ratio 1 : ^3, 

9. The forces are in equilibrium. 

21. |lh.wt. 28. |. 

X 

31. W , where a and h are the lengths of the 

sides of the frame and AP is x, 

39. At a point distant from the centre of 

the rod, wliere 2c is the length of the rod, and a is the 
distance from the centre of the given point. 

40. — ; — where W is the weight of each 

a sm 0 -h fiG cos 0 < ® 

particle. 

44. The difference between the angles of inclination of 
the planes to the horizon must be not greater than the sum 
of the angles of friction. 

♦ 

45. W cos X sin {a - X) cosec a, and W cos X sin X cosec 
where W is the weight of the rod. 

48. The ratio of the <lepth to the width of the sash. 

49. ^3 feet. 

53. The particle will move first, if jj.W>(l +/i^)wco3a 
sin a, where a is the inclination of the face of the plane. 

67. The equilibrium will be broken. 

W 

59. W tan i ; tan i, where W' is the weight of 

the inclined plane. 
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62. 7r=10^3; the force is (i) bJZ lbs. weight, and 

(ii) zero. 

W = • the force is (i) — lbs. wt., and (ii) zero. 

65. He must press downwards when B luis raised more 
tliaii half the ladder. 
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PREFACE. 


rpIHE present book forms Part 11. of The Elements 
JL of Statics and Dynamics^ of which Part I. (Statics) 
has alrefidy been published. 

It aims at being useful for Schools and the less 
advanced students of Colleges; the examples are, in 
conseciuence, largo in number, and generally of a 
numerical and easy character. Except in two articles 
and a few examples at the end of the Chapter on 
Projectiles, it is only presumed that the student has 
a knowledge of Elementary Geometry and Algebra, and 
of the Elements of Trigonometry. » 

It is suggested that, on a first reading of the 
subjects, all articles marked with an asterisk should 
be omitted. ♦ 

Part I, and Part II. are, as far as is possible, 
independent of one another; hcncc, any teacher, who 
wishes his pupils to commence with Dynamics, may 
take Part II. before Part I.^ by omitting an occasional 
article which refers to Statics. 

Any corrections of mistakes, or hints for improve- 
ment, will be gratefully received. 

S. L. LONEY. 

Baunes, JS.W. 

Marchy 1891 . 



PREFACE TO THE TENTH i^ITION. 


I T having become desirable to re-set the type for a 
new Edition, .1 have taken the opportunity of 
thoroughly overhauling the whole book. Its general 
scope is unaltered, but I have introduced moi*e graphical 
and experimental work ; I have, however, confined 
myself to experiments that can be arranged by a 
teacher with the simplest of apparatus in an ordinary 
class-room. 

■ For two new figures on Pages 137 and 175 I am 
indebted to the kindness of Dr R. T. Glazebrook, who 
allowed me to make use of Ifiocks prepared for his 
Mechanics, 

1 hope that the additions that have been made will 
add t^ the usefulness of the book. 

" S. L. LONEY. 


BoyaIj Holloway Colleoi!!, 

Englkfikld Green, Surrey. 
May \ Uh , 1900, 
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DYNAMICS. 


CHAPTER I 

VELOCITY. 

1 . If at any instant the position a moving point 
Vk) and at any subsequent instant it be (?, then PQ is 
the cliange in its position in the intervening time. 

A point is said to be in 'motion when it changes its 
position. The palli of a moving point is the curve drawn 
through all the successive positions of the point. 

2. Speed. Def« The speed of a movimj point is 
the r ate at which it describes its path, 

A point is said to be moving with uniform speed when 
it moves tli rough equal lengths of its path in equal times, 
liowevcr psmall these times may be. 

Suppose a train dc.scribcs 30 miles in eiich of several co]isecutive 
liours. We are not justitied iu saying tliat its speed is uniform unless 
vvr know that it describes half a mile in each minute, 44 feet in each 
second, one-millionth of 30 miles in each onc-uiillionth of an hour, 
and so on. 

When uniform, the speed of a point i^s measured by the 
distance passed over by it in a unit of time; when variable, 
by the distance which would be passed over by tlie point in 
a unit of time, if it continued to move during that unit of 
time with the speed which it has at the instant under 
consideration. 


L, D. 


1 
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By saying that a train is moving with a speed of 40 miles an hour,, 
we do not mean that it has gone 40 miles in tlie last hour, or that it 
will go 40 miles in the next hour, but that, if its speed reinnined 
constant for one hour, then it would describe 40 miles in that hour. 


When the speed of a point is not uniform, it may 

meiusurecl at any instant as follows; take the distance 

that it describes in the next tenth of a second ; then the 

5 . space described . . . , 

quantity.— , r i- ~ approximation to 

y Lime taKen 

the speed rocpiired. For a nearer approximation, let l)t' 
tlie distance described by it in the one-hundredth of a 

s(*cond w'liich follows ihe moment considered; tlieii , 

1 u u 

. ‘■'pace d(;scnbed . • i -n 

i.e. - . , - , is a nearer approximation. A srill 

time taken ^ 


nearer .apjiroxiination is - ^ , \vlit*re is the distaji».*e 

j7)o<r 

flescrihed in the <»n e-thousandth of a second w’hich follows 
tJie moment under consideration : and .si> on, the tiniebt^ing 
taken smaller and smaller. i»y this means we obtain a 
definite notion of tlie varying velocity at any instant. 


Tn mathematical language this ooiiceptiun amounts 1o 
the following ; Lei a be the Irtujth of the j^rrhon of the path 
ileacrihed by a nuiriny point ht the mnall time i Jollou Lmj tJtr 


• * s 

instant nnder consideration : then the idtimate value 

the time t is talcen smaller and smaller^ is tlui measvre ofihe 
speed of ths moving point at tlie instant under cousidcratio'ii. 


Jn a similar way the rate of Change of any <piantity 
(lie it money, population of a country, or speed or anything 
else w^hose change can Ixi iuea.sui*ed) is the ratio of the 
change in that quantity to the small time in. whicli the 
eliange occurs. 
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3 . The units of length and time usually employed in 
England are a foot and a spcond. 

A foot is the iiiird part of a yard. A yard is defined 
to be the distance between the centres of two small gold 
plugs inserted in a solid brass bar which is kept at West- 
minster. 

A day, i.d. the time taken by tlie Earth to rotate once 
on its axis, is divided into 24 hours, each hour into 60 
minutes and <iach ininui^ into CO seconds. Hence the 
definition of a second. 

In scientific measurements the unit of length generally 
used is the centimetre, wliich is the one hundredth part of 
a metre. A metre was meant to be defined as one ten- 
millionth part of a (|uadriiiit of the Earth’s surface, i.e. of the 
<lis1an(;e from the North Pole to the Equator. In practice 
it is the length of a certain pLatinum bar kept in Paris. 

One metre = 39*37 inches approximately, and therefore 
a foot - 30*48 centimetres nearly. 

decimetre is -]\,th, and a millimetre ^ metre. 

4. The unit of spcc'd is the speed of a point which 
moves uniformly over a unit of length in a unit of time. 
T I once the unit of speed depends on these two units, and if 
either, or both of them, be altered, the unit of speed will 
also, in general, be altered, 

5 . Jf a point V>o moving with speed n, then in each 
unit of time the point moves over u units of length. 

Hence in i units of time tlie point passes over u . C 
units of length. 

Hence the distance s passed over by a point which moves 
with speed u for time t is given by 9 = u.L 

It is easy to change a velocity expressed in one set of 

1—2 
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units to other units. I&’or instance a velocity of 60 miles 
per hour is equivalent to 

1 mile per minute, 
or , mile per second, 

cir “II® feet per second, 

i.e, 88 feet^per second. 

Bx« 1. Shew that the speed of the centre of the earth is about 
18*5 miles per second, assuming that it describes a circle of radius 
93000000 miles in 365 days. ^ 

Bx. 2. Shew that the speed of light is about 194000 miles per 
second assuming that it takes 8 minutes to describe the distance from 
the sun to the earth. 

6. Displacement. The displacement of a moving 
point is its change of position. To know the displacement 
of a moving point, we must know both the length and the 
direction of the line joining the two positions of the moving 
point. Hence the displacement of a point involves both 
magnitude and direction. 

Bx. 1. 41 man walks 3 miles due east and then 4 miles due 
north; shew that his displacement is 5 miles at an an^le tan^^ ^ 
north of east. ^ , 

Bx. 2. K ship sails 1 mile due south and then ij2 miles south- 
west; shew that its displacement is ^5 miles in a direction tan'*^ ^ 
west of south. 

Bx. a. A vessel proceeded as follows, all the angles being 
reckoned from the north towards the east; 5 miles at 225‘^, 6 north, 
2 at 90*^, 3 at 135°, 4 at 300°. The time token was 2 hours, and the 
tide was flowing from east to west at the rate of S miles per hour. 
Show graphically that the true distance between the initial and final 
positions of the vessel is about 9*18 miles and^at it had moved 
towards the west a distance of 8*88 miles apfTrolimately. 

7. Velocity; Def. The velooity of a rnpviny point 

the rate of its displacement 

A velocity therefore possesses both magnitude and 
direction. 
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A point is said to be moving with uniform velocity, 
wlien it is moving in a constant direction, and passes over 
equal lengthit in equal times, however small these times 
may be. 

When uniform, the velocity of a moving point is 
measured by its displacement per unit of time ; when vari- 
able, it is measured, at any instant, by the displacement 
that the moving point would have in a unit of time, if it 
mo^ ed during that unit of time with the velocity which it 
has at the instant under consideration. 

As in Art. 2, the velocity of a moving point, when not 
uniform, may be obtained by finding its displacements in 
the next -j-to * ^ second .after the moment 

considered, afid we thus obtain approximations gradually 
getting nearer and nearer to the measure required. 

Mathematically, if d be the du'placeimnt of the point in 
the small titm t foUoiaing the instant under comideralioni 

d 

then the uUirnate value of - , a$ t is taken smaller and 

smaller^ is the velocity at the instant under consignation, 

# 

8 . It will be noted that when the moving, point is 
moving in a straight line, the velocity is the same as the 
speed. 

If the i:notibn be not in a straight line the velocity is 
not the same as the speed. For example, suppose a point 
to be describing a circle uniformly, so that it passes over 
equal lengths of the arc in equal times however small ; then 
its direction of motion {viz. the tangent to the circle) is 
different at different points of the circumference; hence 
in this cose the velocity of the point (strictly so called) 
is variable, whilst its speed is constant. 
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9 . The magnitude of the unit of velocity is the velocity 
of a point which undergoes a displacement equal to a unit 
of length in a unit of time. 

When we say that a moving point has velocity v, we. 
mean that it possesses v units of velocity, t.c., that it would 
undei’go a disphwsement, equal to v units of lengtli, in the 
unit of time. 

If the velocity of a moving point in one direction be 
denoted by v, an equal velocity in an opposite direction is 
necessarily denoted l)y —v. 

The expression ft./sec. is by some writers used to <leiiote 
a velocity of one foot per second. Thus “a velocity of 
3 ft./sec.” means “a velocity of 3 feet per second.” So “a 
velocity of lOcm./sec.” means *‘a velocity of 10 centimetres 
per second.” 

10 « Since the velocity of a point is known wlieii it-; 
direction and magnitude are both known, we can con- 
veniently represent tlic vekK^ity of a moving point by a 
straiglit line Al}\ thu.s, when we say that the vfdofu'lies of 
two moving points are represented in magnitude aiul 
direction by’the .sti’aight lines AB and CZ>, we mean that 
they move in directions parallel to the lines drawn from 
A to By and C to D resj)ectively, and with velocities wJiicli 
are proportional to tlio lengths A B and CD, 

11 . A body may have simultaneously velocities in 
two, or more, different directions. One of the simplest 
examples of this is when a person walks on the deck of a 
moving ship from one point of tlie deck to another." He 
lias one motion with the ship, and another along the deck of 
the ship, and his motion in space is clearly different from 
what it would have been Jiad either tlie ship remained at 
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rest, or had the man stayed at his original position on the 
deck. 

Again, consider the case of a ship steaming with its lx)w 
pointing in a constant direction, say due north, whilst a 
current carries it in a difFerent direction, say south-east, 
and suppose a sailor- is climbing a vertical mast of* the 
ship. The actual change of position and the velocity of 
the sailor clearly depend on three quantities, viz,^ the rate 
and direction or the ship’s sailing, the rat(j atid direction of 
the current, and the rate at which he climbs the mast. 
]lis actual velocity is siiid to be “compounded” of these 
three wlocities. 

In the following article we .shew how to find the 
v(d')city which is equivalent to, or fjtnn pounded of, iwo 
velocities given in magnitude and direction. 

12. Theorem. Parallelogram of Velocities. 

If a Dioviny shmtlfwii.e(n^sly velocities which 

arc rcio'raratp.d in ma<j idtude and direction Inj the tiro sides 
of a varaUcloyram, drawn from a they are etiul- 

ralcut to a velocitij 'trltirh is represented in maynitnde- and 
direction ' by the diayoyml of the paralMoyram passing 
ihronyh the 

Li't the two simultaneous velocities bo represented by 
the lines A /> and AC, and let tlicir magnitudes be ii and v. 

Complete tlie parallelogram BACD. 

Then we may imagine the motion of the point to be 
along tlie line AB with the vel(K*ity u, whilst the line AB 
moves parallel to the foot of the page so that its end A 
describes the line AC with veloi*ity v. In the unit of time 
the moving point will have moved through a distance ^17>’ 
along the liue AB, and the line A/J will Jiave in the same 
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*tiiiie moved into the position (?Z), so that at the end of the 
unit of time theonoving point will D, 

Now, since the two ooeristent velocities are constant 
in magnitude and direction, the 
velocity of ^the point from A to D 
must also be constant in magni- 
tude and direction; henjce AD is 
the path described by the moving 
point in the unit of time. 

Hence AD represents in magnitude and direction the 
\elocity which is equivalent to the velocities represented 
by AB and AC. 

To facilltato his understanding of the previous article the student 
may look on ^40 as the direction of motion of a steamer, whilst AB is 
a challxed line, drawn along the deck of the ship, along which a man 
is walking at a uniform rate. 

13. Def. The velocity v)hich is equivalent to two or 
more velocities is called their resultant, and these velocities 
are called the Components of this resultant. 

The resultant of two velocities u and v in directions 
which are inclined to on© another at a ^vfjn angle a may 
1)6 easily obtained. 

Tn the figure of Art. 12; let AB and AC repi-esent 
the velocities u and v, so that the angle BAC is a. 

Then we have, by Trigonometry, 

AD^^ ^AB^ + BD^ ^2AB. BD cos ABD. 

Hence, if we represent the resultant velocity ADhy 
we have 

= cos since i^ABD^ir^au ^ 

Also, if we denote the angle BAD by we have 
AB BinADB sin DAC 
BD ~ sin BAD * , 
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. M _ sin (a — tf) __ sin acoB ^ - cos a sin 0 
' * V “ sin ^ sin 0 

=s sin a cot 0 - cos d. 


cotd = 


w f -D cos a 


so that tang=. . 

u V cos a 

Ih.iice th6^re»yltant of two veloeities u andv inclhied to 
one another at an amjle a, is a wlocity' + ^u'ocosa 

hicUned at an angle tan'^^ the direction of the 

u-¥v cos a 

velocity u. 

The direction of tlie resultant velocity may also be 

obtained as follows; draw i>ir\ perpendicular to AB to 

meet it, produced if necessary^ in we then have 

, „ ED BD sin EBD 

toxi DAB = “tt: — vvf: vvrr^v 

, AE AB-k' BD cos E UD^ 


u + V cos a 


14 . A velocity can be resolved Jtito two coniponent 
velocities in an infinite number of ways. For an infinite 
number of parallelograms ..can be described having a given 
line AD as diagonal; and, if ABDC be any one of these, 
tiie velocity AD is equivalent to the two component veloci- 
ties AB and AC. 

The most important case is when a velocity is to hi' 
resolved into two velocities in two directions ^^yh tatuLks, 
one of these directions being given. When we speak of 
the compoiient of a velocity in a gi7>en direction it is under- 
stood that the other direction in which the given velocity 
is to be revived is perpendicular to this given direction. 
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Thus, supj)Ose we wish to I'esolve a volcjcity repre- 
sented by AD^ into two coniiK)nents 
at right angles to one another, one 
of these components being .along a 
line Ah making an angle 0 with 
AD. 

]>ra\v DB perpendicular to AB^ ^ -- - — ^ 

and complete the rectangle ABDC, 

Then the velocity AD is equivahMit to the two com- 
ponent velocities AB and AG, 

Als<i AB -= A D cos Q ■ - cos 
and A (. ' =- JID - J D sin 0 n sin 0. 




-/"A 


We thus have the following important 

JCteCOrgjn. A v<^locitjj u w equivalent to a viloclfv 
u cos B ahtmj aVme viakimj an angle 0 ivith its o?vn 'lirertiofi 
tngeiher with a velocity n sinO 2}eri)eiullimlar to the a rectlo a 
of the first compomuU, 

The case in wdiich the angle 0 is gr-eatcr than a riglil 
angle nuiy be considered as in Statics, Art. 30. 

Ex. 1. A man is "svalking in a north -eastcrlji^direGtij)!) voth a 
\floGiry of 4 miles per hour; find the cjnnpononta of Jiis velocity in 
directions due mutli and due east njspecti v cJ> . 

An$, Each is 2^/2 miles per liour. 

Ex. 2. A point is moving in a straight line with a velocity of 
10 feet per second; find the compoiUMit of its velocity in a direction 
inclined at an angle of 30'’ 1o its dircjction of iiiotiori. 

Aiix. Oy'3 feet per second. ^ 


, Ex. 3. A body is slidiug down an inclined piano wlioso inclina- 
tion to tlie b<)nj!ontMl is 0(/'; find the components of its velocity in 
iue horizontal and vertical directions. 


Amt. 


- and u 


2 


where u is the velocity of the bf)dy. 


15 . Components of a velocity in tmo yiven dim-tiou.^. 

If we wish t.o find the components of a velocity u in tv\o gi\ei\ 
directions making angles a and p with it, we proceed as follows. 
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Let AD represent h in ma^itude and direction. Draw AB and 
AC making angles a a. id /3 with it, and through D draw parallels to 
complete the parallelogiam ABDC as in Art. 12. Since the sides of a 
triangle are proportional to the sines of the opposite angles, we have 

AD ^ BD ^ 
sin ADD “ sin BAD sin ABD ’ 

AB _BD _ AD 
’* sin ~ sin a ~ sin (a -f j9) ’ 


sin^ 

All — AD . - , 

sill (a H- /i?) 


and BD=AD 


sin (a f /3) * 


Hence the component velocities in these two directions are 


sin^ - sin a it 
.sm(a + /3) «in(af,3) I 


16 . Triangle of Velocities. // a rnoviwj 'point 
jiosiitess simnlta'wmidff veli*ciiits reproaPiUed hy the tivo sides 
A B and BC of a triatigle taken in order^ they are equivafeyit 
to a velocity represented hy AC. 

For, cornph'ting tlio pjimllelognim ABCJ)^ tlie linos AB 
and BC represent the .same velocities as AB and AD and 
lienees have as their resultant the velocity i’epr(‘senled hy AC! 

Cox, 1 . If then} he siinuit.iiieously iiupressed on a point three 
velocities represented hy the sides of a triangle taken in order, tin 
point will be at rest. 

Oor. 3. If a moving point jxissess velocities reprcsciiitcd by X . OA 
and fjL . OB, they arc equivalent to a Nelooity (X i yu) . Ofr^ wl^re (Jr is a 
point on ^1/1 such that 

\.Aa=u.<;ii. , 

For, by tlie triangle of v«*l(H*itie.s, the velocity X . OA is* equivalent 
to velocities* X . 0(r and X . OA ; also the vchx'ity /x . OB is equivalent 
to fji.,00 and fjL. OB; hut the velocities X . OA and yix . OB destroy one 
another; hence the resultant velocity is (\-» /x) . 00. 

17. Paralleloplped of Velocities. By a proof similai’ to that 
for the parallelogram of vchxjities, it may be shown that the resultant 
of three velocities reprcseiitiHl ^by the three edges of a parallelopiped 
iiioeting in a iioint, is a \elocity represented by the diagonal of the 
parallelopiped passing through that angular ijoint. Conversely, a 
velocity may he v(\soived into throe others. 
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18 . Polygon of Velocltlei, If a moving point 

possess simultaneously velocities represented by the sides 
AB, BO, of a 

polygon (whether the sides 
of the polygon are, or are 
not, in one plane), the 
resultant velocity is repre- 
sented by AL. 

For, by Art. 16, the 
velocities AB and BC are 
equivalent to that repre- 
sented by AC ; and again the velocitit^s AC and CD to A/), 
and so on ; so that the flrjal velocity is represented by A L, 

Cor. If the point A ‘coincide with A (so that the 
polygon is a closed figuni) the resultant velocity vanishes, 
artrl the point is at rest. 

19 . When a point possesses simultaneously velocities 
in several different directions in the same plane, their re- 
sultant may be found by resolving the velocities along two 
hxed directions at right angles, and then compounding the 
resultant velocities in these directions. 

It- 




Suppose a point possesses velocities m, r, to, . . . in direc- 
tions inclined at angles a, /3, y,. .. to a fixed line OX, and 
let 0 y bo perpendicular to OX, The components of u along 
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OX and OY are respectively u cos a and it sin a ; the com- 
ponents of t? are v cos and sin \ and so for the others. 
Hence the velocities are equivalent to 

w cos a + V cos cos y parallel to OX^ 

and %i. sin a 4- v sin /3 ■\-w sin y . . . /. .parallel to 0 Y. 

If their resultant bo a velocity V at an angle $ to OX^ 
we must have 

Tcos $=^u cos a + v cos p + tv cos y -f- , 

and V sin 0 sin a + v sin ^ + iv sin y + 

. Hence, by squaring and adding, 

:Lr. (91 cos a 4- V cos jS + . . (?4 sin a + v sin 


and, by division, tan 0 — 


u sin a + V sin jS + ... 
u cos a 4- -y cos + , . , * 


These two equations give V and $. 


EXAMPLES. 1. 

1. i^esHcl stcama with its how pouittd due north with a velocitij 
o/’L5 miles an hour, and is carried htj a current v'hich jhws in a south- 
east erb/ direction at the rate of B^2 rniles per hour. At the end of an 
hour find its distance and bearing from me point from which it 
started. 

The ship liaa^two velocities, one being 15 miles per hour north- 
wards, and the other miles per hour south-east. 

Now the latter velocity is equivalent to 

8 cos 45°, that is, 3 miles per hour eastward, 
and ^y/2 sin 45°, that is, 3 miles per hour southward. 

Ilenco the total velocity of the ship is 12 miles per hour nortij ward^ 
and 3 miles per hour eastward. ^ 

Hence its resultant velocity is N/i2- + 3®, i.e. \^i53 miles i)er liouu 
in a direction inclined at an angle tan“i J to the north, i.e., 12 .17 
miles per hour at 14° 2' oast of north. 

2. ^ point possesses shmfitaneomly velocities whose measures are 
4, 3, 2 and 1 ; the angle between the first and second is 30°. between 
the second and third 90°, and between the third and f mirth 120°; find 
their resultant. 
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Take OX along the direction of the first velocity and OY perpen- 
dicular to it. 

The angles which the velocities inake with OX arc respectively 
120", and 240^^. 

lienee, if V be the resultant velocity inclined at an angle 6 to OX, 
we have 

Vcos = 4 + 3 cos 30° + 2 cos 120° + 1 . cos 240° ; 
and Tsin $•-= 3 sin 30°+2 sin 120° h 1 . sin 240°. 

AVe therefore have 


a.'id 


J’eos<^^4 + 3.^+2 
I’sili d — 3 . ^ -1-2 . 




3^+v^3 

' 2 ' 


Renee, by squaring and adding, 

J^-=16 -|-9^3=^3J*5S85, so tliat r=:=j-62, 
ind, by division, 

tan 0=,^ =2^3 - 3 ~ -4041 = tan 24“’ 54'. 

ai-3v'3 ^ 

TTence the resultant is a velocity equal to 5*62 inclined at an angle 
24' fir to the direction ot llie hist vekxjity. 

^ O-rapbicaUy; This result nuiy also be obtained by drawing; mark 
OA (in UX equal to 4 inelios and draw All, making AJJ equal to 
3 iiiLlies and XAB equal to 30 \ 



Draw liC perpendicular to AB and equal to 2 inches, and then 
^ !> at an angle of 120* with BC produced and equal to 1 inch. 
Join OD. 

On rneasurcTiient, 0/) = 5'62 inches, and the / .407)= 25° nearly. 

3. The velocity of a ship is 8/“,- miles per hour, and a ball is 
bowled across the ship per^iendicular to tlie direction of the ship 
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^\ith a velocity of 3 yards per second; describe the path of the ball 
in space and shew that it passes over 45 feet in 3 seconds. 

4. A boat is rowed with a velocity of 6 miles per hour straij^ht 
across a river which flows at the rate of 2 miles per hour. If its 
hreadtli be 300 feet, find how far down the river the bout will reach the 
opposite bank below the point at which it was originally directed. 

'5. A man wishes to cross a river to an exactly opposite point on 
the other bank; if he can pull his boat with twice the velocity of the 
cuiieJit, find at what inclination to the current he must keep the 
boat pointed. 

6. A boat is rowed on a river so that its speed in still water 
would be 6 miles per hour. If llie river flow at the rate of 4 miles 
per hoiii, draw a figure to show the direction in which the head of the 
buM,t must point so that the motion of the boat may be at right 
itjigies to the current. 

7. A stream runs with a velocity of ij* miles per hour; find in 
what direction a swimmer, whose velocity is 2j miles per hour, should 

in or<lcr to cross the streain perpendicularly, 

"What direction should bo taken in order to cross in the shortest 
time i ^ 

8. A ship is steaming in a direction due north across a current 
running diK. west. At tlie end of one hour it is found lhat tl)C ship 
Ijas made H;,y3 miles in a direction 30'" west of iioith. Kind the 
velocity of the curient, and the rate at which the ship is sicaining. 

9. Tw'o .steamers X and K are respectively at two points A and 71, 
whi^'h ;iiv 5 miles apart. X steams away with a umforni velocity 
of 10 mil<;s per liour in a direction making an angle of with AH. 
Fitiii in wliat direction Y must start at the same moment, if it steam 
with a ujiiform vebnuty of 10^/3 miles per hour, in order that it mav 
just come into collision with X; And also at what angle it will 
htiikc A" and ilie time that elapses before they meet. 

10.. A tram-car is moving along a road at the rate of 8 miles po^ 
hour; in wliat direction must a body be projected from it with ‘a\, 
velocity of 16 feet i)er second, so that its resultant motion may be at 
right angles to the tram car? o.. » .■ 

11. A ship is sailing north at the rate of 4 feet per second ; the 
cuireiit is taking it east at the rate of 3 feet per second, and a sailor 
ih climhiiig a vertical pole at the rate of 2 feet per second; And the 
velocity and direction of the sailor in space. 

12. I'^bid the components of a velocity u resolved along two lines 
inclined at angles of 30“ and 45“ respectively to its direction. 
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13. A i^infc which assesses velocities represented by 7, 8, and 13 
^ is at rest ; lind the an^e between the directions of the two smaller 

velocities. 

14. A point possesses velocities represented by 3, 19, and 9 
Inclined at angles of 120^ to one another; find by drawing and^by 
calculation their resultant. 

15. A point possesses simultaneously velocities represented by u, 
2fj, 3^/8u, and 4u ; the angles between the first and second, the second 
and third, and the third and fourth, are respectively 60°, 90°, and 150° ; 
shew, by drawing and by calculation, that the resultant is u in a direction 
inclined at an angle of 120° to that of the first velocity. 

16. A point has equal velocities in two given directions ; if one 
of these velocities be halved, the angle which the resultant makes 
with the other is halved also. Shew that the angle between the 
velocities is 120°. 

17. ' A point possesses velocities represented in magnitude and 
direction by the lines joining any point on a circle to the eiids of a 
diameter; shew that their resultant is represented by the diameter 
through the point. 

18. A point possesses simultaneously four velocities; the first is 
24 ft. per sec.; the second is. 36 ft. per sec. at 40° to the first; the 
thitd is 45 ft. per sec. at 50° to the second; and the fourth la ^ ft. 
l>er sec. at 85° with the third; shew, by a drawing, that the resultant 
velocity is about 118*5 ft. per sec. at about 82° with the direction of 
the first component velocity. 

20. Average Speed and Velocity. The average 
speed of a point in a given peri6d of time is the same as 
the speed of a moving point which moves with uniform 
speed, and de-scribes the same path as the given point in 
the given time. Thus the average speed of a moving point 
in a given period of time is the whole distance described 
by tlie point in the given time divided by the wliole time. 
The average speed of an athlete who runs 100 yards in 
lOr- seconds is lOO-f-lO^ or 9^^ yards per second. 

Again suppose a train describes one mile in the first 
5 minutes after leaving a station, then runs 15 mins, at 
the rate of 2Q miles per hour, and finally takes 6 mins, 
over the lost mile before coming to rest. 
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The total space described = 1 + + 1 = 7 miles. 

The time taken - 5 + 15 + 6 26 minutes. 

Its average speed — miles per minute = x 60 miles 
per hour -16*15 miles per hour nearly. 

The average velocity of a given point in any direction 
(strictly so called) is the wliole displacement in the given 
direction in the given time divided by the given time. 

21. Relative Motion. Host and motion are reht- 
tive terms ; we do not know what absolute motion is ; all 
motion that wc Ijocorne acquainted with is relative. 

For example, wlieii we say that a train is travelling 
northward at tlie rate of 40 miles an hour, we mean that 
that is its velocity relative to the earth, it is the velocity 
that a person standing at rest on the earth would observe 
ill the train. Beside this motion along the surface it 
partakes with the rest of tlio earth in the diurnal motion 
about the axis of the earth ; it also moves wdth the earth 
round the sun ; and in addition has, in common with the 
whole solar sy. stem, any velocity that that system may have. 

22. Consider tlie case of two trains moving on parallel 
rails in the sanio direction with equal velocities and let 
A and J> be two points, one on each train ; a person at om^ 
of them, A say, would, if he kept his attention fi.\.ed on 7> 
and if he were unconscious of his own motion, consider R to 



be at rest. The line AR would remain constant in magni- 
tude and direction, and the velocity of R relative to A 
w*ould bo zero. 


L. 1). 


18 


DYNAMICS 


Next, let the first train be moving; at the rate of 20 
miles per hour, and let the second tnwn B be moving in the 
same direction at the rate of 25 miles per hour. In this 



case the line joining A to B would (if we neglfect the 
distance between the rails) be increasing at the rate of 
5 miles per hour, and this would be the velocity of B 
relative to A, 

Thirdly, let the second train be moving with a velocity 
of 25 miles per hour in the opposite direction to that of the 
first ; the line joining A to B would now be increasing at the 
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rate of 45 miles per hour in a direction opposite to that of 
A^s motion, and the relative velocity of B with respect to A 
would be — 45 miles per hour. 

In each of these cases it wfll be noticed that the 
relative velocity of the second train with respect to the 



O 


u 


C 



RELATIVE VELOCITY 19 

first is obtained by compounding with ite w velocity a 
velocity equal attd ppposit^ to tfiat of the. fitst, 

Lastly, let the first train be moving along the line OC 
with velocity whilst the second train is moving with 
velocity v along a line OiD inclined at an angle 9 to OC, 

Kesolve the velocity v into two components, mz.y v cos 9 
parallel to OC and v sin 9 in the perpendicular direction. 

As before, the velocity of B relative to parallel to 
OC^ is o cos ^ ; also, since the }K)int A has no velocity 
pei’pendicular to OC^ the velocity of B relative to, A in that 
direction is V sin d. 

Hence tlie velocity of B relative to^A consists of two 
components, tasr., v cos 9 — u parallel to 0(7, and v sin 9 
perpendicular to OC, These two components are equivalent 
to the original velocity v of the train B combined with a 
velocity equal and opposite to that of A, 

Hence wo have the following important result; 

Relative Velocity. When the distance between two 
2 '<nut 8 is altering^ either m direction or in magnitude or in 
bothj then either point is said to have a velocity relcUive to the i 
other ; also the relative velocity of one point B tvith respect to 
a second point A is obtained by compoundvng with the velocity 
of B a velocity vdiich is equal and opposite to that of At 

23. It maybe advisable for the student to consider 
relative motion in a slightly different manner. Suppose 
the velocities of the tw6 points A and to be represented 
by the lines AF and 7i<?, so that in one second the positions 
of the points change from A and B to P ^£nd Q, Complete 
the parallelogram APBB and join RQ, ^ 


2—2 
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By Art. 1(} the velocity BQ is equivalent to two 
velocities represented by BR and RQ*, also BR is equal 
and parallel to AP. 

Hence the velocity of B is equivalent to two velocities, 
one, BR^ equal and parallel to that of A, and the other by RQ, 
The velocity of B relative to A is therefore represented 
by 7iX). 



But RQ is the resultant of velocities RB and 77Q, i.p, of 
the velocity of B and a velocity equal and opposite to that 
of A. Hence the ndallve velocity of B with rH(ipect to A is 
ohttdmd hy compoiuidiug with the actual velocity of B a. 
velocity equal and opposite to that of A, 

24. From the previous article it follows that, if two 
points A and B be moving in the same direction with 
velocities u and v respectively, the relative velocity of B 
with respect to A in that direction is v — ?/, and that of A 
with respect to B is i^ — v, 

Tf they be moving in different directions the relative 
velocity is found by compounding vclocitiies by means of 
tlje parallelogram of velocities. 

Bx. A train is travelling along a horizontal rail at the rate 
of 30 miles per hour^ and rain is driven hy the wind^ which is in the 
same directum as the motion of the train^ so that it fails with a 
velocity of 22 feet per seemid and at an angle of 30'* with the vertical. 
Find the apparent direction of the rain to a person travelling with the 
train. 
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Tiie velocity of the train is <^4 feet per ^cond. 

Let AB reprcBent the actual velocity of the rain so that, if AE be 
a vertical line, the angle EAB is 30"*. 

Diuw AG horizontal and opposite to the direction of the tmin and 
let it represent in magnitude the velocity, 44 feet per second, of the 
train. 



C(/]nplcte the parallelogram ABDC, 

Join Jl>, and let the angle EAD be 8, 
JJ) la the apparent direction of the rain.* 
From the triangle BA D, we have 


BD sin DA B sin (0 H* 30' ) 
A B sin BDA cos 9 


44 sin ^ oofi 30^-j-coR dsin ^ . 

- -- - , . -- - =tan<?co3 30'’ ! sin30°.'4 

22 cos 0 


2 = tan $ 



tan ^?^^/3 = lan CO". 

Hence 6 is 60'\ It follows, since BAD is a right angle, that the 
apparent directfon of the rain is at riglit angles to its real direction. 


EXAMPLES. II. 

1, A railway train, moving at the rate of 30 miles per hour, is 
"^struck by a stone, moving horizontally and at right angles to the train 
with a velocity of 33 feet per second. Find the magnitude and 
, direction of the velocity with which the stone appears to meet the 
traiJi. 


2. One ship is sailing due east at the rate of 12 miles per hour, 
' and another ship is sailing due north at the rate of 16 miles per hour ; 
lind the relative velocity of the second ship with respect to the first. 
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^ 3. One ship is sailiii^l Bonth a velooity of 15v^2 miles pr 

hour, and another south-east at the rate of 15 nmes per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an p^erver on the first vessel. 

« r >4. A ship is sailing north-east with a velocity of 10 miles per 
hour, and to a passenger on board the wind appears to blow from the 
noi^ with a velocity of 10iv^2 miles per hour. Find the tine velocity 
and direction of the wind. 

5. A ^ship steams due west at the rate of 15 miles per hour 
I'elative to the current which is flowing at the rate of 6 miles pr hour 
due south. What is the velocity relative to the ship of a train going 
due north at the rate of 30 miles per hour ? 

6. In a tunnel, drops of water which are falling from the roof 
are noticed to pass the carriage window of a train in a direction 
making an angle tan'^ ^ with the horizon, and they are known to 
have a veloeity of 24 feet per second. Neglecting the resistance of 
the air, find the velocity of the train. 

7. To a man walking at the rate of 2 miles an hour the rain 
appears to fall vertically ; when he increases his speed to 4 miles per 
hour it appears to meet him at an angle of 45*^ ; find the real direction 
and speed of tlie rain. 

8. A steamer is going due west at 14 miles per hour, and the 
wind appears from the drift of the clouds to be blowing at 7 miles 
per hour from the nirth-west. Find its actual velocity apd make a 
geometrical construction for its direction. 


9. A railway train is moving at the rate of 28 miles per hour, 

when a pisWfl shot strikes it in a direction making an angle sin"* 
with the train. The shot enters one compartment at the corner 
furthest from the engine and passes out at the diagonally o))posite 
corner ; the compartment being 8 feet long and 6 feet wide, shew that 
the shot is moving at the rate of 80 miles per hour, and traverses the 
carnage in ^ths of a second. ^ 

10. Two trains, each 200 feet long, are moving towards each 
other on parallel lines with velociti^ of 20 and '30 miles per hour 
respectively. Find the time that 'elapses from the instant when they 
first meet until they have cleared each other. 


■ 11. The wind blowing exactly along a line of railway, two trains, 
moving with the same speed in opposite directions, have the steam 
track gf the one double that of the other ; shew that the speed of each 
tre^ isAhree times that of the wind. ^ 

' ^12^ Owe «Wp, miling east with a speed of 16 miles per /iowr, passes 
a certain point at noon; and a second sailing north at the 


same speed, passes the sanie point at 1.30 p.m. ; at what time are 
ilfey closest together, and wliat is the distance then? 
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Let O be the fixed ptHnt, A positioiMif the second ship ftt 13^ 
noon, tto that Oils: 23^ miles. 



If 

The relative velocity of the first ship with respect to the second is 
obtained by compounding with its velocity of 15 a velocity equal and 
opx^osite to that of the second ship, i.e, a velocity of 15 southwards. 
Hence this relative velocity is 15 in the direction OK, i.e. south- 
east. 


Draw AL perpendicular to OK Then AL is clearly the shortest 
distance required. It 

s= OA sin A OL = 22^ x -y** = ^ \/2 = 15*9 miles nearly. 

Also the time after 42.0 noon 

=the time in which OL is desoribed with the relative velocity 15^2 


OL 

'iQT 


22J: 




hour. 


15 

OtberwlM ttius; Let P and Q be the actual positions of the ships 
at the end of time t, and let PQ=x. 

Then OP^ OA - 15t= 15 [:] - 1 J, 

and ' OQ^liyt. 

Hence •»■-= IS'HCff - 0® x 2 [«=* - -Jt J 

• =2xl5Sxt(«-|)«+iV]. 

Now a square can never be negative, so that its least value is zero. 
Hence the least value of x is when and then 
x=^l^ X 16 X VTF = *r >/2=16-9 nearly. 


13. A ship steaming north at the rate of 12 miles per hour 
observes a ship, due east of itself and distant 10 miles, which is 
steaming due west at the rate of 16 miles per hour ; after what time 
are they at the least distance from one another and what is this least 
distance? 
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14. Two points are started simultaneously from points A and B 
which are 5 feet apart, one from A towards B with a velocity which 
would cause it to reach B in 3 seconds, and the other at right angles 
to the direction of the former with f of its velocity. Find their 
relative velocity in magnitude and direction, the shortest distance 
between them, and the time when they are nearest. 

15. A ship is sailing due east, and it is known that the wind is 
blowing from the north-west, and the apparent direction of the wind 
(as shewn, by a vane on the mast of the ship) is from N.N.E. ; sJiew 
that the speed of the ship is equal to that of the wind. 

16. A person travelling eastward at the rate of 4 miles per hour, 
finds that the wind seems to blow directly from the north ; on doubling 
his speed it appears to come from the north-east ; find the dlrcctiun 
of the wind and its velocity. 

17. A person travelling toward the north-east, finds that the wind 
app(‘ars to blow from the north, but when he doubles his spenl it 
seems to come fi*om a direction inclined at an angle cot-i‘2 on the 
eu<t of north. Find the true direction of the wind. 

18. Two points move with velocities v and respectively in 
opposite directions in the circumference of a circle. In what pt)bit ioiis 
is their relative velocity greatest and least and what values has it 
then? 

^ 25. Angular Velocity. Def. If a point P be iu 
motion in a and if 0 he a fixed iniint in the jdane and 

OA a fixed slraiyht Ivne drawn throuyh 0, then the rate at 
which the anylc AOP increases is called the anyular velocity 
of the moviiaj point P ahovt 0. 

When uniform, the angular velocity ia ineasurerl by the 
number of radians in the angle which is tuynod through by 
OP in a unit of time. 

When variable, it is measured at any instant by what 
would be the angle turiie<l through by the line OP in a 
unit of time, if during that unit it continued to turn at the 
same rate as at the instant under consulerathm. 

Bz«. If the line OP turn through 4 right angles (i.e, 2t radians) 
in one second, the angular velocity is 27r. 
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If it turn through three-quarters of a right\ingle in one second, 
the angular velocity is J • ^ ^ • 

If OP make 7 revolutions in one second, the angular velocity is 
7 X 27r or 147r. 


26 . The angular velocity can always be expressed in 
terms of the linear velocity when the path is known. 

The only case that we shall consider is when the 
angular velocity is uniform, and the moving point P is 
describing a circle about the fixed point 0 as centre. 



7/’ fi moving point describe a circle^ its angular velocity 
about the centre of the circle is equal to its speed divided hg 
the radius of the circle. ^ 

Let 7’ be the position of the moving point at any time, 
an<l in tlie unit of time let the point describe the arc 7Xb 
III this time the line OP turns through the angle POQ, 
Hence the angular velocity is equal to the number t>f 
radians in tlie angle POQ, 

But the number of radians in POQ^^^^j ^ . 

Also, since the arc FQ is described in one second, it is 
equal to the speed v. 
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Hence, if &> be the angular velocity and r the^ radius of 
the circle, wo have 



i.e. V = rat. 

Bxm. (1) If the moving point describe a circle of 3 feet radius with 
unit angular velocity, the speed is given by v=:3 . 1 feet per second. 

(2) If the moving point describe a circle of 5 feet radius with speed 
8 feet per second, its angular velocity u is given by w=y radian per 
second. 

(3) The earth makes a complete revolution alwut its own axis in 
24 hours. The angular velocity of any point on its surftice therefore 

Since the earth’s radius is 4000 miles, the velocity of any point on the 
equator ^ 

2t 

•“= x 4000 miles per second 

24 X 60 X 60 

=1047 miles per hour approximately. 


EXAMPLES. III. 

1, A wheel turns about its centre, making 200 revolutions per 
minute ; 'what is the angular velocity of any point on the wheel about 
the centre ? 

2 « A vt^heel turns about its centre, making 4 revolutions per 
second ; what is the angular velocity of any point on the wheel about 
the centre and what is its linear velocity, it the radius of the wheel 
be 2 feet ? 

3. If the minute hand of a clock bo 6 feet long, find the velocity 
of the end in feet per second. 

What is its angular velocity? 

4>. Compare the velocities of the extremities of the hour, minute, 
and second hands of a watch, their lengths being *48, % and *24 
inches respectively. 

‘ 6. A treadmill, with axis horizontal and of diameter 40 feet, 
tnakes one revolution Jn 40 seconds. At what rate per hour does a 
man upon it walk oVer Its surface, supposing he always keeps at the 
same height above the ground ? 
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6. From a train moving witli velocity V a carriage 6x\ a xoad 

parallel to the line, at a distance d from it, is ob8erve4 to move sq as 
to appear always in a line with a more distant ii^sed object whose 
least distance from the railway^ is D. Pind the velocity the 
carriage. ' j'. 

7. ^ point moves in a circle with uniform speed ; shew that its 
angular velocity about any point on the circurnfmenoe of the circle is 
constant. 

'*n.8. a string has one end attached to the comer of a squai'e 
board, hxed^ on a smooth horizontal table, and is wound round the 
square cairying a particle at its other end ; the particle is projected 
with velocity u at right angles to the side of the square whose side 
is a ; if the length of the string be 4^1, find the time that the string 
takes to unwrap itself from the squard, assuming that the speed of the 
particle remains the same throughout the motion. 

9 . ^ whtel TolU uniformly on the ground^ without sliding^ itft 
centre detioihing a straight line; to find the velocities of different 
points of its rim, 

Le^ 0 be tbe centre and r the radius of the wheel, and let v be the 
velocity with which the centre advances. Let A be the point of the 
wheel in contact with the ground at any instant. 

Now the wheel turns uniformly round its centre whilst the centre 
moves forward in a straight line ; also, since each point of the wheel 
in succession touches the ground, it follows that any point of the 
wheel describes the perimeter of the wheel relative to the centre, 
whilst the centre moves through a distance equal to the perimeter; 
hence tluj velocity of any point of the wheel relative to the centre is 
equal in magnitude to the velocity v of the centre. 


B 



' Hence any point P of the wheel possesses two velocities each 
equal to V, one along the tangent, Pr, at P to the circle, and the 
other in the direction, PM^ in which the centre O is moving. 



28 


DYNA^fICS 


£xs. Ill 


Hence the velocity of and so A is at rest for the 

instant. 

So the velocity of ^ = r + 1' = 2i7. 

Consider the motion of any other point It has two velocities, 
each equal to v, along PJ/ and PT respectively. 

Now, since PM and PT are reapcctively perpendicular to OB and 
OP, the. lMPT= ^.POB~0 (say). 

The resultant of these two velocities r is a velocity 2v cos 5 along 


PJjy where 


z LPT= h i MPT=z^ = z OPA. 


Hence lAPL— z OPT—w right angle. 

Hence the direction of motion of the point P is perpendicular to 
A P, and its angular velocity about A 


^ 0 
2lJ cos 

2 V 


: the angular velocity of the wheel about O. 


Hence each point of the wheel is turning about the point of con- 
tact of the wheel with the ground, with a conshint angular velocity 
\vlio?*e measure is the velocity of the centre of the wheel divided by 
the radius of the wheel. 


10. An engine is travelling at the rate of 60 miles |)er hour and ifs 
wheel is 4 feet in diinucter; find the velocity and direction of moiioii 
of ejieh of the two fx^iiits of the wheel which arc at a height of 3 feet 
above llie ground. 

11. If a railway carriage be moving at the rate of SO miles per 
hour and the diameter of its wheel he 3 feet, what is the angular 
\eioc*ity of the wheel when there is no sliding? Find also the ielati\e 
velocity of the highest point of the wlieel with rcs^icct to the centre. 

12. If a railway carriage be moving at the rate of 30 miles per 
hopr and the radius of the wheel be 2 feet, what is the angular veloeiiy 
of the wheel when there is no sliding? Also what is the relanve 
velocity of the highest point of the wheel with reaiiecb to the centre ? 

13. The wheel of a carriage is of radius 2 feet and the carriage 
is moving at the rate of 10 miles per hour; if tliere be no slixjping, 
find the velocity of the highest iKiint, and also the velocities of points 
which are at heights of 1 and 3 feet respectively above the ground. 
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27. Change of Velocity. Suppose a point at any 
instant to be moving with a 

velocity representt'd by OJ, C - B 

and that at some subsequent 
time its velocity is represented 
by OK 

Join d 7/, and complete the / ' / 

i iirallelogram OAJiC, 6 A 

Then the velocities jvpre- 

s(‘ntccl by OA and 00 are equivalent to the velocity OK 
Hence the velocity 00 is tlie velocity which must be coni- 
poumled with OA to pi*oduce the velocity (?7>. The velocity 
00 is tlierefore tlie change of velocity in the given time. 

Thus the change of velocity is not, in general, the 
diflerence in magnitude between the magnitudes of the 
two vf'locities, but is that velocity which compounded with 
the original velocity gives the final velocity. ^ 

TIu; change of velocity is not constant unless the oliange 
is constant both in magnitude and direction. 


EXAMPLES. IV. 

♦ 1 . A point is movimj u'ith a velocity of 10 feet per scroml, and 
at a subsequent instant it is moviny at the same rate in a direction 
inclined at to the former direction; find the chanye of velocity. 
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On di'awing the figure, as in the last article, we have OA = 0^= 10, 
and the angle 

Since OAssOB, we have / 0/121=75®, and therefore 2 400=105®. 

Also AB=20A Mnl5''=20.^^^=t5 y6- ^2) =6-176. 

Hence the change in the velocity, Le.j OV, is 5*176 feet per second 
in a direction inclined at 105® to the original direction of motion. 

2. A. ship is observed to be moving eastward with a velocity of 

3 miles per hour, and at a subsequent instant it is found to b^ moving 
northward at the rate of 4 miles per hour; find the change of 
-velocity. ^ ^ 

3. A point is moving with a velocity of 5 feet per second^ and at 
a subsequent instant it is moving at the same rate in a direction 
inclined at 60® to its former direction ; find the change df velocity. 

4. A point is moving eastward with a velocity of 20 feet per 

second, and one hour afterwards it is moving north-easlj ^ith the same 
speed; find the change of velocity. ^ - 

5. A point is describing with uniform speed a circle, of radius 

7 yards, in 11 seconds, starting from the end of a fixed diameter; find 
the change in its velocity after it has described onofsixth of the cir- 
cumference. ‘ * 

28 . Acceleration. Def. The acceleration of a 
moving point is the rate of change of its velocity. 

Note that the acceleration of a moving point has both 
magnitude and direction. 

The acceleration is uniform wlien equal clianges of 
velocity take place in equal intervals of time, however 
small these intervals may be. ^ 

When .uniform, the acceleration is measured by the 
change in the velocity in a unit of time; whei^ variable, 
it % measured at any instant by what would be the change 
of the velocity in a unit of time, if during that time the 
acceleration continued the same as at the instant under 
consideration. 

29. The magnitude of the unit of <mceleration is the 
acceleration, of i^'point which moves so tnat its velocitj^ is 
changed by the unit of velocity in each unit of time. 
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Hence a poiot ia moving with n units of acceleration 
when its velocity is changed by n units of velocity in each 
unit of time, » 

Thus a point is moving with 10 centimetre-second units of accdera- 
tion when its change of velocity is 10 cms. per second in each second. 
This acceleration is sometimes called an acceleration of 10 cms./sec^, 

30 . Theorem. Parallelogram of Accelera- 
tions. * If a moving point have sirnultaneaualy two accelera- 
tions Represented in magnitude and directum hy two sides of 
a parallelogram iLrawn from a pointy they are equivalent to 
an acceleration represented hy the diagotial of the parallelo- 
gram passing through that a'ngular point. 

Let the accelerations be represented by the sides AB and 
AC of the* parallelogram ABCD, i.e. let AB and AC repre- 
HCiit the velocities added to the velocity of the point in a 
unit of time. ' On the same scale let EF represent the 
velocity which the particle has at any instant. ^ ' 



l>raw the parallelogram EKFL having its sides parallel 
to and AC ; produce EK to M, and EL to N, so that 
EM and LN are equal to A B and AC respectively. 
Complete the parallelograms as in the above figure. 
Then the velodib| EF is equivalent to velocities EE and 
EL^ But in the umt of time the velocities XJ/ and LN&i^ 
the changes of velocity. 
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Therefore at the end of a unit of time the component 
\'eloeities are equivalent to JSM and which are ecjui- 
valent to EO^ and this latter velocity is equivalent to velo- 
cities A'/^and FO. (Art. 16.) 

Hence in the unit of time,jTO is the change of velocity 
of the moving point, i,e. FO is the resultant acceleration of 
the point. 

But FO is equal and parallel to AD, 

Hence AD represents the acceleration which is equi- 
valent to the accelerations AB and A(J^ i,e. AD is the 
resultant of the accelerations AB and AC, 

31 . It follows from the preceding article that accelera- 
tions are resolved and compounded in the same way as 
velocities, and propositions similar to those of Arts. 13-— 19 
will ])e true when wc substitute “acceleration for “velocity.’' 

Velocities and accelerations, and also forces (Art. 72) 
are examples of an important chtss of physical quantiti»‘s 
wliicli are called Vector quantities. Tlie characteristic of 
a Vector quantity is that it has direction as well as magni- 
tude, and is thus fitly represented by a straight line ; in all 
cases vector quantities are compounded by the purallelo- 
grainmic law. 

Tn the language of Vectors Arts. 12 and 30 are 
examples of tho Arldition of Vectors, and it would be saitl 
that the addition of the vectors AB and BD (or AC) gives 
the vector AD. . . 

In contradistinction to Vectors, quantities which only 
possess magnitude, and not direction, arc called Scalars. 
Kinetic Energy, which will be deiined later on, is an 
example of a physical quantity which is a Scalar; other 
examples are a ton of coal, a sum of money, etc. Scalfir 
quantities are compounded by Simple Addition. 
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32. Theorem, A jxmi^ moved in a straight lins^ 
starting with velocity and moving with constant acceUror 
don f in its direction of motion; if v he its velocity at the 
end of time and s he its distance at that instant from its 
sta/rti/ng^intj tbon ^ 

( 1 ) 

( 2 ) = 

(3) ®» = w‘' + 2/8, 

(1) Since y* denotes the acceleration, Le,, the change in 
the velocity per unit of time, ft denotes the change in the 
velocity in t units of time. 

But, since the particle possessed u units of velocity 
Initially, at the end of time t it^inust possess u-^^ft units 
of velocity, i,e. 

0=zU^ft. 

(2) Tjet V be the velocity at the middle of the interval 
so that, by (1), F- ~ . 

r t 

ISTow the velocity changes uniformly throughout th^ 
interval t Hence the velocity at any fnstant, preceding 
the middle (Vf the iftiierval bjr any time as much less 
than F, as the velocity at the ^me time T after the middle 
of the interval is greater than F. • " 

ikence, since t'he^'^lme i'oould be divided into pairs of 
such equal intervals, t^he space described is the 3 e>me as if 
! the point moved for time t with velocity F. 

s=i V,tm f - wif + i/i*. 

(3) The third relation can be easily deduced from the 
first t,VKO by eliminating t between them. 


3 



34 


DYNAMICS 


For, from (1), ■- (u + ft)- 

= M* + 2uft, +f^tr 
= v:‘ + %f{ut+\P). 

Hence, by (-), + 2/i. 

33. Altenuitive, inoof of tfination (*2). 

Let the time t be divided into n equal iiitrrvaiji, each equal to t, 
so that t = nT. 

The velocities of the point at the beginnin^fs of these successive 
intervals are 

?/, tfL/r, w + ‘2/r, 7i+(n-l)/T. 

Hence the space which ivotiUl he nio\ed tli rough }\v the point, if it 
moved during each of these intervals r with the velocity which it has 
at the hetfininiKj of each, is 

.s, = 2f . r + [a +./> I . r + L [« +/“(« - 1) r] . r 

.«r4-/T-. {1-I-2 + 3 4 (h- 1)J 

. „ 7? (h - 1) . 

— - n , OT+fr^.— --- , on summing the 

X m Ji 

— lit 4- i- tV. (^1 - V since t — ^ . 

\ 

Also the velocities at tlie ends of these sucjces^ive intervals arc 
1/ I JT, V i- 2 /t, u 4-71/r. 

Hence the space -s^ whicli irould he moved through by the point, if 
it n^o^^'d duiing cacli of tlicse inu;r\als t with the \elocity which It 
has at the cud of eacli, i.s 

•‘*2— tA) • ''■'I" ('^ !■ ^ 1' i 

-,:i a ar -H fr^ (1 -! 2 4 3 4- n j 

= ^ 

Kovv* the true spiw'O « is inlermediato hetwetm and s,; al^j the 
larg'U' we make a and theieloi*! the siiiallcr the int.ei\aJs r become, 
the more nearly do tlio two hyp»d.)icHerf api>i’oach to coincalenco- 

If wc* make n iniinitely large the va]iie.s of 2 {i and i<,, both hecomo 
lU r 

lienee 

34. When the moving point starts from rest we liave 
'U 0, and the formulae of Art. 32 take the simpler fonus 

V 

H h/c", 

and 'e^~2/k 
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35. Graphic Method. Velocity-Time Curve. 

To detp/rtniney hy imans of a grajyhy the distance described 
in a, given time when the velocity of the moving point is 
vai'ifing. 

Take two straight lines OX and OY right angles, 
and let times be represented by lengths drawn along OX, 
so that a unit of length in this direction represents a unit 
of time. 



At e<(.ch point erect a perpendicular J/7' to represent 
the Aeloeity of tlie moving point at tJie time rej)re.>,oiitcd 
by 0}f. The tops of all these ordinates will 1 k^ found to 
lie on a line such as liPQCy which is curved or straiglit. 

We shall .sJiew that tho distance described in time OA 
by the moving point i.s representixl by the area bounded 
by 0/»\ OJy AO and the curved line BC. 

. "Take ail ordinate iVV close to J//\ Then during the 
lime JfX' tho point moves with a velocity wliich is greater 
than JfP and less than XQ, Hence, since the distance 
described with constant velocity = velocity x time, the 
distance described by it in time J//V is > J/P . J/A and is 
< jVQ , i.r. tho iiiimbei* of units of. space described 

3—2 
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in time MN is intermediate between the number of units 
of area in the: rectangles PN and QM. Similarly^ if we 
divide OA into any number of equal small parts , and erect 
parallelograms on each. 

Hence" the number of units in the dii^nce described in 
time OA is intermediate between the space represented by 
the sum of the inner rectangles and the sum o^ the outer 
rectangles. 

Now let the number of portions of time into which the 
time OA is divided be made indefinitely large ; theA these 
two. series of rectangles get nearer and nearer to one 
another and to the area of the curve. Hence the number 
of units of space described in time OA is ultimately equal 
to the number of units of area in the area OACB. 

36 . Case of uniform acceleration. Let u be 

the initial velocity and / the constant aigceleration. 

On 0 Y mark off OB to represent the velocity u at time 
0. Since the velocity at any time t' u +/t', 
the ordinate MP at M OB + J\ OM, (1). 



Draw BTU parallel to OX to meet MP in T and AG 
in U, 
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Then, C 27?=. JfP- OiJ=/. Oilf, by (1), 

TP TP ■ 

so th^t /=^ = ^,= taiii*J52'. .= , - , . 

% '' 

Hence TBF is a coni^ant ande, and therefore P lies 

• i ^ 

on a straight lino passing through B. 

** ' ' ► 

In this case, therefore, the velocity-time curve is tlie 

straight line BC, and UC ~ BU . tan CBU = /. L 

Henco the number of units of space described in time i 
= the number of units of area in OACB 
area OBJ! A + area BUjC 

^OA.OB^IBIT .rC 
= OA [OB -J UC] = t [n + ^/t] 

= ut + i 

37. In the figure of Art. 35 since BQ is the increase 
of velocity in time J/A" the acceleration of the moving 
point at this instant = the value, when Jl/TT is made inde- 
finitely small, of [-A.rt. 28] 

= the value of tan QPB, 

But when MB' is made indefinitely small the point Q 
moves up to P, PQ becomes the tangent {^t P, and tan QPR 
becomes the tangent of the angle that the tangent at P 
makes with OA”. 

^ Hence in the Velocity-Time graph the numerical value 
of the acceleration is the slope of the curve to the Time-line. 

38. SpOfCm desct'ibed in any particular seconiL ' '' 

[The student will notice carefully tliat the formula (2) of Art. 8.2 
gives, not the space traversed in the second, but that traversed in 
t seconds.] ^ 
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J The space tlescribed in the second 

= space described in t seconds — space described in (i— 1) 

seconds 


[ul + [«(«- 1) + i/(«- If] > 


~ U 4 - / 


2t-l 

2 




Hence the spaces descrihed in tlie first, second, tliird, 
.../ith seconds of the motion are 

I 

1- j/m + ;}/.. + 

These distances form an arithmetical pix>grcssion wJio.se 
coiiunon diiVerence i^s /, 

Hence, if a body move with a uniform acceleration, the 
distances described in successive seconds form an arith- 
metical progression, whose common difference is ecpial to 
tlie number of units in the acceleration. 


Tho space described in any particular second may be ‘Other- 
wise found as follows. As in Art. ‘62, the space described in ihe 
second is the same as that wJiich would be described if the iK)int 
moved during that second with the velocity which it has at the 
nnddle of that second. 

>’ow the velocity at the middle of the second 
= velocity at the end of time (t - J) 

=«+/(« -i). 

Hence the space de.scribcd in the second 


39. fix. 1. A train, which i$ moving at the rale of 60 inilcs prr 
houfi is hrouf/ht to rest in 3 minutes with (^^uniforni retardation ; nud 
this retardation, and also the distance that the tram travels before 
coming to rest, 

ao 1 u 60xJ760x3 , 

60 miles per hour=~ - -=3^ feet per second. 

^ 60 X 60 ^ 

Let f be the acceleration with which the train moves. 
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Since in 180 seconds a velocity of 88 feet per second is destroyed, 
we have (by formula (1), Art. 32) 

0=88+/(180). 

/. ft. -sec. units. 

[N.B. / has a negative value because it is a retardation.] 

Let X be the dishince de.scribe{l. By formula (3), we have 

.r=88i*x-Jj =7920 feet. 

Ejc. Si. a point is movituf with imifonn acvclc ration ; in the 
rmth nmJ fifteenth seconds from the commencement it moves throwjh ; 
720 and 060 cms. respectively; fnd Us initial velocity ^ and thcA 
(itreleraiion with which it moves, 

u be the initial velocity, and / the acceleration. 

Then 7*20 distance described in the eleventh second 

= I- i/. 112 ]- [m. 10 |4/.10S]. 

, 720=U |-V-/ (1). 

So 060 =[it .15 + ^ f. 1,>2] - [u . 1 1 + J. /. 14']. 

960=ih-V'/ P)- 

{Solving (1) and (2), wc have and /=60. 

Hence the point started with a velocity of 90 cnis. per second, and 
moved with an acceleration of 60 cm. -sec. units. 


EXAMPLES. V. 

1, The (jnantities w, /, Vj Sf and t having the ineaningd assigned 
to them in Art. 32, 

(1) Given If- 2, /= 3, 4= 5, find i? and s; 

(2) Given w--. 7, /=-!, 7, lind aand^; 

(3) Given S, 3, s^ 9, fi nd / and i; 

(4) Given - 6, .s*= -9, f~ - find u and t. 

The units of length and time are a foot and a second. 

2, A body, starting from rest, moves with an acceleration equal 
to 2 I't.-sec. units; find the velocity at the end of 20 seconds, and the 
dj.'^tancc described in that time. 

3, In what time would a body acquire a velocity of 30 iiiilea per 
hour, if it started with a vekwity of 4 feot per second and moved with 
Jl.e it. -sec. unit of acceleration? 
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4. With what imiform acceleration does a bodjr^ starting from 
rest, de^be 1000 feet in 10 seoonds? 

^ t* A body, starting irom rest, moves with an aooele^tion of 3 
centimetre-second units; in what time will it acquire a velocitj of 
30 centimetres per second, and what distanoe does it traverse in that 
time? 

6, A point starts with a velocity of 100 cms. .per second and 
' moves with - 2 centimetre-seoond units of acceleration. When will 
its velocity be zero, and how far will it have gone ? 

" 7. A body, starting from rest and moving with uniform accelera- 
tion, describes 171 feet in the tenth second ; And its acceleration. 

8. A particle is moving wilih uniform acceleration ; in the eighth 
and thirteenth second after starting it moves through 8j and Tg* feet 
respectively; hnd its initiai velocity and its acceleration/ 

9« In two successive seoonds a particle moves through 20^ and 
'23v feet respectively; assuming that it was moving with uniform 
*acce1eratlon, find its velocity at the commencement of the Arsb of 
these two seconds and its acceiemtion. Find also how for 'it hod 
moved from rest before tbe commencement of the first second. 

--'^10. A point, moving with uniform acceleration, describes' in tho 
last second of its motion ^^ths of the whole distance. If it stai'terl 
from rest, how long was it in motion and through what distance did 
it movet if it described 6 inches in the first second? 

^11, A point, moving with uniform acceleration, dosciibes 25 feet 
in the half second which elapses after the first second of its motion, 
and 198 feet in the eleventh second of its motion; find the acceiemtion 
of the point and its initial velocity, 

'^12. A body moves for 3 seconds with a constant acceleration 
during which time it describes 81 feet; the acceleration then ceases 
and during the next 3 seconds it describes 72 feet; find its initial 
velocity and its acceleration. 

13. ^he speed of a train is reduced from 40 miles an hour to 10 
miles per hour whilst it travels a distance of 150 yards; if the re- 
tardation be uniform, find how much further it will tiWel before 
coming to rest. ;■/ 

^ 14. A point starts from rest and moves with a unifonn.aooekra- 

tion of 18 ft.-soo. units; find the time taken by It to traverse the firsts 
second, and third feet respectively. 

15. A particle starts from a point 0 with a uniform Velocity of 
4 feet per second, and after 2 seconds another particle leaves O in the 
same direction with a velocity of 5 feet per second and with an 
acceleration equal to 3 ft.-seo, units. Find when ahd where it will 
overtake the first particle. 
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16. K point moves over 7 feet in. the first second' during which it 
^ observed, and over 11 9.nd 17, feet in the thifd and sixth Seconds 

/ respectively; is this consistent with the supposition that it Is subject 
to a uniform acceleration ^ ^ 

17. A point is moving in a north-east direction with a velocity 6^ 

and has aO^erations 8 towards the north and 6 towards the Pst. 
Find Its position after the lapse of one second. [The units area foot 
and second.] ' ! 


18*. A particle starts with a velocity of 200 cms. per second and 
moves^ a straight line with a retardation of 10 cms. per sec. per see. ; 
find ho# long elapses before it has described 1500 emsV ana explain 
the double answer. ^ 


'C 19.'%^wo x>ointe move in the some straiglit line starting at the 
sitiiin moment from the same point in it ; the first moves with constant 
velocity u and the second with constant acceleration /; during the 
time that elapses before the second catclies the first shew that the 


greatest distance between the particles is 5% at the end of time ^ from 
the start. » 


20 f In a run of 12 minutes from rest to rest a tiain has the 
following specKis, in miles per hour, at the end of each minute; 
25, 40; 50, 50, 45, 40, 40, 46, 45, 35, 20, 0. Draw a curve repre- 
senting the relation between the sjieed at any instant and the time 
from the start, afid estimate the average velocity during the run. 

21. A point staiiis from rest, and its velocities at the end of each 
second up to the seventh are as follows; 5, 18, 38. 62, 78, 81 and 83 
feet per second. Sketch the velocity cuive on a time base, and esti- 
mate the distance thi'ough which tlie point moves in the seven seconds. 
Estimate also the instant at which the acceleration is gi'eatest and the 
value of the aoceleration at that instant. 

22. The velocities of a body are found to bo 4, 8’8, 19, 22, 15*7, 
and 10 feet per second at intervals of 5 seconds from rest. Plot the 
curve of velocities to a time base, and eBtimate the distance posst^d 
over in the 30 seconds. Find also the acceleration at 16 seconds from 
the start. 



CHAPTER in 

^[OTION UNDER CiRAVITV. 

40. Acceleration of iklling^ bodies. n 

heavy body of any kind falls toward the 
earth, it is a jnatter of everyday experience 
tliat it goes quicker and quicker as it falls, 
or, in other words, that it jnoves with an 
nccehration. That it moves with a con- 
MmU acceleration may Ijo roughly shewn by 
the following experiniont tirst performed by 
Morin. 

A circular cylinder covered with paper is 
connected with clock-work and made to rotate 
about its axis which is v<?rtical. In front of 
the cylinder is an iron weight, carrying a 
pencil P, which is compelled by guides to fall 
in a vertical lino and is so arranged that the 
tip of the p'ncil just touches the paper on the 
surface of the cylinder. ^ 

AVlicn the cylinder is revolving uniformly, the weiglib 
is allowed to drop and the pencil traces out a curve on 
the papji*. When the weight has reached tlif^ ground the 
paper is unwrapped and stretched out on a flat surfac‘\ 
The chrve marked out by the pencil is found to bo sucIj 
that the vertical distitnees described by the pencil from the 
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iTegirniiiig of the motion are iilways proportional to tho 
squares of the h(^*izontal distances 
described by it, so that, if Q, R be 
any two points on the curve, then 
AJf_ 

an"r7y^‘ 

Nov/ since the cylindci* revolved 
uniformly, these horizontal distances 
are proportional to times thfit have 
elapsed from the commencement of tlie motion. Hence 
tlie \ crtical distance described is proportional to the square 
of the time from the commencement of the motion. 

But, from Art. 34, we know that, if a point move from 
rest with a constant accelenition, the space described is 
proportional to the square of the time. 

}[once we infer that a falling body moves with a eori- 
staiit acceleration. 

41. Galileo’s Experiment. That the acceleration 
i>f a falling body is constant was first shewn by Galilee.) 
by some experiments conducted at Pisa about the year 
1590. To avoid the difficulty of rnoasuriiig tlie velocity 
of a freely falling body, which soon becomes very large, he 
considered the motion down an inclined plane instead, and 
assumed tliat the law of motion for a small sphere rolling 
down a gixxive in an inclined plane \rould Ix) similar to 
tliat of a freely falling body. 




Commencing from the top of his groove, ]i(‘. measured 
off distances down it proportional to 1, 4, 9, 10, i.e, pro- 
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portional to \\ 2‘‘*, 3'^, 4V*- He iheii let his small sphere 
start from the top, and verified tha|^,. the times of its 
describing these distances were proportional to 1, 2, 3, 4,.... 
Hence the distances described from rest were proportional 
to the squares of the times. But, as in Art. 34, the 
distances are piimportional to the squares of the times 
when the acceleration is constant. 

Hence it follows that the acceleration down tlie inclined 
plane is constant, and from that Galileo assumed thfit the 
acceleration of a freely falling body is constant also. 

The great, difficulty Galileo had was in measuring time 
accurately, as the clocks of his time were very inaccurate. 
He used a vessel of water of large transverse section which 
had in its bottom a small hole which he could close with 
hi.s finger. When the ball started he removed his finger, 
and the water ran out into a vessel placed to receive it. 
When the ball had reached one of liis marks he closed the 
hole; the water that had meantime run out -was then 
weighed, and formed a fairly -accpraie p;ieasure of the 
time that had elapsed. ^ 

42 . From the results of the foregoing, and other more 
accurate, experiments we learn that, if a body be let fall 
towards the earth in vacuo, it will move with an acceleration 
which is always the same at the same place on tho earthy 
but wliich vai’ies slightly for different places. 

The value of this acceleration, which is called the 
“ acceleration due to gravity/' is always denoted by fhe 

'W^hen foot-second units are used, the value of g varies 
from Itbout 32*091 at the equator to about 32*252 at the 
pofes. In the latitude of London its value is about 32*19. 
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When centimetr&^ecQiid units cire used,, the extreme 
limits are about 978 and 983 respectively, and in the 
latitude Of London the value is about 981*17. . 

Th^ b^t method of determining the Value of is by 
means of pendulum experiments; we shall return to the 
subject again in Chapter XI. V 

[In all nu'tnerical examples, unless it is otlierunse staiedy 
fke motion may be supposed to be in vacuo, and the value 
of g taken to he 32 when foot-^ecoiul units^ and 981 when 
cHutimetre-second units, are used.^ 

43. Vertical motion under gravity. Suppose a 
body is projected vertically from a point on the earth's sur- 
face so that it starts with velocity u. The acceleration of 
the boffy is opposite to the initial direction of motion, and is 
therefore denoted by - g. Hence the velocity of the body 
continually gets less and less until it vanishes ; the body is 
then for an instant at rest^ but immediately begins to acquire 
a velocity in a downward direction, and retraces its steps. 

Time to a given he^fht The height h at which a body 
has arrived in time t is given by substituting — ^ for f in 
equation (2) of Art 32, and is therefore given by 

h — ut — ^g^. 

This is a quadratic equation with botli roi*ts positive ; tlie 
lesser root gives the time at which the body is at the given 
height on the way up, and the greater ^tlie time at which it 
is at the same licight on the way down. 

Tlius the time that elapses before a body, which 8tart.<3 with a 
velocity of 64 feet per second, is at a height of 28 feet is given by 

S8s=:64t - 16t*, whence t= J or -j. 

Hence the particle is at the given height In half a second from the 
commencement of its motion, and again in 8 seconds afterwards. 
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44. Velocity at a given Jielght, 

The velocity v at a given height h is, by equation (3) of 
Art. 32, given by 

tr ^ ?r — 2gh. 

Hence the velocity at a given height is independent of the 
' time from the start, and is therefore the same at the same 
point whether the body ’'be going upwards or downwards. 

46. Greatest height attained. 

At the highest point the velocity is just zero ; hence, if 
ar |je the greatest lieight attained, we have 
0 - 2gx, 

Hence the greatest lieight attained -- . 

Also the time ^^to tlie greatest height is givt*n by 



46- Velocity dxie to a given, vertical fall from rest. 

If a body be dropped from rest, its velocity aftei- falling 
through a height h is obtained by substituting 0, f/, and h for 
n,/ and s in equation (3) of Art. 32 ; 

V = \J 'Igh. 


EXAMPLES. VI. 

• 

1, A body is projected from the earth vertically with a velocity of 
40 feet per second ; find (1) how high it will go before corning to rest, 
(2) what times will elapse IxifotQ it is at a height of 9 feet. 

2. A particle is projected vertically upwards with a velocity of 
40 feet per second. Find (i) when its velocity will be *25 feet per 
second, and (ti) when it will be *25 feet above the point of pro- 
jection. 
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3. A stone is tlii-own vertically upwards with a velocity of 60 feet 
l)e!’ second. After what times will its velocity be 20 .fcet*per second, 
and at w hat height will it then be ? 

4. Find (1) the distance hillen from rest by a body in 10 seconds, 
(*2) tlie time of falling 10 feet, (3) the initial vertical velocity when the 
body describes 1000 feet downwards in 10 seconds. 

5. A stone is tlirowm vertically into a mine-shaft with a velocity 
of OG feet per Sfjcond, and readies the bottom in 3 seconds ; find the 
depth of the shatn. 

6. A body is projected from the bottom of a mine, whose depth 
is HHff feet, with a velocity of 24 /; feet per second ; liiid tbe time in 
which the bo<ly, after rising to its greatest height, will return to tho 
suifuce of the earth again. 

7. The greatest height attained by a particle jirojected vertically 
upwards is 225 feet; lind how soon after projection the particle will 
Ic at a height of 176 feet. 

8. A body moving in a ^c^•ti^•al direction x-Jasses a point at a 
height of 54 -5 cenlnueiics w'ilh a velocity of 43G ccntimeties per 
second; with wdnit initial velocity was it ihrowm nx), and for how 
luucli longer W’lll it rise? 

9. A particle jiasscs a given point moving down weirds with a 
V'-h>city of filly uietics per second ; how long before this w^as it moving 
i;X)Wcuda at the same rate? 

10. A body is in’ojeotcd veitieally upwards with a velocity of 
6510 ceiiliinetjes X'cr sccaind ; how high does it rise, and for liow long 
U it moving ux)waids? 

^ 11. Given that a kxly falling freely passes through 176-99 feet in 

' the six til iocoiul, find tJus value of o. 

12. A fallijig xiartiole in the hist second of its fall x>asses tluough 
221 feet. Find the lieJght from w'hich it fell, and the time of its 
falling. 

13. A body fulls freely from tbe top of a tower, and during tlu* 
last s(;cond of its flight falls widths of the whole distance. Find the 
height of the tow'er. 

14. A body falls freely from the top of a tower, and during the 
last second it falls »'•*- tlis of the whole distance. Find the height o£ tha 
tower. 
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Exs. VI 


y 15. A Btone A ia IhroTm vertically upwards with a velocity of 
"'^96 feet per second ; find how high it will rise. After 4 seconds from 
the projection of A , another stone B is let fall from the same point. 
Shew that A will overtake B after 4 Seconds more. 

16. A body is projected upwai’ds with a certain velocity, and it is 
found that wdien in its ascent it is 960 feet from the groiuid it takes 
4 seconds to return to the same point again ; find the velocity of pro- 

* jection and the whole height ascended. 

17, A body projected vertically downwards described 720 feet in 
seconds, and 2240 feet in 2t seconds ; find and the velocity of pro- 
jection. 


18. A stone is dropped into a well, and the sound of the splash is 
heard in 7-fV seconds ; if the velocity of sound be 1120 feet per second, 
find the depth of the well. 

19. A stone is dropped into a well and reaches the bottom W’ith a 

Velocity of 96 feet per second, and the sound of the splash on the water 
reaches the top of the well in seconds from the time the stone 
starts ; find the velocity of sound. ‘ 

^ 20. Assuming the acceleration of a falling body at the surfacsel'Or 
the moon to be one-sixth of its value on the earth’s surface, find the 
height to which a particle will rise if it be projected vertically upward 
from the surface of the moon \dth a velocity of 40 feet per second. 

47. Motion down a smooth inclined plane. 

Let AB be tlie Acrtiqpl section of a smooth inclined 


A 



plane fiicliuerl at a given angle a to tlie horizon, and let P 
be a bocly ou the plane. 
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If tliere, Averc m) plane to stop its motion, the body 
would fall vertically with an acceleration g. 

Now, by the parallelogram of accelerations, a vertical 
acceleration g is equivalent to 

(1) an acceleration g cos a perpendicular to the plane 
in the direction PR^ 


and (li) an acceleration sin a down the plane. 

The piano j»rovenis any motion perpendicular to itself, 

T lenc(? the lK)dy moves down the plane with an accelcra- 
ti^ui g sin «, and the investigation of its motion is similar 
To that of a freely falling body, except tliat instead, of g we 
have to substitute g sin a. 

It follows at once that the velocity acipiired in sliding 
frbm rest tlown a length I of the plane 

--- \^'lg sin a. I ~ sj'lg . / sin a~- J'lg , AC, 


and is therefore the same as that acquired by a particle in 
falling freely through a vertical height equal to that of thft 
})]a.iu\ 1 n other words the velocity acquired is independent 

of tlie ijiclinjition of the plane and depends only on the 
\ertieal height llirough which the particle has fallen. 


48 . If th(! body be projected up the plane with initial 
velocity an investigation similar to that of Arts. 43 — 45 
will giN'o the motion. The greatest distance attained, 

measured up the plain* is : the time taken in tra- 

^ ^ sill a 

versing this distunec is — , and so on. 

g sm a 


L. D. 
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EXAMPLES. VIL 

^1. A body is projected with a telocity of 80 feet per second up a 
smooth inclined plane, whose inclination is 30°; find^he distance 
described, and the time that elapses, before it comes to rest.' 

^ 2. A heavy particle slides from rest down a smooth inclined 

. plane which is 15 feet long and 12 feet high. What is its velocity 
when it reaches the ground, and how long does it take? 

3. A particle sliding down a smooth plane, 16 feet long, accpiires 
a velocity of 16 ^^2 feet per second; find the inclination of the idaiie, 

4. What is the ratio of the height to the length of a smooth 
inclined plane, so that a boily maybe four times as long in sliding 
down the plane as in falling freely down the heiglit of the plane start- 
ing from rest? 

/ 5. A particle is projected (1) upwards, (2) downwards, on a plane 
which is inclined to the horizon at an angle sin’'* -^; if the initial 
velocity be 16 feet per second in each case, find the distances described 
and the velocities acquired in 4 seconds. 

G. A particle slides without friction down an inclined plane, and 
in the 5tli second after starting pa.s3es over a distance of 2207’25 centi- 
metres; find the inclination of the plane to the horizon. 

^7. AB 9, vortical diameter of a circle, whose phme is vertical, 
arid PQ a diameter iucliiitd at an angle 0 to AJi. I’irid $ so that the 
time of sliding down PQ may be twice that of sliding down AH. 

^ ' ,49. Theorem. 7%e iiim that a hoihj takes to slide 

down any smooth chord of a vertical circle^ which is drami 
from the highest point of the circhy is imistimL 

Let be a diameter of a vertical circle, q^whicli A is 
the highest point and AD any chord. 

Let L DAB - 0 ; put AD and A J> ^ «, so that 
a cos $. 

As in the last article, the acceleration down A/> is 
g cos A Let T bo the time Iroin A to D.' Then AD i.s 
the distance described in time T by a particle starting 
froiu rest and moving with acceleration <j cos 6< 

“ ,;i, x — ^g oosO . T'\ 
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This result is independent of 6, nnd is the same as the 
time of falling vertically^through the distance 



Hence the time of falling down all chords of this circle 
beginning at A is the same. 

The same theorem will l>e found to be true for all chords 
of the same circle ending in tlie loweM point. 

50. Lines of quickest descent. The line of 
quickest ilescent from a given point to a curve in the same ^ 
vertical plane is the straight line down which a body would 
slide fioni the given i^oint to the given curve in the shortest 
tune. 

It is dbt, in general, the same lino as the geometri- 
cally shortest lino that can be draw^n from the given point 
to the curve. For example, the straight line down which 
the time from a given point to a given plane is least, is iwt 
the perpendicular from the given point upon the given plane, 
except in tJie case where the given plane is horizontiil. 

51. Theorem. The chord of quickest descent from a 
given poiAit R to a curve in tJie same vertical plane is 
where Q is a point on the curve such that a vh'cle, having F^. 
at its highest point, touches the curve at Q. 
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For let a circle be drawn, having its highest point at 
P, to touch the given curve externally in Q. Take omj 

P 



other point on the curve, and lot PQ^ meet Uxe citvlo 
again in E, 

Then, since PQ^ is > 77i*, 

tlie time down PQ^ is > time dowji PR. 

But time down P77 time down PQ (Art. 49), 

so that the time down PQ^ is> time dowji PQ^ 
and Qi is any point on the given curve. 

Hence the time down PQ is less than that down any 
other straight line from P to the given curve. 

Similarly it may be shewn that, if we want the chord 
of quickest descfmt from a given curve to a given point J\ 
we must describe a circle liaviiig the given point P as its 
lowest point to touch the curve in Q ; then QP is the 
required straight line. 

XSx. 1. To find tJie straiyht line of quickest descent from a ffii'rn 
jjoint P to a given straight line which is in the same vertical filane a.s P. 

Let IW be the given straight line. Then wo have to describe a 
circle having its highest point atPto touch the given straight line. 
Draw 'horizontal to meet PC in B. From BC cut oil a portion 
JlQ equal to BP, Then PQ is the required chord; for it is clear 
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that a circle can be drawn to touch BP and BQ at P and Q re- 
spectively. 


B P 



Ex. 2. Tofnid tin* Ihn* of qniclcsit Orarent from it f/iren point to a 
t,'iri rirrh* in tin* sante vertical plane, 

.loin P to the* lowest point B of the f^iven circle to meet the circle 
e'^-.rsn in Q. 'J’lnMi PC) is the required line. For join 0, the cenlre, t.f 
tlio circle, to Q un<l produce to meet the \evtical line throujih P in l\ 
The L (^PC-- L OPQs since OB and CP are iMirallel, 

A OQB-^- / CQl\ 

ITence ii circle whose centre is (\ and radius C’P, will have its hi^diet't 
point at P ari<l will touch the given circle at Q. 


/P 



If P be within the given circle, join P to the highest point and 
produce to meet the circumference in Q\ then PQ will be the required 
line. 
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SS« Bx> 1. A cage in a mine-ehaft Aeecendn with 2 ft,-8ec, unite of 
acceleration, A^r it hae been in motion for 10 seconds a particle u 
dropped on it /liii the top of the shaft. What time elapses before the 
particle hits the cage f 

liet T be the time that elapsee after the second particle starts. 
The distance it has fallen through is therefore igT^* The cage has 
been in motion for (T+10) seconds, and therefbre the distance it has 
fallen through is >. 

J.2(r+10)*or(2’+10)*. 

Hence we have (T+10)*=|(;2’*=167'*. 

* r+10=43’. 

7'=3^seoondu. 

Bx. 2a A stone is thrown vertically with the velocity which v'ould 
just carry it to a height of 100 feet. Two seconds later another stone is 
projected vertically from the same place with the same velocity ; whin 
and where will th^ meet f 

Let u be the initial velocity of projection. Since the greatest 
height is 100 feet, wo have 

0=742-2<ir.l00. 

L^t T be the time after the first stone starts beloie tlio t\vo stoneb 
meet. 

Then the distance traversed by the first stone in time distance 
traversed by the second stone in time (T - 2). 

w)r-Ji)r«=80{r-3)-^/7(r-2)“ 

=80r- 160 - (T»- 4r+4). 

•- 160=ij7(4r-4)-16(4r-4). 

/. =3^ seconds. 

Also the height at which they meets80T- 

s280- 106=84 feet. 

The ifirst stone will be coming down and the second stone going 
upwards. 


EXAMPIlESe ynie 

^ i. From a balloon, ascending with a velocity of 02 ft. per second, 
a stone is let fall and reaches ground in 17 seconds; how high 
was the balloon when the stomp was. dropped? 

2. If ft body be let fall from a height of 64 feet at the same 
instant that another is sent veiticolljr from the foot of the height 
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with a velocUj of 64 feet per eeoond, what , time elapses, before they 
meet? ' . ^ \ 

If the first body starts 1 sec. later thaa the otbKr, what thEoe will 
elapse? • ’ ' , ^ ‘ 'V. 

^ 3.' A tower is 288 feet high^; one body is dropped fro^ thi top of 
the towlir and at the same instant another is projected yerUcally 
upwards from the bottom , and they meet half-way up ; find the initial 
velocity of the projected body and its velocity when it meets the 
descending bpdy. ' 

4. A body its dropped from the top of a given tower » and at the 
same instant a body is projected from the foot of the tower, in the 
same vertical line, with a velocity which would be just sufficient 
to take it to the same height as the tower; find where they will 
meet. 

^ 5. A particle is dropped from a height /i, and after falling ^rds 
of that distance passes a particle which was projected upwards at the 
instant when the first was dropped. Find to what height the latter 
will attain. 

6. A body begins to slide down a smooth inclined plane from rest 
‘ at the top, and at the some instant another body is projected upwards 
from the foot of the plane with such a velocity that they meet half- 
way up the plane ; find the velocity of projection and determine the 
velocity of each when they meet. 

. 7. A body is projected upwards with velocity u, and? t seconds 

afterwards another body is similarly projected wiih the same velocity ; 
find wdien and where they will meet. 

. 8. A balloon ascends with a uniform acceleration of 4 ft. -sec. 
units ; at the end of half a minute a body is released from it ; find the 
time that elapses before the body reaches the ground. 

1 . 9. Afti^r a ball has been falling under gravity for 5 seconds it 

passes thrl^ a jpane of glass, afid loses half its velocity; if it uow^ 
reach the g^und in 1 second, find the height of the glass above the 
ground. 

. 10: The space dekribed by a falling body in tlio las1ta||econd of 

its motion is to that described in t^e last second but one as 9 : 2 ; find 
the height from which the body was dropped, and the velocity with 
which it strikes the ground. 

^ 11., Ajl an^s of length 288 feet and of height 64 fee^ ; shew how 
to divide it into throe parts* so that a particle at the top of the plane 
may describe the portions in equal times, eind find these times. 

12. Shew that the time that a particle takes , Ude down a 
chord of a vertical circle, starting from one end of a horizontal, 
diameter, varies as the square root of the tafigeut of the inclination of 
the chord to the vertical. < 
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13. A number of smooth rods meet in n point A and rings placed 
on them slide down the rods, starting simultaneously from A. {Shew 

that after a time t the rings are all on a sphere of radius ~ . 

14. A number of bodies slide from rest down smooth inclinol 
planes which' all commence at the same point and terminate on the 
same horizontal plane; shew that the velocities acquii-ed are the 
same. 


15. Two hea\7 bodies descend the height and length resportively 
of a smooth inclined plane ; shew that the times vary as the 
described and that the velocities acquired are equal. 

16. A heavy particle slides down a smooth inclined plane of gIvfMi 
-''Hiciglit; shew that tlio time of de.scent varies as the sceant of the 

inclination *of the plane to the vertical. 

17. A body slides down smooth chords of a ^ortical circle ending 
in its lowest point; shew that the vidocity on roichhig the h)\vei>t 
point varies as the length of the chord, 

^ 18. If two circles touch each other at their highest or h'west 
points, and a straight line be drawn Ihiough Ihe point to meet l)oih 
( ircles, shew that the limo of sliding from r(*st down the portion of Ihis 
line intercepted between the two circles is constant. 

19. A plane, of height h and inclination a to the horizim, has a 
.smooth gi’oove cut in it inclined at an angle fi to the line of greatest 
slop<i ; find the time that a jmrticle would lake to describe the groove, 
starting from rest at the top. 


20. If ft length ff he divided into n equal parts at the <‘nd of each 

f 

of which the acceleration of a moving poii^t is increased 'by’^^ , find 

the velocity of a particle after describing the distance .9 if it startetl 
from rest with ficctderation /. 




21. A particle starts from rest with acceleration/; at the end of tl me 
t it becomes 2/; it becomes 3/ at end of time 2^ and so on. Find the 
velocity at the end of time wt, and shew that the distance described is 


n(n + l)( 2w+l) . 

12 •' • 


22. A bocly starts from rest and moves with uniform acceleration ; 
shew that the distance described in the (n^-\ 'a-|-l)tli second is equal to 
the distance described in the first'n seconds together with the distiuicc 
described in the first (»+l) seconds. 
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23. If a particle occupies n seconds less and acquires a Telocity 
of 9a feet per second more at one place that at another in falling 

through the same distance, shew that ^ equals the geometrical mean 

between the numerical values of gravity at- the two places. 

24. A train goes from rest at one station to r^^st at another, 
one mile off, being uniformly accelerated for the first ^rds of the 
journey and uniformly retarded for the remainder, and takes 3 minutes 
to describe the whole distance. Find the acceleration, the retardation, 
and the maximum velocity. 

25. An euKitm-driver suddenly puls on his brake and shuts off 
steam when he is running at full si>ced ; in the fu’st second afterwards 
the train travels 87 feet, and in the next 85 feet. Find the original 
speed of the train, the time that elapses before it comes to rest, and 
the disfunce it will travel in this interval, assuming the jH’ake to ctuso 
a const?! nt rctiirdation. Find also the time the train will take, if it 
bo 9ti yards long, to pass a spectator standing at a XKjiiit 484 yards 
ahead of the train at the instiiut when the brake was applied. 

26 A railwsiy-tniin goes from one station to another moving 
duiiiig the fiist pari, of the journe}' -with uniform acceleration/; when 
fete.im is shut oil ami tins brakes are applied, it moves with uniform 
retardation /'. If a be the distance between the stations, shew that 
the time the train tikes is 

7+7 

Tf' 

27. Dui-jng the first quarter of the journey from a station A to 
a stition Vi the velocity of a train is uniformly accelerated, and during 
the last quarter it is uniformly retarded, and the middle half of the 
journey is performed at a uniform speed. Shew that the average speed 
of the train is g-rds of the full speed. 

28. A lift ascending from a pit 600 feet deep rises during the fiisf 
part of its ascent with uniform acceleration. On nearing the fop the 
lipward force is cut oil, and the impetus of the lift is just sutlicient to 
cMiry it to the top. If the whole process occupies 30 secs., find the 
,‘iccelernlion during the first part of the ascent, and the maximum 
velocity attained. 

29. A train starts from rest and reaches its greatest speed of 
50 miles per hour in 5 minutes. This speed is maintained till it is 
half a mile from the n<‘xt stopping place. Find the values of the 
iieecleration and retardation in foot-second units, and the whole time 
taken for the journey if it be 100 miles. Dra\v also tbe velocity-time 
curve for the wliole journey. 




CHAPTER IV. 

THE L^4.WS OF MOTION. 

53. Jn the present chapter wo propose to consider the 
production of motion, and it will Ije necessary to commence 
with a few elementary definitions. 

Matter is that which can bo perceived by the senses ” 
or “ that which can be acted upon by, or can exert, force,” 

No definition can however be given that would convey 
an idea of what matter is to anybne who did not already 
possess*' that idea. It, lik^ time and space, is a primary 
conception. 

A Particle is a portion of matter which is infinitely 
small in all its dimensions, or, at any rate, so small that 
for the purpose of our investigations the distahcds between 
the different portions of it may be neglected. Sometmefi^’ 
liodies of a iinite size can be treated as pii^icles^ as in the 
case of a cricket ball thrown into the Mr,; or of a stone 
falling to the ground. Again in considering the motipn^of 
the Earth i^uzid t^e Sun, the Earth itself may be 
as a particle. 

A Body^ i? a port^fn of matter which is boused by 
surfaces, and which is limited in pvery direction, so that it 
consists of a very large number of material particles. - 
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'The Mats of a body is the quantity of matter in 
body. 

Force is^that which cl^anges^ or tends to change^ the 
state of rest or uniform motion of a body. 

These definitions may appear to the studei^t to be Vague, 
but we may illustrate their meaning somewhat as follows. 

If we have a small portion of any substance, say iron, 
resting on a smooth table, wo may by a push be able to 
move it fairly easily ; if we take a^ larger quantity of the 
same iron, the same eflbrt on our part will be able to. move, 
it less easily, ^gain, if we take two portioni^f platinum 
and wood of exactly the same size and shape, the effect 
produced on these two substances by equal efforts on our 
part w'ill be quite different. Once more, if we have a 
croquet-ball and a cannon-ball, both of the same size, 
l 5 dng at rest iin the ground, and we kick each of them 
with tliq same force, the effect on the first is greater than 
that on the second. So also we can distinguish between 
a cask full of water, and an empty one of the same si.?e, 
by w^atching the effect of equal ki^ks applied to them. 

Thus common experience shows us that the same effort 
applied to different bodies, under seemingljr the same 
conditions, does not always produce theTsame result. This 
is because the of the bodies are different. 

• ' 

64 . It to the same mf|ss we, apply., tw^q, forces in 
succession^ and they generate the same velocity in the 
same t ijaifk forces arq,$aid to be equal 
; ,|fj the, same force be applied to two different masses, 
and if it produce in them the same velocity in the same 
time^. t^ masses are saidt to be ^^ual 

The student will notice that w^ here assume that it is 
possible to create forces of equal mtensity on different 
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occasions, c.tj, \ve assume that the force nec(‘ssaiy to ktvp n 
spiral sprin^f stretched through the same distance is tlie 
same wJien othei* conditions are unaltered. 

Hence l)y appl^’ing the same force in succession we can 
obtain a numlxu’ of masses each equal to a standard unit of 
mass. Tlic foregoing would ])e a tlu^oretical method nf 
defining equal masses, applicalfie under all conditions, lii 
praclicci, we shall find that equal masses luive equal w’('igliU, 
so tliat the process <)f weighing is the simplest practieal 
method of comparing masses. 

55. The Ihitisli unit of mass is called the imperial 
Pound, and consists of a Inmj) of platiiium deposited a1 
AWst minst(‘r, of wdiieli tliere are in addition several 
a«M'iirate copi(‘s kept in otlu»r plaees of safety. 

Tie"* FiOiwli, or scientific, unit of iivi is emailed a au»l is 

the oiu‘-l, 1 i'jii' 0 indth p.tri nf a eoiudn qaandly of platimuu lo j)t iti 
I'aUN. 'I'be w,is incasit to ]»o <i(‘1i)ied as llio ma.ss ot a ( alac 

cciiiim-'‘lre (d pure wahu* at a tonipc'ialinc ot 4 ' C. 

It w a much snuillcr unit tlnui a l^miul. 

Ono Gianniit' -aljoufc lo'4;>2 gra’m.-. 

One Pound--- about t-HIJ-fJ grammes. 

Tbp fystpin of nnils in uliioh a ornl iinclro, grainnie, and 
:n-p 1 pqK'Ctive'Iy the nnils of Nai^tb, muss, and time, is gi ni-ially called 
ill- L.c.s. systPin of \miU. 

56. Density. Tlu* (hmsity of a, iinifonn lauly is (be 
mass of a unit volume of llu' hod}'; so that, if in he tin* 
ujass of volume T of a hody whose deiisity is p, (ben 

m -- pp., 

57. The Weight of a body is the force wit.h wliich 
flu? earth attracts ilio hody. 

It nan be .slicwn that every j»:irti<*lo of rnalter in nature nttraot=; 
e\i ry other pavlinle witli a force, wliicli vjiries directly as the product 
of the masses of the cjuaiitilies, and inversely as the s<pi ivc of the 
distance between tliPin ; hence it. can lie deduced that a spin re attracts 
a j)article on, or outside, it« surface with a f(»rce which varies in\.*isely 
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iits the square of tho distance of the particle from the centre of the 
sphei 0 . The earth is not accurately a sphere, and therefore points on 
its surface are not equidistant from the centre; hence the attraction 
of the earth for a given mass is not quite the same at all points of its 
siJitiu e, and therefore tho weight of a given mass is slightly different 
at different points of the earth. 

58 . TJie, Momentum of a body is })roportioiial to 
tho ))roduot of the mass and the velocity of the body. 

Jf we take as tlie unit of momentum the momentum of 
a iDiit jriass movint^ with unit veh»city, then the momentum 
nf a body is 'n/.?;, where m is the mass and v tlie velocity of 
the ho<ly. 'i'lui direction of tluj momentum is the same as 
I hat of tlie viilocity. 

Thus llic moDiontum of a body of 100 grninnies mo\ing with 
*27-5 cins. per sec. is ST-lOO centinietrc-grarnme-secoful units 
o( Jiioineiitniu. 

59 . AVo can now enunciate what are commonly called 
Newton^s Laws of Motion. ‘‘The lirst two were discoveied 
I>y (lalileo (about the year 1590) and tlie third in some of 
iis many forms was known to Hooke, Huyf^hens, Wallis, 
Wren and others before tlie publication of the Priucipia:^ 
They wiive put into formal sliape by Newton in Ids Priucipia 
})ublished in tlie yeai* 1()8G. 

''rjiey are; 

*/ Law I. Every body cotifinues iti its state of rcstj or of 
a n'fonn motion Itt a straiylit Unv^ except va. so far as it he 
rooipelled by external imjyressed force to rhavije that state, 

V' Law II. The rate of chanye of mom**atam is propor- 
tional to the impressed foree^ and takes place in the direction 
of the straiyht line in which the force acts, 

/ Law III. To every action there is an equal and 
iqqxjsitc rcctction. 

No strictly formal proof, experimental or otherwise, 
<iin be given of these threer laws. On them however is 
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based the wJiole system of Dynamics, and on Dynamics 
the whole theory of Astronomy. Now the results obtained, 
and the predictions made, from the theory of Astronomy 
agree so well with the actual observed facts of Astronomy 
that it is inconceivable that the original laws on which the 
subject is based should be erroneous. For example, the 
Nautical Almanac is published four )'ears beforehand ; the 
motions of the Moon and the Planets are therein predicted, 
and the time and place of Eclipses of the Sun and Moon 
foretold ; and tlie predictions in it are always correct. 
Hence the real reason for our belief in the truth of the 
above three laws of motion is that the conclusions drawn 

tf 

from them agree with our experience. 

6tt. Law X. We never see this law victual ly ex-^ 
oinplitied ou the Earth ]>ecauso it is piactically impossible 
ever to get rid of all forces during the motion of the body. 

I c may be seen approximately in of jeration in the case of 
a piece of dry, hard ico projected along the .surface of tlry, 
widl swept ico. The only foretjs acting on the fragment At 
ice, in the dirc'ctiori of its motion, are the friction between 
the two portions of ice and the resist^mce of the «iir. The 
smoother tlie surface of the ice the further the small 
portion will go, and the less the resistance of tlie air the 
further it will go. The above law asserts that if the ice 
were perfectly smooth and if there were no resistance of 
the air aifi no other forces acting on the brnly, then it 
would go oji for ever in a straight line with uniform 
velocity. 

The law states a principle sometimes called t\ie Prin- 
ciple of Inertia^ viz , — that a body has no innate ten- 
dency to change its state of rest or of uniform motion in 
a straight line. A lump of, iron resting on the ground 
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does not niovo by itself, nor unless it is acted upon by 
a force external to itself. 

If a portion of metal attached to a piece of string be 
swung round on a smooth horizontal table, then, if the 
string break, the metal, having no longer any force acting 
on it, proceeds to move in a straiglit line, viz. the tangent 
to the circle at the point at which its circular motion 
ceased. 

If a mail step out of a rapidly moving train he is 
generally thrown to tlie ground ; his feet on touching the 
ground are brought to rest; but, as no force acts on the 
upper part of his body, it continues its motion as before, 
and the man falls to the ground. 

If a man be riding on a horse which is galloping at a 
'fairly rapid pace and the horse suddenly stops, tlie rider is 
in danger of being thrown ovm* the horse's hearl. 

]f a man bo seated upon the back seat of a dogs^art, 
and the latter suddenly start, the man is very likely to be 
heft belli nd. 

^ 61 . Law II. Fnttri this law we derive our method of 
measuring force. 

. Let m bo the mass of a body, an(jL^/*the acceleration 
produced in it by the action of a force whose meawiiiv 
is ' * • 

Then, by the second law of motion, 

P cc rate of change of luoiiientum, 
oc rate of change of wr, 

cc VI X rate of change of v (if vh is unaltered), 

'x.m.f. 

r ~ X,m/^ where A is some constant. 
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Now li-'t Uie unit of force be so chosen that it iiniy 
]>ro(luce in unit iiiiiss the unit of acceleration. 

Hence, when m 1 and /* - 1, we have 1, 
and therefore X = 1. 

The UTiit of force l>eiiig thus chosen, we liave 

Therefore, wlieii projjer units are chosen, the lueasine 
of the force is etjual to the measure of the rate of change 
iIk iiioineTituin. 


62 . From tlie preceding article it follov'S that the, 
magnitude of t.lio unit t»f force used in Dynamics ilei><*mls 
on the units of mass, and acceleration, that wo use. Tliii 
unit of acceleration, again, dep(m(ls, by Arts. 0 and 20, on 
?iio units of length and time. Hence the unit of fon-e 
de}>ends on our units of mass, length, and tiuje. Whim 
these latter units are given the unit of force is a dcLer- 
riiinate quantity. 

^Vlien a pouTid, a foot, an<l a second are respectiv<dy the 
units of mass, length, and time, the corresponding unit of 
lorce is called a Poundal. ‘ - 


Hence the equation P = mf is a true relation^ 
m being the number of pounds in the body, P the 
number of poundals in the force acting on it, and 
f the number of units of acceleration produced in 
the mass m by the action of the force P on it. 

This relation is sometimes expressed in the form 


Acceleration *~ 


Moving Force 
moved 


X.B. All through this book the unit of force used will 
]>e a goundal, unless it is otherwise stated. Thus, when we 
ssay that tho tension of a string i.s we mean T poundals. 
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63 . Wlieri a gramme, a centimetre, anrl a second are respectively 

units of mass, length, and time, the corresponding unit of force is 

called a Dirne. fThis name is derived from the Greek word 
pronounced Dunamis, which means Force.] 

Hence when the equation is used in this system the force 

must be exi)ressed in dynes, the mass in grammes, aird the acceleration 
in cepti metre-second units. 

64. Connection between the unit offeree and 
the weight of the unit of mass. A:^ explained in 
Alt. 42, v/e know that, when a body drops freely hi vacuo v 
it moves with an accek'ration which wo denote hy 

also the for*ce which cau.ses this acceleration is that w^hich 
we call its M^cight. 

^ Now the unit of force acting on the unit of mass pro- 
duces in it the unit of acceleration. i 

Therefore g units of force acting on the unit of mass 
pK^.hico in it g imils of acceleration (by the second law). 

But the wciglit of the unit of mass is that which pro- 
duces in it g units of acceleration. 

llonce the weight of the unit of mass = y units of force, 

65. Fool-Pound-Src^md of itnUs. In this system 

g is equal to 32 2 approxih^Jj^^' 

Therefore th(} weight of ono pound is ciqual to g units of 
force, i.c. to g i)Ouiidals, where g -- 3^2 api»roxin lately. 

Hence a poundal is a]>proximately eipial to times 

the weight of a poujid, i.c, to the weight of al>out half an 
ounce. 

Since g has different values at different points of tljc 
earth’s surface, and since a poundal is a force wiiich is tlie 
same everywhere, it follows that the weight of a pound ^ 
is not constant, hut has different values at dif-^ 
ferent points of the earth- 


li. D. 
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66 . Ccntimetre-Gramme^Secotid System of units, '^In this systein 
" y is equal to 981 approximately. 

* Therefore the weight of one gramme is equal to y units of force, 
i.e. to y . dynes, where 

' yss981 approximAtely. 

Htnce a dyne is equal to the weight of about of a gramm^. 

981 |i. 

The dyne is a much smaller unit than a poundal. The approxi- 
jiiate relation between them may be easily found as follows : 

OnePo,«dHl 


One Dyne 


981 


wt. of a gramme 


981 one pound 981 ^ , --v 

^ -lo o ^ = oTT, X 0>y Art. 55). 

one gramme ^2-2 ' 


Honce One Poundal^ about 13800 dynes. 


I • 




EXAMPLES. IX. 


1, A vwiiH </ 20 poumU is acted on hy a constant farce which in 
5 scaiiuh laoduces a vclfwity of 15yW’t per second. Find the force, if 
the jfuiss was initinUy at rest. 

From the equation we havo/="g'=a3. 

Aiso, if P be the force expressed in poundals, we have 

P = 20 X 3 == 60 poundals. ^ 

Hence P is equal to the weight of about | K » i-e. 1^ , pounds. 


. 2. A mass of 10 pounds is placed on a smooth horizontal plane, 

ahd is acted on hy a force equal to the weight of 3 pounds; find the 
distance described by it in 10 seconds. , 

Here moving forces weight of 3 lbs. — Sp poundals; 

and mass moved =^10 pounds. 


Hence, if ft.-sec. units arc used, the acceleration^ 


y.'/ 

10 * 


so that the distance required = y 


480 feet. 


3, Find the magnitude of the force which, acting on a kilogramme 
for 5 second prmluces in it a velocity of one metre ‘per second. 

Here the \elocity acquired c 100 cms. per sec. 

Hence the acceleration =3 20 c.o.B. units. 

1000 20 

Hence the force = 1000 x 20 dynes* weight of about - - i*™ or 

^ 981 

20*4 grammes. 
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. 4, Find tW acoelieraMoii produced nullfp 

^ (1) A force of 5 ppnndals acts on a mass of 10 pounds. 

(2) A force i^ual to the weight of 5 pounds acts on a mass of 
' 10 pounds.' ^ 

^ (8) A force <A 60 pounds weight acts on a mass of 10 tons. 

^ 5>i Find the force expressed (ij in poundals, (2) in terms of the * 
weight of a pounds that will produce in a mass of 20 pounds an 
acceleration; of 10 foot-second units. 

6, Find tlxe force which, acting horizontally for 5 seconds on a 
mass of 160 pounds placed on a smooth table, will generate in it a 
velocity of 15 feet per second. 

7. Find the magnitude of the force which, acting on a mass of 
lOcwt. for 10 seconds, will generate in it a velocity of 3 miles per* 
liour. 

6. A force, equal to the weight of 2 lbs., acts on a mass of 40 lbs. 
for half a minute; find the vel^ity acquired, and the space moved 
through, in this time. 

9. A body, acted upon by a uniform force, in ten seconds desciibes 
a distance of 7 metres ; compare the force with the weight of the body, 
and find the velocity acquired. 

10, In what time will a force, which is ^quat to the weight of a 
pound, move a mass of 18 lbs. through 50 feet along a smooth 
horizontal plane, and what will be the velocity acquired by the 
maiil? 

11, A body, of mass 200 tons, is acted on by a force equal to 
112000 ptjundals; how long will it take to acquire a velocity of 
80 miles jjer hour? 

12. In what time will a force, equal to the weight of 10 lbs. , acting 
on a mass of 1 ton move it through 14 feet? 

. 13. A mass of 224 lbs. is placed on a smooth horizontal plane, 
and a uniform force acting on it parjillel to the table for 5 seconds 
ciuiscs it to describe 50 feet in that time; shew that the force is equal 
to about 28 lbs. weight. 

14, A heavy truck, of moss 16 tons, is shinding at rest on a 
smooth line of rails. A horse now pulls at it steadily in the direction 
of the lina of rail^ with a force equal to the weight of 1 cwt. How far 
will fl move in 1 minute? 

15, A foioe equal to the weight of 10 grammes acts on a mass 
of 27 grammes for 1 second ; find the velooty of the mass and the 
distance it has travelled over. At the end of the first second the 
force oeasea to act; how far will the body travel in the next minute? 
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.. 16. A fiirce equal to the weight of a kilogramme acts on a body 
continuously for 10 seconds, and causes it to describe 10 metres in 
that lime ; lind the mass of the body. 

. 17. A horizontal force equal to the weight of 9 lbs. acts on a 

mass along a smooth horizontal plane; after moving through a space 
, of feet the mass has acquired a velocity of 10 feet per second; lind 
its magnitude. 

18. A body is placed on a smooth table and a force equal to the 
weight of 6 lbs. acts contiimoiisly on it; at the end of 3 seconds llie 
body is moving at the rate of 48 feet per second; find its mass. 

, 19. A lK)dy, of mass 3 lbs., is falling under gravity at the rate of 

' 100 feet ]icr sc3cond. What is the uniform force that will stop it (1) in 
2 seconds, (2) in 2 feet ? 

20. Of two forces, one acts on a mass of b lbs. and in one- eleventh 
of a second pioduccs in it a \elocity of 5 feet in^r second, and the other 
acting cfli a mass of 02.5 Ib^. in 1 minute produces in it a \olocity of 
18 miles* per hour; couipare the two forces. 

21. A muhS of 10 lbs. falls 10 feet from re.^t, and is thou brought 
to rest by iicm-lrating 1 toot into some sand; find the average thrust 
ol the sand on it. 

22. A oarinoJi-liair of mass 1000 graimnes is discharged with a 
velofdty of 4*5000 ccntiinetie.s per Fecond from a cannon the lengtti of 
wliosc barrel is 200 cculimetres; shew ibat tlie moan force exoried on 
the ball during the explosion is 5*0025 x 10® dynes. 

23. It was. found that when I foot was cut off from the mnz/lt*. of 
a gun tiring a projectile of JOO lbs., the velocity r>f the projectile was 
altered Jrom 1490 to 1330 fetjt irer second. Shew that the force 
exerted on the projectile by llio x>nwder-gas at the muzzle, when 
expanded in the bore, was about 315 Ions weight. 

(\\ 

24. A bullet moving at the rate of 200 fret per second is fired into 
a trunk of wood into which it xrcnetrales 9 inches; if a bullet moving 
willi the same velocity were tired into a similar piece of wood 5 inches 
tliick, wifh what velocity would it emerge, supposing the resistance to 
Ici uniform ? 

25. A motor car travelling at the rate of 40 kilometies per hour 
is Ftoxjpcd by its bni^es in 4 seconds; shew that it will go about 22 
metres from the poiiit at which tire brakes are first a 2 )p]led, and that 
the force exerted by them is alxiut *283 times the weiglit of the car, 
and would hold the car at rest oa an incline of about 1 in 



THE LAWS OF MOTION 


69 


67* A pouiiclal and a dyne are called Absolute Units 
because their values are not dependent on the value of g, 
which varies at diirerent places on the earth's surface. Tlie 
vHihjht of a pound and of a gramme do depend on this 
value. Hence they are called Gravitation Units. 

68. The weight of a body i? projwrlional to its 7iKcss 
and is Independ&nt of the kind of m-atter of which it is com- 
posed. The following is an experimental fact : Tf we liavc 
an air-tiglit receiver, ami if wo allow gbo drop at the sajiio 
instant, from the same height, portions of matter of any 
kind whatever, such as a piocti of metal, a feather, a piece 
of paper etc., all tlu'se subslarices will Vjc h^und to luive 
always fallen through the baiiie distance, and to hit the base 
of th(i receiver at Ihti same time, whatever be the sub- 
staiic‘<*s, or the height from which they are allowed to fall. 
Since these boditjs always fall through the same height in 
the same time, therefore their velocities [rates of change of 
space,] and their acc( derations [rates of change of V(‘]ocity,J 
must be always the same. 

The stmlorit can npproxinmtoly pej-form the abo\o experiment 
crealiii^i; a vacuum. Take ai penny ami a light substaiiiec, 
^ay a small piece of paper; place the paper on the penny, lieKl 
horizontally, and allow both to drop. They will be found to keep 
together in tbeir fall, although, if they be dropped separately, tin* 
penny will rciioh the ground miicli quicker than tbe paper. The 
penny clears tlio air out of the way of tlio paper and so the sanie 
result is produced as "would be the case if there wove no uir. 

Let Wi and poinulals bo the weights of any two of 
these bodies, and -m,^ their masses. Then since tlu'ir 
accelerations are the same and cqufil to g, wo have 

t 

ir, 

mid -- ; 

or tlio 'weight of a body is proportiorml to its muss. 
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Hence bodies whos^ weights are equal have equal 
masses^ so also the ratio of the masses of two IkkIIos is 
knuwn when the ratio of their weights is known. 

The equation W^mg is a numerical oney and means 
that the nun)ber of units of foree in the weight sof a body 
is equal to the product of the number of units of mass in 
the mass of the body, and the number of units of accelera- 
tion produced in the body by its weight. 

From the I'esultjpf Art. 61, combined with this artic^ 
P f , , 

wc liavo i.e. the ratio of any force to the weight 

of a body is the same as the acceleration produced by tlie 
force acting on tlje body to the acceleration produced by 
gravity. 

This form of the relation l^etween P and f is preferred 
l)y some. 

60. l)h(hictU)ii h'tinuni wans and wciffhi. The student must 
cardully notice the difference between the mass and the weight of a 
Ho has probably been ho accustomed to entiniate the masses of 
billies bj means of their weights that he h'as not clearly distinguished 
lietween tlie two. If it were possible to have a cannon-ball at the 
ciMUre of the earth it w'ould have no weight there ; for the attraction 
of the ear til on a parti 'ile at its centre is zero. If, however, it- were in 
motion, the same force would be required to stop it as would bo 
necessary under similar conditions at the surface of the earth. Hence 
we see that it might be i)ossiblo for a body to have no weight; its mass 
however remains unaltered. 

The confusion is pi’obably to a great extent caused by the fact that 
the word “pound” id used in two senses which are scientifically 
different; it is used to denote both what wo more properly call “ the 
mass of one pound ” and “ the weight of ono poiuifi.” It Cannot be 
tdb'strongly impressed on the student that, strictly speaking, a pound 
h n mass and a mass only; when we wish to speak of the force with 
which the earth attracts this mass we ought to speak of the “ weiebt 
of a poqUA.” This latter phrase is often shortenetl into “ a pound,” 
but care Imist be taken to see in which sense this word is used.*' 

It may also be noted here that the expression “a ball of lead 
weig^g 20 lbs.” is; strictly speaking, an abbreviation for a ball of 
lead whose weight is equal to the weight of 20 lbs.*’ The mass of the 
lead is 20 lbs. ; its weight is 20j7 poundals. 
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70 . Weighinff liy Scales and q. Sptii^ J^ittance, We have pointed 
out (Art,. 42) that the acceleration due to ghu^vity, i.e. the value of 
varies slightly ae we proceed from point to point of the earth’s sui*face. 
When we weigh oat a substance (say tea) by means of a pair of scales, 
we adjust the tea until the weight of the tea is the same as the weight 
of sundry, pieces of metal whole masses are known » and then, by 
Art. 68, we know that the ma^ of the tea is the same as the mass of 
tlie metf^. ' Hence a pair bf ^ales really measures masses and not 
weights, and so the apparent weight of the tea is the same every > 
where. 

When we use a spring balance, we compare the weight of the tea 
with the/orcfi necessary to keep the spring stretched through a certain 
distance. If then we move our tea and sming balance to another 
place, say from London to Paris, the weight of the tea wdll be different, 
whilst the force necessary to ke^jp the spring stretched through the 
same distance as before will lie the same. Hence the weight of the 
tea w'ill pull the spring through a distance ditferent from the fonner 
distance, and hence its apparent weight as shewn by the instrument 
will be different. 

If w^ have two places, A and J?, at the first of which the nnincrical 
value of () is gi’eater than at the second, then a given mass of tea will 
jas tested by the spring balance,] appear to weigh more vtXJ. than it 
does at ih 


Sx. 1. At the ef^ua-tor the value of g is 32'09 and in London the 
value is 82'‘2; a luorchaut buys tea at the equator, at a shilling 
per i»und, and sells in London; at wdiat price per jK)und (apparent) 
must he sell so that ho ina^ neither gain nor lose, if he use the same 
spring balance for both tr^i^llons? 

A quantity of tea whieli weighs I lb. au the equator wdll appear • 

32*2 3*2* 

to w^eigh London. Hence he should sell lbs. for 

uifi'Uv o2’U.' 

3209 

one shilling, or at the rate of shillings per^, pound. 

Sx. a. At a place /I, — 32*24, and at a place /?, (/ = 32*12. A 

inemhant buys goods at £10 pr cwt. at A and sells at /?, using the 
same spring Wance. If ho is to gain 20 iier cent., shew that his 
selling price must bo £12. 0;*. lOJd. per cwt. 

\ Physical Independence of Forces. The 

latter part of the Second Law states that the change of 
motion produced by a force is in the direction in whicli 
the force b^ts. 

Suppose wo have a particle in motion in the dh’ection 
AH and a force acting omit in the direction AO; then 
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the law states that the velocity in the direction AB is 
unchanged, and that the only cliange of velocity is in the 
direction AO \ so that to find the real velocity of the 
particle at the end of a unit of time, we must compound 
its velocity in the direction AB with the velocity generated 
in that unit of time by the force in the direction AO. 
Tlio same reasoning would hold if we had a second force 
acting on the particle in some other direction, and so for 
;niy sj'stem of forces. Hence if a st^t r)f forces act (ui a 
particle at rest, or in motion, their combined elTecc is 
found by considering the eflbct of each force on the particle 
just as if thfi oUvGT forces did riot and as if the particle, 
tvere at rest^ and then compounding these effects. This 
principle is often referred to as that of the Physical hide- 
peicdence of Forces, 

As an illustration of this iirinciple consider the iriotion of a ball 
allowed to fall from the hand of a in a train which is 

ti*iu>‘lhng rapidly. It will be found to hit the Hour of the carriuf^e at 
exactly the same spot as it would have dune if tb.o carriage had been 
at rcbt. This shews that the ball must have continued to move 
forward witli the same veb)city that the train had, or, in other words, 
the weight of .the body only alter«'d the motion in tJie vertical directiuii, 
and had no influence on the horizontal velocity of the particle. 

Again, if any two small bodies be placed on the edge of a table, 
and be hit so that they leave the table at the same moment, but with 
velocities differing as much as possible, then whatever be tlieir masses 
or tlieir initial velocities, they will bo hoard to hit the floor at th»‘ 
Sfline instant. It hence follow’s that the vertical accelerations and 
velocities produced in the bodies are independent of their masses and 
also of their initial velocities. 

So also, a circus rider, wdio wishes to jump through a hoop, springs 
in a vertical direction from the horse ^s bock; bis horizontal velocity 
is the same as tlint of the horse and remains unaltered; ho therefore 
alights on the horse’s hack at the spot from which lie started, 

72 , Parallelogram of Forces. W© have shewn 
111 Art. 30 that if a |>artiole of mass m have accelerations 
fi and y *2 represented in magi^itude and direction by lines AB 
and ACf then its resultant acceleration f^ is I’epresented 
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ill inagnitude and direction by ^17^, the diagonal of the 
parallelogram of wliich AB and AC are adjacent sides. 



SiiK.'O the particle lias an acceleration j\ in the direction 
AB tliere must be a force 7\ (= ////j) in that direction, ami 
similarly a fca’ce ( 7n/C) in the direction AC, J^et 
Ally and ACi i*epreseni these forces in magnitude and 
dir(‘ction. Complete the parallelogram AB^^D^C^. Then 
since the forces in the dire(?tions AB^ and AGi are prupoi- 
( ional to tlio aocoh ‘rat ions in these^dir'H'tious, 

An,:AB::B,D^:BTK 

Jlencc, by simido geometry, we have A, /> and 77j in a 
straight line, and 

.\AD, :AI) ::AB,:AB. 

It follows that ABj represents tlie force which ])roduces 
the acceleration repi-esented by AD, and lienee is the force 
which is equivalent to the forces represented by ABi and 

ACf^. 

Hence we infer the trutli of the Parallelogram of fTorees 
liicli may be enunciated as follows : 

1/ a pa/rticle be acted on by tiro forces represented hi 
nuujnitude and direction by the two sides of a paralleloynun 
drawn from a poifit, they are equivalent to a force repre^ 
sented in inagnitwile and direction iy the diagonal of tike 
parallelogram pasmig through the point. 
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Col*. If in Arts. 13 — 19 which founded on the 
Parallelogram of Velocities we substitute the word *‘'£orce” 
for “ velocity they will still be true. 

73. Law III. To every actimi there is an equal and 
opposite renctioiu 

Every exertion of force consists of a mutual action 
between two bodies. This mutual action is called the stress 
between the two bodies, so that the xVction and Reaction 
of Newton together form the Stress. s 

Illustrations. 1, If a book rest on a to^bie, the book presses tile 
table with a foice equal and opposite to tliat which the ttiblc exerts on 
the book. 

2. If a man raise a weight })y means of a string tied to it, 
the string exerts on the man’s hand cxeetly the same fpree that it 
exerts on the weight, but in the opi)osjte direction. 

3. The attraction of the earth on a body is its weight, and 
the body attracts the earth with a force equal ami op^wsitc to 
its own W'eight. 

4. When a man drags a lm:ivy body alf»ng the gr»>und by means 
of a rope, tlie lope drags the man h.ick with a foico equal to that 
with wliich it drags tiie body forw;ud. [The weight of the rope is 
ncgiecteil.]. 



pn the fi^rc A B represents the central line of the man’s body. 
^ and It are the horizontal and vertical forces which the earth exerts 
on bis feet, and which are eqi^d and opposite to the forces his feet 
exert on the earth. T is the tension of the rope which acts in 
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oppoiiite directions its ends. ^is the horizontal forcS between 
the earth and the body. . 

The man moves because T, 

The body moves because T^F\ 

Thus at the comtn6ncm^t of the motion we have F:^T:^ F\ 

^ When the man and body are moving uniformly these three forces 
are equal.] . ^ 

5. In the cose of a stretched piece of indiarubber, with the ends 
held in a man’s hands; the indiarubber pulls one hand with a foree 
equal and Opposite to tliat with wliLcli it polls the other hand. 

'J’he compressed buffers between two railway carriages imsh one 
carriage .with^ force exactly equal and opposite to that with which 
they push the other carriage. 



" CHAPTER V. 

LAWS OF jMOTIOX (continued). -APPLICATION 
TO SIMPLE PKOBLEMS. 

74. Motion of two particles connected by 
a string. 

Two particles^ of utniis*‘a ni^ otul counpctt^d hi/ a 

Vipht lnextensihhi sfritif/ which pa,^Sf^n over a 
Htoall smooth pulletj. If hr > find ^ 

the resulting motion if ihr system.^ and thr . ' 

tension of the strimj, i 

Lot tlie tension of tlie string bo T 
jxmiidals ; the puilciv ' being .smooth, this ^ 
will be the same throughout the string. 

Since the string is inc.xtcnsible, tJie velo- ^ 
city of upwards must, throughout the ”^2 ^ ^ 

motion, be the same as that of mi downwards. 

Hence their accelerations [rates of change 
of velocit}'’] must be the same in magnitude. ' 

Let tlie m^gnitud6 of the common acceleratioh be f, 

'II& 

Now the force on downwards is 7/^1^ — T poundals. 

Hence Jrtjic- (1). 

So the force ou wtj upwards is T'— tih^g poundals ; 

‘ ( 2 ). 
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Addin (1) and 4^), we have /* = — — 

” ^ ^ ' mj + Wg 

coin moil acceleration. - ^ - 

Also, from (2), 


whicli is the 


T ■- m., (/ + g) g poundals (3). 

»Since the acceleration is known .^and constant, tlie* 
c(|\uitions of Art. 32 give the space itioved through and 
tli(i velocity acquired in any given time. 


Experiment. Uy Urging tlie foregoing result the value of fi nuiy 
ho roughly obtained if allowaiico b.^ made for the friction etc. of the 
pulley. 

Fix a light pulley at a ccniveuieut height fnu\i the groiiud, so that 
the distance through winch the masses move may be inoasured. 
Hound the pulley put a light string luiving at its ends two equal 
masses [weights of tlie shatie I\ in Art. 82 , are con\enientj. >t\ 
liial liiul the mass li which, when placed on the liglit-hand J\ ay:H 
iiwikc it very slowly and uiiifonuly descend to tlio giound. This ma^.- 
Jl lA ill goiicnil small, and wc shall neglect it. 

Now place on the saino P an additional mass Q so that it dcsci'iirls 
to the giound willi an accclcralioii / which is given by tbe picMoii- 
toriiiuJa. ft’or /i/j- /'H- and /M2= f’. 


wq -7//., Q 

in I -\ inj^ ' ‘JP-j- 


Measure llio distance h tlirou; 
time T that it lakes; iJicu 


li which the weight falls, and tbc 




Here everything is known except// wdiich can thus be found. 

In an net uul c.xperiment the iinlley used was a light almuinium one. 

The original masses P at the ends of the string w^ere each 2G-5 
graninies. 

A small mass of the shape Q [Art. 82] equal to 4 grammes '.vlien 
placed on one of the weights P was found to just make it \cry slowly 
deseend to the ground, so that this weigJit just ovemomes the frictional 
resistance. 


An extra mass of 9 grammes was put on, and tho combined 
weight was then found to descend a distance of 8 feet to tJie floor in 
/»•;> seconds. [Thi.s time can be found to a considerable degree ol 
at'curacy by a stop-watch or by placing an ordinary watch beating fom 
times per second to tbe ear; tlie mean oisovcraldetenninations should 
be taken.] • 
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Neglecting the 4 grammes put on in order toy)veroome^the friction, 

we have = 265 and + * 


and hence 


1 ^ 
''2 639 ^ 


€ 



‘>\5^x4 

9x121 


= about 31*7. " 


This IS us lebolt as we can expect to obtain from this 

lit. 

I hat the tension of the string is as found Tna;y bo experimentally 
veriJud us follows: 


cm' 


TT 










Attach tlic pulley to the end A of a nnifomi rod, which can turn 
about ils centre. Then if during the motion the jiulley V be at nist, 
the tension of tho string AC must, by result (3), 

= 27''-t-wt. of pulley C= — // fwt, of pulley, 

and hence to keep the beam horizontal weights must be put into the 
acule-pan at h which will ju.st balance this tension. 

As a numerical illustration take wij = 70 and 7/<j>=30 grammes; let 
the imiss of the pulley C bo 40 grammes' and that of the scale- pan Ji 
be 10 grammes. 

During the motion, 

</ = 84 grammes weight ; 

therefore total weight to be placed in the scale-pan 

~wt. of pulley C+ fi4 grammes - 10 grammes =114 granuues. * 

Put 114jpainmes into the soale-pan J?; and hold the pulley C, so 
that it caniiot rotate, in such a position that liOA is horissontal; now 
let motion ensue; the beam will be found to remain liotizontal so long 
as the motion conj^inues; this shows that tlie tension of the string AG 
really was 124 giummes as the tlwory gives. 
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If the string be sljl^ed off the rim of the pulley, so that no motion 
can ensue, then^^ in omer to balance % and the weights that must 
be put into the scale-pan 

s=wts. of and taj- wt. of the scale-pan 
5=40 + 70+30-10= 130 grammes. 

Hence when there is motion we see^ ffoin experiment, that the tension 
of the string is less than when the pulley is not frde to move. 

i 

75. Two partwles^ of masnes mi are competed 

htf a light i^iextemible siring; m,, 
is plDtced cm a smooth, horizontal 
fable and the string passes over a 
light smooth pxdley at the edge of 
the tahUy hanging freely ; find 
the resulting motion. 

L^t the tension of the string be T j)Oundals. 

The velocity and acceleration of along the table must 
be equal to the velocity and acceleration of in a vertical 
dii'ection. 

r^etybe the conirnoii acceleration of the masses. 


The force on downward is ni^g— T \ 

( 1 ). 

'J’he only horizontal force acting oii nu is the te]).sioii T \ 
[for the weight of win is balanced by the reaction of the 
table]. 

.. T --nif (2), 

Adding (1) and (2), we have 

. . - - {nil + 


. 

giving the required acceleration. 

Hence, from (2), T - 9 poundals = weight of a 

body whose mass is 

mi + 7fff 
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76. 1 wv> Quasses, and arty connected hy a striucf ; 

v /^2 is lilaopd on a sinooih 2 dane iuclimd at an angle a to the 
horizon, and the string^ afipr ‘passing 
over a small smooth ^he top 

of the p^lane, snppvyrts mj, which hangs 
vertically ; if descend, find the 7 'e- 
sfdthig motio7i. 

Let th(^ tension of the string be 
T poiinrlals. The velocity and accele- 
» iition of nu up the plane are clearly espial to the velocity 
and acceleration of vertically. 

Let f be this common acceleration. For the niotiou of 
///i, we have 

ni^g - T -.70 J (1), 

The weight of is w /j v(*r(ically downwards. 

The i-esolved part of m^^g perpendicular to the incliiu'd 
plane is Ijalanced by the reaction R of the jdane, since 
lias no acceleration perpendicular to the jilane. 

The j’esolved part <»f the weight down the inclinofl plane 
is lo g sin tt, and hence the total foroi^ up tlu' 

T — in^g sin a. 



1 [encc T ™ 7a ^g sin a 7n,j' (:3 ) 

^^dding (1) M,rul (2), v/e easily have 
ra. -?//., sin (4 

/ “ y. 

H '//ir. 

Also, on substituticm in (1), ^ 

m / .‘x fi m, - mgsiiitt ] 

L niy + 7/1-2 J 

7ai///2(l + sin a) 

7/i, f- nu 


giving the tension of tlie string. 
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EZAICPliES. X. 

y' L A mass of 9 lbs., dosoendi^ig Tertioally, drags up a mass of 
6 lbs. b;$r means of a string passing over a sii:^>oth pullej ; |l^d the 
acceleration of the system and the tension o# the string. 

> 2h Two particles, of masses 7 and 9 lbs., iure connected by a light 
string passing over a smooth pulley. Find (1) their common »irccelera- 
tioii, (2) the tension of the string, (3) the velocity at the end of 
5 secondsi (4) the distance described in 5 seconds. * 

^^3. Two particles, of masses 11 and 13 lbs., are connected by a 
light faring passing over a smooth pulley.. Find (1) the velocity at the 
end of 4 seconds, and (2) the space described in 4 seconds. If at the 
end of 4 seconds the string be cut, find the distance described by each 
particle In the next 6 seconds. 

Masses of 450 and 550 grammes are connected by a thread 
l^assing over a light pulley ; bow far do they go in the first 3 seconds 
of the motion, and what is the tension of the string? 

^ 5. Two mosses of 5 and 7 lbs. are fastened to the ends of a cord 
passing over a frictionless pulley supported by a hook. „ When they 
are free to move, shew that the pull on the hook is equal Ito Ilf lbs. 
w'eight. 

,,*6, Two equal masses, of 3 lbs. each, are connected by a light 
string hanging over a smooth peg ; if a third mass of 3 lbs. bo laid on 
one of them, by how much is the pressure on the peg increased? 

7. Two masses, cjicli equal to P, are connected by a light string 
l)a8sing over a smootli pul lev, and a third mass P is laid on one of 
them ; find by bow much tlie pressin-e on the peg is increased. 

8. Two masses, each equal to w, are connected by a striing passing 
over a smooth pulley ; what mass must be taken from one^and added 
to the other, so that the system may describe 200 feet in 5 seconds ? 

9. A mass of 3 lbs., descending vertically, draws uij a mass of 
2 lbs. by means of a light string passing over a pulley ; at the end of 
5 seconds the string breaks ; fin<l how much higher the 2 lb. mass 
will go. 

^ 10. A body, of mass 9 lbs., is placed on a smooth table at a 
distaince of 8 feet from its edge, find is connected, by a string passing 
over the edge, with a body of mas.s 1 lb. ; find 
(1) the common acceleration. 

f2) the time that elapses before the body reaches the edge of 
the table, 

and (3) its i^elocity on leaving the table. 

f 11. A mass of 350 grammes is placed on a smooth table at a 
aista%i^,e of 245‘25 cms. from its edge and connected by a light strii^g 
passing over the edge with a mass of 50 grammes hanging freely; 
what time will elapse before the fiVst mass will leave the table? 

6 


L. D. 
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>^12. A particle, of mass 5 lbs., is placed on a smooth plane in- 
clined at 30^ to the horizon, and connected by a string passing o\or 
the top of the plane with a particle of mass S lbs., which hangs ver- 
ticaUy ; find (1) tlie common acceleration, (21 the tension of tbe 
string, (3) the velocity at the end of 8 seconds, (4) the space described 
in 3 seconds. 

^ 13. A particle, of mass 4 lbs., is pUvjcd at the bottom of a plane, 
inclined at 15^ to the horizon and of length 7 feet, and is conned eil 
Avit h a mass of 3 lbs. by a string passing over the top of the plane ; find 
the common acceleration of the masses, and the time that elapses 
before the first arrives at the top of the plane. 

14. A body, of mass 12 lbs., is placed on an inclined plane, Avhose 
height is half its length, and conncctiul by a liglit string passing c)\ei* 
a pulley at the top of the plane with a mass of 8 lbs. which hangs 
fredy ; find the distance described by the masses- in 5 seconds. 

15. A mass of 6 ounces slides down a smooth inclined plane, 
whose height is half its lengtli, and draws another mass from rest over 
a distance of 3 feet in i5 seconds along a horizontal table w'hicli is level 
with the top of the plane over Avhich the string passes ; find the mass 
on the table. 

16. A mass ofc4 ozs. is attached by a string passing over a smooth 
pulley to a larger niass; find the maignitudo of the latter so that, if 
after the motion has continued 3 seconds the string be cut, tlm former 
will ascend ft. before descending. 

17. T wo scale-pans, of mass Bibs, each, are connected by a string 
passing over a smooth pulky; show how to divide a mass of 12 Jl)s. 
betw een the two scale-pans so that the heavier may descend a distance 
of 50 feet in the first 5 seconds- 

18. Two strings x)ass over a sinuotli pulley ; on one side they are 
attached to masses of 3 and 4 lbs. respectively, and on the otlier to 
one of 5 lbs. ; find the tensions of the strings and tlie acceleration uf 
the system. 

19. A string hung over a imllcy has at one end a weight of 10 lbs. 
and at the other end weiglits of 8 and 4 lbs. respectively ; afkr being 
in motion for 5 seconds tlio 4 lb. weight is taken off ; find liow much 
further the weights go before they first come to rest. 

20. Two unequal masses aro connected by a string passing over 
a small smooth pulley; during the ensuing motion shew that the 
thrust of the axis of the pulley ujion its supixjrts is always less 
than the sum of the weights of the mosses. 

21. A string passing across a smooth table at right angles to two 
opposite edges has attached to it at the ends two masses P.and Q 
Avhich hang vertically. Prove that, if a mass M be attached to the 
portion of the string which is on the table, the acceleration of the 
fc^yatem when left to itself will be 



THE LAWS OF MOTION 


83 


77. Motion on a rough plane. A 'particle dides 

iJojv'ih a rough inclined plane inclined to the horizon at an 
angle a; if p he the coefficient of friction^ to determine the 
tnotion. 

Let m be tlie mass of the particle, so that its weiglit is 
tug poundals ; let It be the normal reaction of the plane, 
and pR the friction. 



The lotal force perpoudioiilar to the plane i ^ 

(/i -• mg cos a) poundiils. 

The total bwee. down Ihe jdane is sin a — 

poundals. 

Now perpendicular to the plane there cannot be any 
motion, and hence there is no cliange of motion. 

Hence the acceleration, and therefore tin*, total force, in 
that direction is zero. 

ii — 7/if/ cos a -- 0 (1). 


: g (sin a — p cos a), by ( 1 ). 


Also the acceleration down the plane 
moving force y/ig sin a - pR 
mass moved m 

Hence the velocity of the particle after it has moved 
from rest over a length / of the piano is, by Art. 32, equal 
to (sin tt ^ p. cos a). 


0 
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Similar!)?, if the particle were projected xip the plane, 
we have to change the sign of /i, and its acceleration in 
a direction opposite to that of its motion is 
/ ^ (sin a + /a cos a). 

78 . Trm equally rough inclined of e^uid height^ 

tvhose inclinationa to the horizon are and a^, dire placed 
hack to back; two masses^ and are placed <m their 
hiclined faces and are connected by a light inextemihle airing 
2 )a 8 sing‘ over a smooth pidhy at ths common vertex of the two 
'planes ; if descmd^ fnd the resulting motion. 

Let T be the tension of tJio string, 7i\ and 
reactions of the planes, and y. the coetiioient of friction. 



JSince 7ni moves down, the friction on it acts up the 
plane. 

►Since ni^ moves the friction on it acts doum the 
plana. 

Hence the total force on down the plane 
= m^g sin ^ 

-- mi^.«(sin ai — /4 cos ai) - T, 

Hence, if / be the common acceleration of the two 
particles, we have 

m^g (sin -p. cos a,) - T - m^f. (1), 
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' Similarly^ tho total on 771 ^ the plane 
= ^— /Ai?a - ma^ sin Os 
=* [sill + ^ cos Oa], 

Hence 

m^g (sin cl, + /x cos og) . . . , . 

Adding (1) and (2), we have 


^ \ i J/ ^ ^ (JOB tta) J 


giving the required acceleration. 


( 2 ). 


79 . A traiuy of mans DO toaSy is ascf^ndwg an incline of 
1 ill .100; the eo/jine' exerts a comtant tractive force equal to 
the weight of 1 tony and the resistance due to fri^cthn etc, mag 
be taken at 8 ll)S, weight per to7i / fnd the acceleration wvUi 
H:hich the train ascends the inelUie, 

The train is retarded by the resolved part of its weight 
down the incline, and by the resistance of friction. ^ 

The latter is equal to 8 x 50 or 400 lbs. wt. 

The incline is at an angle a to the horizon, where 
sin“=rrff* 

The resolved part of the weight down tho incline 
therefore 

= If'' sin a ~ 50 x 2240 x ^ lbs. wt. 

- 1120 lbs. wt. 

Hence the total force to retard the train =*=1520 lbs. wt. 

But the engine pulls with a force equal to 2240 ll)s. 
weight. 

Therefore the total force to increase' the speed equals 
(2240 — 1520) or 720 lbs. weight, l%Qg pouudals. 

Also the mass moved is 5(fx 2240 lbs. 
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lieriue tlie acceleration 


720 .^ 

50i'2240 


1400 


ft.-sec. units. 


Since the acceleration is known, we can, by Art. 32, 
find tiie velocity acquired, and the space described, in a 
^dven time, etc. 


EXAMPLES. XL 


1. A nijia.-? of 5 lbs. on a vou'jli liorizontal table is connected l)y a 
stfing with a mass of 8 lbs. which bungs over the edge of the table ; if 
the coellicient of friction be i, lind the resultant acceleration. 

Find also the cocfTicieni of friction if the acceleration be half that 
of a Ireely falling body. 

2. A mass Q on a horizontal tabic, whose coefficient of friction is 
is connected by a string with a mass wliieh Inings over tlio 

edjje i)f the table ; four seconds after the cornineneement of the motion 
the stiing breaks ; find the velocity at this instant. 

Find also the distance of the new position of erjuilibriuni of Q from 
its initial position. 

3. A mass of 200 grammes is moved along a rough horizontal 
t.iblo by mc}in.s of a string which is attached to a mass of 
40 grammes hanging over the edge of the table; if the nms.ses take 
twice the time to acquire the same velocity from rest that they do 
when tfic table is smooth, find the coellicient of frictitm. 


4. A body, of mass 10 lbs,, is placed on a rough plane, wlioso 

coefficient of friction is and whose inclination to the horizon i.s 
\/o 

if tlie length of the plane he 4 feet and the body bo acted on by a 
forcH, parallel to the plane, equal to 15 lbs. weight, lind the time that 
e)a 2 >ses before it rcache.s the top of the xdane and its velocity thtiL'e. 


5, If in the previous question the body be connected with a mass 
of 15 lbs., hanging freely, by means of a string passing over the toiJ of 
tlie plane, find the time and velocity. 


6. A rough plane Is 100 feet long and is inclined to the horizon at 
an angle sin“* the coefficient of friction being and a body slides 
down it from rest at the highest point; find its velocity on reaching 
the bottom. 

If the body were projected up the plane from the botUnn so as just 
to retujh the top, find its initial veiocity. 
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7, A particle sU<les down a rough inclined plane , whose inclination 

TT 3 

to the horizon is t and whose coefficient o£ friction is -r ; shew that the 
4 4 

time of descending any space is twice what it would be if the plane 
were perfectly smooth. 


8, Two rough planes, inclined at 30° and 60° to the horizon and 
of the same liciglit, are placed back to btick ; masses of 5 and 10 lbs. 
are placed on tlio faces and connected by a string passing over the top 


of the planes ; if the coefficient of friction be ^ , find the resulting 
acceleration. 


9. Tf in the previous question tlic masses bo interchanged, what 
is the resulting acceleration? 

. 10. A train is moving on horizontal rails at the rate of 15 miles 
jier hour ; if the steam be suddenly turned off, find how far it will go 
before stopping, the resistance being 8 lbs. per ton. 

11. If a train of 200 hm.s, moving at the rate of 30 miles per 
hour, can be stopped in 60 yards, comi)are the frictional resistances 
with the weight of a ton. 

12. A train is running on liorizontal rails at the rate of 30 mile.s 
l^or hour, the resistance due to friction, etc. being 10 lbs. wt. per ton ; 
if the .steam be shut off, find (1) the time tliat elsipses before the train 
conies to rest, (2) the distance (hiscribed in this time. 

13. the previous question if the train be ascending an incline 
of H in 112, find the corresponding time and distance. 

14. train of mass 200 ton.s is running at the rate of 40 miles 
per hour down an incline of 1 in 120 ; find the resistance necessary to 
stop it in half a mile. 

15. A train runs from rest for 1 mile down a plane ^Yllose descent 
is 1 foot vertically for each 100 feet of its length; if the resistances 
b(! equal to 8 lbs. per ton, how far will the train be carried along the 
horizontal level aj the foot of the incline? 


16. A train of mass 140 tons, travelling at the rate of 15 miles 
per hour, comes to the top of an incline of 1 in 128, the length of the 
incline being half a mile, and steam is then shut off; taking the 
rcsi.stanco due to friction, etc. as 10 lbs. wt. per ton, find the distance 
it describes on a horizontal line at the foot of the incline before 
coming to rest. 

17. In the preceding question, if on aniving at the foot of the 
incline a brake-van, of weight 10 tons, harvo all its wheels prevented 
from revolving, find the distance described, assuming the coefficient of 
friction between the wlieels and the fine to be *5. 
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. 18- An engine, of mass SO tons, pulla after it a train, of mags 
ISO tons; supposing tko friction to be the 'Weight of the whole 

train, calculate the force exerted by the engine if at the end of tlie hrst 
mile from the start the speed ho ra^ed to 40 miles per hour. ^ 

Whet incline would brf just suflSoient to prevent the engine from 
moving the train? 

Also down what incline would the train run witli constant 
velocity, neither Bteam nor brakes being on? 

80. A hody^ of moM m Ibs.^ is mi a '^horizontal 

plane which is in motion witli a vertical upwa/rd accdc ca- 
tion f ; find the reaction between the body and the plane. 

Let It be tlie reaction between tlie body and the plane. 

Since the acceleration is ver- 
tically upwards, the total force 
MCting on the body must be ver- 
tically upwards. 

The only force, be.sides i?, 
acting on the bo<ly is its w^eight 
mg acting vertically dow’ii wards. 

Hence the total force is vertically upwards, and 

this produces an acceleration hence 

It — mg - mf giving It. 

In a similar manner it may be shewn that, if the body 
l:»e moving 'with a <low'n|vard acceleration f the reaction 
is given by 

mg m f 

We note^^^at the reaction is greater or less than the • 
weight of l^^body^ accopling as the accelera^n of tile 
body is <»r downwards* 

1 . The body of wm ^0 lh», and is moving with (1) an 
iipwanl acceleration of 12 ft.-sec, wdtn^ (2) a downward acceUraiwn of 
the same magnitude; find the reactions. 
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In the first case •#e have • 

U-20.^*20.ia. *• _ . 

J3cs 20!(32+12) ponndalBia'wt. of 27^ lbs. 

In the second case we have 

20 .. 9 -JJi= 20 .ia. 

i?=s30(32 - 12) poundalsswt. of Jbg. 


“Bisu 2. Tv )0 scale-juma, each of wants 3/, are conv^i^ted htfet' litiht 
striiioi over a. small pullei/t and in them are placed masses J/j 

ami Sjg; shew that the reactions of the pans during the motion are 

‘ . 2itA(J/+il/,) 

J/iVii/g + 2ii/ • ^ + Mi+ m ‘ ^ 

rcipectirelif. 

Let / he the common acceleration of the system, and Suppose 
-17, >. 1 / 5 . 

Then, as in Art. 74, we have 

I.ct P bo tlio reoofion between 3/j and the ecalo-pan on which it 
rests j then the fome on the mass il/,, considered as a sepantre hodt/, 
is - P. Also its acceleration is/. 

Hence JI7i/; - P = 37 ^/, 

_ 237^(37-^37.,) 

2il7+j/j+j/j''' 


81. Three hichee of rain fall in a certain diet rid in 
1 2 hcmrM Assumhuj that thr, drops fall f'eelyfrom a height 
ff a quarter of (f niile^ find the pressure on the ground per 
sqnm^e mile of the district due to the rain daring the slonn, 
the mass of a cubic foot of water hnrtg 1000 ounces. 

The nnioufit of rain that falls on a square foot during 
the fitorni is ^ of a cubic foot, and its mass is 250^ounces. 

Heuoe< tbe mass that falls per second 

2r>0 1 5 ‘ „ . ^ 

^ 16 " 12r60760 = 14r>;-96 

The velocity of each miiidropoa touching the ground is 
sJW^g X 440 X 3, or 16 1^330 ft per second. 
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Tii(^iefore the niomenturo that is destroyed per seoimd is 

16^/330, or units of momentum. 

1 14 X 90 po4 

But the number of units of momentum destroyed per 
second is equal to the number of poundals in tlie acting 
force (Art. Gl). 

Hence the pressure on the ground per scpuire foot 
5 J330 ‘ . 

= 864 

Hence the pressure per square mile 
--weight of 9 X 48-10 X G*iU X 

= weight of 41 tons approximately. 

In general, if a jot of water hit a wall, the pressure on 
tluj wall per sijuare foot is mv^ poundals, wliero v is the 
velocity in feet {)er second and m 
is the n)ass of a cubic foot of water 
in lbs. For a mass mv hits the 
square foot in each sccoiid, and the 
velocity of each particle of tJic water 
is r, so that the total momentum 
destroyed per secojid -- mv x v — mr“. 

82 . Atwood^s Machine. 

This machine is used to verify the 
laws of motion and to obtain a 
rough value for y. In it.s simplest 
form it comfits of a vei-tical pillar 
AB tirmly Olamped to the ground, 
and carrying at its top a light 
pulley which will move very freely. 

This pillar is graduated and carries 
two platforms, D and and a 


>D 


°,!-P 


fOE 

Q 


|£7f 

H 
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ring 7s, all of which can bo afhxed by screws at any height 
desired. The platform 7) can also bo instantaneously 
dropped. Over the pulley passes a fine cord supporting 
at its ends two long thin equal weights, ono of which, P, 
can freely pass through the ring K, Another small weight 
(L called a rider, is provided, which can be laid upon the 
weight J*, but whicli cannot pass through the ring E. 

Tho weight Q is laid upon P and the platform D is 
dropped and motion ensues ; tho weight Q is left behind 
«*is tlie weight P passes through the ring; the weight P 
then traverses the distance with constant velocity, and 
the time T which it takes to describe this distance is care- 
fully measured. 

J.>y Art. 74 the acijeleratioii of tho system as the weight 
falls from D to E is 


{Q^P)-‘P , 0 

{(y+ P) + Q'+'1P'^ 

Denote this by /, and let I)E --/o 
Then the velocity v on arriving at E is givt'n Ijv 
-rt 2/A. 

Aft«T passing K, tho distance EF is described with 
constant velocity v. 

Hence, if EF- we liave 

V 




Since all the quantities involved can be measured, this 
relation gives us the value of g. 

By giving different values to P, h and A,, we c/iii 
ill this maimer vorifj^ all the fuiidameiital laws of motion. 
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In practice, the value o£ g cannot by this method be 
found to any great degree of accuracy, and the interest of 
Atwood’s machine is chiefly of' an antiqt^hui character; 
the chief ceases of discrepancy are the mass of the pulley, 
which cannot be neglected, the friction of the pivot on 
which the wheel turns, and the resistance of the air. It 
IS also difficult to accurately measure the times involved in 
tfie experiment. 

It will be noted that the object of both Galileo’s Inclined 
Plane [Art. 41] and of Atwood’s Miichine is to lessen the 
eflect of gravity so as to make its results measurable, or, as 
it has been well expressed, to “ dilute ” gravity. 

The friction of the pivot may be minimised if its ends 
do not rest on fixed supports, but on the circumferences of 
four light wheels, called friction wheels, t^wo on each side, 
which turn very freely. 

There are other pieces of apparatus for securing the 
accuracy of the experiment as far as possible, ' 6.^. for 
instantaneously withdrawing the platform D at the re- 
quired moment. 


83. By ming AUciHHVn^rmMne to shetO that the dce^^alion of a 
given intisif is proportional to the force acting on it. 

We shall assufiie that the statement is true and see whether the 
results we deduce therefrom arc verified by experiment. 

To explain the method of procedure wj^^hall take a numerical 
example. ' 

Let P be 49^ ozs. and Q 1 os. so that the mass moved is 100 ozs. 
and the moving force is the weight of 1 oz, 

Tlie acc^eration of the system therefore |[Art. 74). 

Let the dista nce be one foot that the Velocity when is 


taken oUett 
eqm 




. ^ carefully placed at such the 

mass to jP in some de^te tifp^ say 2' secs. 
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Now alter the eondiUond. .HiUce P eqi^al to 4$ and Q equal to 4 ozs. 
The moved is IttUl 1(00 ozs. and moving force is now the 
weight oiSd pzs. * \ , 

The aoceleratitm is now ^ , and the v^ooity at i? 

“ ^ - 1=1 feet jjer second. 

In 2 seconds the mass would now describe feet, so that, if oUr 
hypothesis l)e' correct, the platform F must be tvrice as far fi'Ovl$.F as 
before. ThU u found on trial to he correct. - j 

Similarly if we make P=4i>| ozs. and Qrsd ozs., so that the mass 
moved ds still 100 ozs., the theoi^ would give us that FF should be 

feet, and this would be found to be correct. 

The experiment should now be tried over again ah initio and P and 
Q be given different values from the above ; alterations should then be 
made in their different values so that 2P+ Q is constant. 

By tlhe saifie method to »hmo tfuit the force caries as the mass when 
the acceleration, is constant. 

As before let P^49| ozs. and Q=:l oz. so that, as in the last 
experiment, we have EFsz^ feet. 

Secondly, let Pj=99 ozs. and Q=s2 ozs., so that the mming force 
is doubled and the ma^s moved is doubled. Hence, if our enunciation 
he correct, the acceleration should be the some, since 
second moving force _ ffrst moving force 
second mass moved "" lirstHm^ iuov^ * 

The distance EF moved through in 2 seconds should therefore be 
the same as before, and this, on ttiivl, is found to he the case. 

Simllaiiy if we make P=14d|- ozs. and ozs. the same result 
would be itound to follow. 

In actual practice some extra weight B must be put on ij\ order to 
overcome the friction at the pulley, etc. This should he dcteniiined 
before Q is put on; it ilill be that weight which will just make the 
P on which it is placed move very slowly and unifoi*mly down to the 
ground. This weight R must be kept on when Q is added, and must 
not be counted ^^rt of Q in the al^ve work. 

EZAMPLES* Xn. :t 

1, If off a table with a tve:enty-iK)Ui^ weight in my hand, 

w'hat is of the weight on my haM? . V 

2. '’A tpiem ot 20 lbs. rests on a lioidzonti^ jpl^e which is xnade ta ' 

ascend a’ constant velocify of 1 foot per .seboifd, (2) with a ' 
constant aoeele^tion foot p^r s^ond |i^r' second; find in each 
case the reaction of ths plane. / ' . ' 
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3. A man, whose mass is 8 stone, stands on a lift which moves 
with a uniform acceleration of 12 ft.>6ec. units; find the reaction of 
the floor when the lift is (1) ascending, (2) descending. 

4. A. bucket containing 1 cwt. of coal is drawn up the shaft of a 
coal-pit, and the reaction between the coal and the bottom of the 
bucket is equal to the weight of 126 lbs. Find tho acceleration of the 
bucket. 


5. A balloon ascends with a uniformly accelerated velocity, so 
that a mass of 1 cwt. produces on the door of the balloon tbe same 
tiiruht which 116 lbs. wmuld produce on the earth’s surface; find the 
luMght which the luilloon will have attained in one minute from the 
time of starting 

6. Two scale-ijjins, each of mass 30 grammes, are suspcndc<l by a. 
weightless string passing o\er a smooth pulley; a mass of 300 grammes 
IS placed in the one, and 240giaiiimes in tlie other. Find the iciisiun 
of the string and the reactions of the scale- pans. 

7. A string, passing over a smooth pulley, supports two scale- 
pans at its ends, the mass of each scale-pan being 1 ounce. If maisses 
of 2 and 4 ounces respectively be placed in the scale-pans, find tlie 
acceleration of tho system, the tension of the string, and the reactions 
between the ma.sses and the scale-pans. 

8. * On a certain day half an inch of rain fell in 3 hours ; assuming 
that the drops are indefinitely small and that the terminal velocity 
was 10 feiit per .second, find the impulsive pressure in tons per square 
mile consequent on their being reduced to rest, assuming that the 
mass of a cubic foot of water is 1000 ounces and that the ruin was 
uniform and continuous. 

9. Find the pressure in lb.s. wt. per acre due to the impact of a 
fall of rain of 3 inches in 24 hours, supposing the rain to have a 
velocity due to falling freely through 400 feet. 

10. A jet of water is projected against a w'all so that 300 gallons 
strike the waU per sewnd with a horizontal velocity of 80 feet 
second. Assuming that a gallon contains 277 J cubic inches and that 
tlie mass of a cubic foot of water is 1000 ounces, find tho reaction of 
the wall in pounds’ weight. 

IL, , The two masses in an Atwood’s machine are each 240 grammes, 
and an additional mass of 10 grammes being [ilaccd on one of them 
it is obi^rv'ed to descend through 10 metros in 10 seconds; hence 
shew that ^=-980. 

12. FiXploln how to use Atwood’s machine to shew that a body 
acted on by a constant force moves with constant acceleration. 
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13. Sixteen balls of equal mass are strung like beads on a string; 
some are placed on a smooth inclined plane of inclination sin"' and 
the rest hang over the top of the plane; how have the balls been 

arranged if the acceleration at first be?? * 

a 


14, Two bodies, of masses P and Q, are connected by a stretched 
string ; P hangs vertically and Q is placed on a smooth plaino inclined 
lit to tiie horizon, tlie string passing over the top of the plane ; if 
P descend from rest through a given distance in 4 times tlie time in 
^\hlch it would fall freely from rest through the same distance, find 
the ratio of P to Q, 


15, P hangs vertically and is 9 lbs. ; Q is a mass of G lbs. on a 
smooth plane whose inclination to the horizon is 80 '; shew that P 
will drag Q up the whole length of the plane in half the time that Q 
liajiging vertically would take to draw P up the plane. 


-16. If the height of an inclined plane be 12 feet and the base 
10 feet, find how far a particle will move on a horizontal plane after 
sliding from rest down the length of tlie inclined piano, suppC'sing it 
to pass from one plane to tlie other without Joss of velocity, and that 
the coefficient of friction for each plane is 

17. Shew that a train going at the rate of 30 miles per hour will 
be brought to rest in about B4 yards by continuous brakes, if tlioy 
pres.s on the wheels with a force equal%j three-quarters of the weight 
of the train, the coefficient of friction being *10. 

18. A train of mass 50 tons is moving on a level at the rate of 
80 miles per hour when the sleam i.s shut oil, and the brake being 
applied to tlie brake-van the train is stopped m a quarter of a mile, 
b’iiul the mass of tlie brake- van, taking the coefficient of friction 
heUveen the wheels and rails to be one-sixth, and supposing tlio un- 
locked wheels to roll without sliding. 


19. A mass m is drawn np a smooth inclined iihinc, of height h 
ami length f, by means of a string iwssing over the vertex of the plane., 
from the other end of which bangs a muss ?«'. Hliew that, in order 
iJijit VI may just reiusb the top of the plane, ;«/ must be detached utter 
VI has moved through a distance 

VI -f- m' hi 
in' Ji + r 


20. Two masses are connected by a siring passing over a« small 
pulley; shew that, if the sum of tlie masses be constant, the tension 
of the string is greater, the less the acqpleratloii. 

21. A mass hanging at tlie end of a string, draw's a mass 
along the surface of a Binuoth table ; if the moss on the table be 
doubled the tension of the string is increased by one-half ; find the 
ratio of to 
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22. bodies, of it^assea 9 and 16 lbs. respectively, are placed 
on a smooth horizontal table at a distance of 10 feet ; if they were 
now to attract each other with a constant force eqi^al to 1 lb J wt. at all 
dimnctis, hnd after what time they would meet. 

23. ^ Irbe case of a single movable pulley the free end of 
the string passes round a hxed pulley and supxK)rts a weight P greater 
than -Jir, where W is the weight suspended from tli© movable pulley. 
Find the tension of the string during the ensuing motion, the three 
parts Into w'hich it is divided by the pulleys being parallel. 

24. A mass m will just supx^ort a mass M in a systjem of 
two pulleys in which ctich string is attached to ilf, the strings bein^ 
parallel. A mass m is now attached to M; find the subsequent 
motion, neglecting the weights of the pulleys. 

25. A system of three movable pulleys, in W'hich all the strings 
are vertical and attached to the beam, is employed to raise a body, of 
mass 1 cwt., by means of one of mass 15 lbs. attached to a string 
passing over a smooth fixed pulley. Shew that the body will rise with 

acceleration , the masses of the i)ulleys being neglected. 

26. A string, witli masses m and m* at its ends, passes over three 
fixed and under two movable pulleys, each of mass M, hanging down 
between the fixed pulleys, thej^rts of the string between the pulleys 
being vertical. Find the condition that the movable pulleys should 
neitlicr rise nor fall, and in this case determine the acceleration of 
w and 

27. A rope hangs down over a smooth pulley, and a man of 
12 stone lets himself down the portion of rope on one side of the 
pulley with unit acceleration. Find with what uniform accelera- 
tion a man of 11-J- stone must pull himself up by the other portion of 
the i(;pe so that the rope may remain at rest. 

28. A man, of ma.ss 12 stojie, and a sfick, of mass 10 stone, are 
suspended over a smooth pulley by a rope of negligible weight. If 
the man pull himself up the rope so as to dimii^li what would be his 
acceleration by one-half, find the upward accelifation of the sack in 
this case, and shew that the acceleration upwards of the man relative 

to the rojje is ~ , 

29. A train, whm mass is 112 tons, is travelling at the uniform 
rate of 25 ^ilc^ per hour on a level track, and the resistance due to 
air, frictip]^'*'m» IS 16 lbs. per tbn. Part of the train, of moss 12 tons, 
become^ filched. Assuming that the force exerted by tbe engine is 
the some throfighout, find how much the train will have gained on 
the deiached part after 50 seconds and the velocity of the train when 
the detached pan Comes to resif. 
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30. Two purticles, of masses in and 2«/, lie together on ii. smootli 
horizontal table. A string which joins them hangs over the edge and 
.-^u 2 )ports a pulley carrying a mass ; prove that the acceleration of 

the latter mass is ' " 


31. A nmooth ircdf/c, of innss Jli, is placed on a horizontal plane, 
and a particle, of mass m, slides doian its slant face, 'irhich is inclined 
at an antjle a to the horizon ; prove that the an- elc ration of the wedge 
mq sin tt cos a 

T.f • .1 • 

H -j- m sin^ a 

[Lot L acceleration of the particle in a direction perpfjn- 

dicular to, ami towards, the slant face; A the horizontal acceleration 
ot the wedge; and Tt tlie normal reaction betwoen the particle and 
tlic* slant face, so that Ji acU in one diicclion on the particle and in 
the opposite direction on the wedge, Tlicii 

mfi ~ niff cos CL - Jt (1) , 


and 


= sill a 


( 2 ). 


Also, since the particle remains in contact with the slant face, the 
av'oeleration /j must be tlio same as the iw'ceka'ation of the wedge 
le^ohed in a direction pei jicndicular to the slant face. 




(3). 


Solving (1), (*2), and (.’I), we havc/^.J 


L. n. 



CHAPTER VI. 


IMPULSE, WORK, AND ENERGY. 

84. Impulse. Def. The impulse of a force An a 
^icen time is equal to the product of the force {if constant^ 
and the meari value of the force if variable) and the tj^me 
durvig which it acts, 

Tlie impulse of a force P acting for a time t is .jfcfierefore 

r, r 

The impulse of a force is also equal to the momentum 
generated by the force in the given time. For suppose a 
particle, df mass m, rao\ung initially with i^elocity 7t is 
acted on by a constant force P for time U If / be the 
resulting acceleration, we have P ~-=mf ^ 

But, if V be the velocity, of the particle at the end of 
t ime w^e have v — u-vft, 

Heiice the impulse -Pt — mft^mv — vm 

-the momentum generated in the jpveu time. 

The same result is also true if the force l)e variable. 

Hence it follows that the second law of motion niight 
have been enunciated in the following form ; ^ 

The change of momentum of a particle in a 
given time is equal to the impulse of the force 
which prodhees it and^is in the same diractlom 
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85. Impulsive Forces. Suppose have a force 
V acting for a time t on a body whose mass is w, and let 
the velocities of the mass at the beginning and end of Mdk 
time be and v. Then by the last article 
Pt = u). 

Let now the force become bigger and bigger, and the time 
T smaller and smaller. Then ultimately P will be almast 
infinitely and t almost infinitely small, and yet their 
product b® finite. For example P may be equal to 

10' poundals, r equal to seconds, and ?n equal to one 

pound, in which case the change of velocity produced is 
the ^nib of velocity. 

To find the whole eftcct of a finite force acting for a 
finite we have to find two things, (1) the change in 
the velocity of the particle produced by the force dui'ing 
it acts, and (2) tlie change in the position of 
tlie particle during this time. Now in the case of an 
infinitely large force acting for ^ an infinitely short time, 
tli<; body nii)vcs only a vi^ry short distance whilst the force 
In acting, so that this iliaiige of position of the particle 
may neglected. Hence the^ total efiect of such a force 
is known when we know the change of momentum which 
it, produces. ^ 

» Such a force is called an impulsive force. Hence 

Def. An imjmlsive force is a very great fort^ acting 
for a very slwrt tiniCy so that the chanifc in the 'posliioti of 
the par4^icle during the time the force acts on it may he 
neglectedJ^ Its whole effect is measured hy its impulse^ or 
the change of moinentum prodn>ced^ 

In actual practice we never have any expenence of an 
infinitely great force acting fo«‘ an infinitely short time. 
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Approximate examples are, liowever, the blow of a hammer, 
and the collision of two billiard balls. 

The alK)ve will 1 k^ true even if the force be not uniform. 
In the ordinary case of the collision of two billiard balls 
the force generally 'varies very considerably. 

*' Ex. 1. A body, whoso nmss is 9 lbs., is acted on Iw a force which 
changes its velocity from 20 miles per hour to 30 miles per hour. Find 
the impulse of the force. 

J/<s. 132 units of impulse. 

Ex. 2. A mass of 2 lbs. at rest is struck iiiid .starts off with a 
velocity of 10 feet per second; assuming the time during which the 
blow lasts to be one-hnndredth of a second, find the average value of 
the force acting ou the n:ass, 

2000 poundals. 

Ex. 3. A glass marble, whose mass is 1 ounce, falls fronpi a lieight 
of 25 feet, and rebounds to a height oi 10 feet ; find the impulse, end 
the average force between the maihle and the floor if the time dnrijig 
which they are in contact be one-tenth c»f a second. 

Ana. 4 1 units of impulse ; 17 poundals. 

86. Impact of two bodies. AMien two masses d 
and JH impinge, then, by the third law of motion, tho 
action of A on Ji i.s, at each instant during wliich tiny ari^ 
ill coiiilact., equal and opposite to that of JJ on A. 

Hence the impulse of tho action of A on B is equal anil 
opposite to the impulse of the action of Ji on A. 

Tt follows that tlie change in tlio momentum of B is 
equal and opposite to the change in the momentum of .1, 
and therefore the sum of these changes, measured in the 
same direction, is zero. '4r 

Hence the sum of the momenta of tho two masses, 
measured (h the same direction, is unaltered by their 
impact. c 
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Ex. 1. A hnhf, of vi nun 3 Ihx., moriutj with relocitif 13 fi>ct per 
second oi'er takes a hodp^ of mass 2 Iha., movitiff with velocity/ 3 feet per 
second ill the same straight line, and they coalesce aiid form one body ; 
find the -velocity of this single hody» 

Let V be the required velocity. Then , since the sum of the momen ta 
of the two bodies is unal^^ed by the impact, we have 

(3 -f 2) F =3 X 13 + 2 X 3 r= 45 units of momentum, 

J'= 9 ft. per sec. 

Ex. 2. If in the last example the second body he moving in the 
dirn tion. opposite to that of the Jirst, jind the roulting velocity. 

In tliis case the momentnin of tlie first body is represented by 3 x 13 
end that of the second by -2x3. Hence, if be the rcjinred 
v< J(5city, wo have 

(3 -f 2) -3 X 13 - 2 X 3 = 33 units of moinentiiin. 

/. 7^= -V ft. per SCO. 

87. Motion of a shot and gun. WhoTi a gun is 
fired, the powder is almost- iiistantaru'ously converted into 
a gas at a very high pressure, whicli by its exp/insion 
forces tho shot out. The action of th(^ gas is similar to 
that of a compressed spring tr^n'iig to recover its natural 
position. Tho force exerted on the shot forwards is, at any 
instant befoi’o tlu^ sliot loaves the gun, equal and opposite 
to that exerted ou ttie gun baekwanis, and therefore tlie 
impulse of tin’s force on the .sh(*t is ecjual and opposite to 
the impulse of the force ou the gun. Hence tlie inomen- 
tum generated in the shot is e<jual and tipposiie to tliat 
generated in tlie gun, if the latter be five to movi\ 

Bx. A shot, whose nutss is 4(H) lbs., is projected from a gun, of 
50 tons, with a velocity (>/*y00 feet per second ; find the. resulting rclo- 
city of the gun. 

Since .the momentnin of the gun is equal and oppoRite to that of 
tlie shot ^y|^t have, if u be tho velocit}’- communicated to tlie gun, 

50 X 2240 X V =400 x 900. 

'* 1 = 3 ^ 4 - ft. per sec. 
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^EXAMPLES. Zm. 

1, A body, of mass 7 lbs., moving with a velocity of lO fee t^or 
second, overtakes a body, of mass 20 lbs., moving with a velocity of 
2 feet per second in the same direction as the first ; if after the impact 
they move forward with a common velocity, find its magnil^e. 

' 2. A. body, of mass 8 lbs., moving with a velocity of 6 feet per 
second overtakes a body, of mass 24 lbs., moving with a velocity of 
*2 feet per second in the same direction as the first ; if after the impact 
they coalesce into one body, shew that the velocity of the compound 
body is 3 feet per second. * 

If they were moving in opposite directions, shew that after impact 
the compound body is at rest. 

- • 3. A. body, of mass 10 lbs., moving with velocity 4 feet pi^jp second 
meets a body, of mass 12 Ihs., moving in the op{)Osite direction with a 
velocity of 7 feet per second ; if they ctuilesce into one body, .shew that 
It will have a velocity of 2 feet per second in the direction in which the 
larger body was originally moving. 

, 4. ■ A shot, of mass 1 ounce, is projected with a velocity of 1000 feet 
per second from a ^un of mass 10 lbs. ; And the velocity with which 
the latter begins to recoil. 

.r 5, A shot of 800 lbs. is projected from a 40-ton with a velocity 
of 2000 foet per second ; And the velocity with which the gun would 
(‘ornmenoe to recoil,, if free to more in the line of projection. 

6. A shot, of' mass 700 lbs., is Ared wdth a velooity of 1700 feet per 
-econd from a gun of mass 38 tons; if ^c recoil be resisted by a 
con.ctant force equal to the weight of 17 tons, through how many 
feet will the gun recoil? 

y' 7. A shot, whose mass is 800 lbs., is discharged from an 81 -ton 
gun with a velocity of 1400 feet per second ; And the c^onstant force 
which acting on the gun would stop it after a recoil of 6 feet. 

8. A gun, of mass 1 ton, Ares a shot of mtjss 28 lbs, and recoils 
up a smooth inclined plane, rising to a height of o feet ; And the initial 
velocity of the projectile. 

88^, Work. We have pointed out in Static«, Chapter 
XI, thAt VA force is said to do work when it niovea its 
point of application in the direction of the force, ^e 
work is measured bjr^the prcduct of the force .and the 
distant through, which the point o£^ application is moved 
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ill the direction of the force. The unit of Work used by 
engineers is ' a Foot-Pound, which is Ibhe work d0(iie in 
raising the weight of one pound through one foot. 

The British abso^te unit of worlf is the jirork done 
by a p^ndal in moving its point of application through 
one fooST « 

This unit of work is called a 1: Z/CUadal. 

AVith this unit of work the work done by a force' of 
poundals in moving its point of application through 8 feet 
is P . .V foot-poundals. 

Since the weight of a pound is equal to ^-poundals, it 
follows that a Foot-Pound is equal to g Foot-Poundals. 


The c.o.s. unit of work is that done by a dyne in moving its point 
of application through a centimetre, and is called an lirg. 

A Foot-Poiindal Poiindal x Foot 12 , 

■-■-An'Ei;g“-“DyHexCen«Saro=^^®^^ -Sm 

[Arts. 66 and 3] 

^ =421300 approx. 

When an agent is performing 1 Joule, i.e. 10^ Ergs, per second it \ 
is said to be working with %power of 1 Watt. One Horse-Power is \ 
cfjuivalent to alxiut 746 Watts. 

80. Bz. 1. IVhut U the H,P. of an engi.Ui which can just keep a 
train, of mass 150 Urns, m0einng at a iinifomi rate of 60 miles per hcntr, 
Uh‘ resistances to the motion due to friction^ the resistance of the aiVy 
tCc. being token at 10 Ihs. weight per txnif 

The force to stop the train is equal to the weight of 150,x 10, i,e. 
1500, lbs. weight. 

j,Now 60 miles per hour is equal to 88 feet per second. 

Hence a force, equal to 1500 lbs. wt., has its point of application 
moved through 88 feet in a second, and hence tlie work done is 
1500 x 88 foot-pounds per second. 

If X be the h.p. of the engine, the work it does per minute is 
.r X 33000 foot-lbs., and hence the work per second is : 2 : x 550 foot-lbs. 

X X 550 = 1500 X 88. 
a;=240. 


Bac. 8. Find the least H.P, of m engine which ie alle in 4 ^ninuies 
to generate in a tmin, of mass 100 ton#, (m^ocity of BO miles per hour 
on a l^el tine, the resistances due to ^iemn, etc, being erptal to 8 Ihs. 
weight per ton, and the pull of the engine being asSM^ed constant. 
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SincG in 240 seconds li velocity of 44 feet i)ei* setioiid i'*' ^('ner.-itcd 

44 11 

the acceleration of the train must be ^ or foot-second units. 

24i) bO 


Let the force exerted by the engine be P ponndals. 

The resistance due to friction is equal to 800 x)onnds’ Moight; 
hence the total force on the train is P-800f/ ponndals. 

II ^ 

Hence P - SOOi/ = 100 x 2240 x . 


4 /. 1’- SOO ponndals =^800 ^ 1 lbs. weight 

125 

= 800 X lbs. weigl 1 1. 

4o 

\Vh(3n the train is moving at the rate of dO miles per hour, the 

125 

work done i)er second must be 800 x x 44 fiH 3 t-lbs. 

48 

Hence, if x be the ii.p. of the engine, we have 

125 

.X ’< 550 =: 800 X X 1 1 . 


.*. .r.=rl0Gf,. 


Ex. 3. A iroin^ of nuom 100 ton^^ in nsci‘i/{Un;f unifnrnilr/ati incline 
of 1 in 280, and the rciyif^ttincc due to Jticthni, ch . is exfUtd tx> 10 Ihn. per 
tan : if the enpifte he of 200 //./\ and he «o/ hiinj at /nil pofccr, find the 
mm fit which the train in fjointj. 


The resistance due to friction, etc. is equal to the weight of 1000 lbs. , 
and the lusrdved part of the weight of tlic train down the incline i-* 
equal to the weight of of 100 tons, or to tljc A\eight of 800 Ihs., 
so tluit the total force to inii>cde the motion is equal to the wdght 
2400 lbs. 


Ijist V bo the velocity of the train in feet per second. Then the 
work d»)ne by tlic engine is that done in <h'iLgging a torce equal to 
flic weight of 2400 Jbs. through v feet per second, and is equivalent io 
240Ui; footj-x)ounds per .second. 

Hut the total work which the engine can do i.s or 

oO 

110,000 foot-pound.s per second. 

Hence 2 400r = 1 1 0000 , 


or 




1100 
” = -24 • 


and hence the velocity of tho tmin i.s 31| mile.s per hour. 
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EXAMPLES. XIV. 


^ A train, of mass 50 tons, is kept moving at the uniform rat^* 
r«f 80 miles per hour on tlie level, the resistance of air, friction, etc., 
being 40 lbs. weight per ton. Find the u.p. of the engine. 

^ 2. ^iftt is the horse-power of an engine which keeps a train 
going at the riift‘ <^f 40 miles per hour against a resistance equal 
to 200011s. weight? 

) 

/ 3. A train, of mass 100 tons, tnivels at 40 miles per hour np an 

incline of 1 in 200. Find the ji.p. of the f*ngine that will draw the 
train, neglecting all resistances except that of gravity. 

4. A train of mass 200 tons, including the engine, is drnwm 
np an incline of 3 in 500 at the rale of 4(» miles per hour by an engine 
of 000 if.j'.; liinl the resistance per ton due to friction, etc. 


^ 5. Find the ?i.r. of an engine which can travel at the rate of 
25 miles jxT hour up an incline of .1 in 100, the mass of the engine 
and load being 10 tons, and the resistances due to friction, etc. being 
10 lbs. weight jjcr ton. 

6, Determine the rate in it.i*. at which an engine must he able to 
work in order to generate a ^e]ocity of 20 miles per hour on the level 
ill a train of mass 60 tons in 3 minutes after starting, the resi'ilan^•«.'^ 
to the motion being taken at 10 Jhs. per ton. 


7. A wi'ight of 10 ton.s is dragged in half-an-liom* through w 
length of 330 feet up a rough plane inclined at qn angle of 30" to tin- 

liorizon ; the coefTTicient of friction being , find the work expended, 

and llic if.i*. of an engine? by wdiich it will be done. 

8. find the work done by gravity on a .stone liaving a mass of 
I lb. during tlie tenth second of its fall from rest. 


9. A steniTicjr, with engines of 25000 h.p., can be just kept going 
at the rate of 20 miles per hour. What is the resislance of the water 
to its motion? 


90. Energy. Def. Tim En^inji/ a holi/ is ifs 
rnjmriiy for doinij irork and is of tiro hinds. Kinetic and 
Pote/ntuiL 

The Kinetic Energy of a body is the fAiergy which it 
jmssesses by virtm of its motion, ivml is measured by the 
amount of work that the body can perfoi'm against the hn- 
2)rfjssed forces before its velocity is destroyed. 
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A falling body, a swinging pendulum, a revolving fly- 
wfieel,^ and cannon*ball in motion all possess kinetic 
energy. 

Consider the case of a particle, of mass w, moving witli 
velocity w, and let us find the work done by it before it 
comes td rest. 

Suppose it brought to rest^by a constant force P re- 
sisting its motion, which produces in it an acceleration—/ 
given by P=mf\ ^ ^ 

Let X be the spru?e descril)ed by the particle before it 
comes to rest, so that 0 ^ ?r + 2 ( — /) . a? ; 

Hence the kinetic energy of the ])article 

.--work done by it befqi^ it comes to rest ^ 

— Px - mfx ~ Irun', 

Hence tlte kineHc energy of a liaHicle is equal to the product 
of its inass^nd o'hg half the square of its velocity. 


91. Theorem. To shew that tUe change of kinetic 
energy pen* un^ hf space is equal to the acting force. 

If a force P, acting on a particle of mass m, change its 
velocity from u to v in time t whilst the particle moves 
through a space s, wc have — 2fs, where f is the 

acceleration produced. 




^mf^P ,.....,..( 1 ). 


This equation proves proposition when the force is 
constant. 

When the force is variable^ the saTuo proof i^^ll hold 
if we take t so small that the force doej|. not atosibly 
alt<ir during that mtervaL ' 
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Cor, It follows from equation (1) that the change in. 
the kinetic energy of a «j>article is equal to. the work doSe 
on it. 

On multiplying the ‘first and third relations of Art. 32 
by m, we have 

}/i (v — u) = mft r=. 1\ 

and ~ = mfa - Ps, 

Tliese are often known lis the Momentum and Energy 
Equations respectively. ^Expressed in words, they state that 
ilflhange of Momentum — Force x Time, 
and Change of Kinetic Energy -- Force x Space.^' 


92. Tlie Potential Ener^ of a hol/y is the work it 
can do by means of its position in passing from its present 
configuration to some staiiV^rd configuration {usually cafhd 
its zero position). * 

A bent spring has j>otential energy [as in the case of a 
watch-spring which, by its uncoiling, keeps a watch going], 
viz, the work it can do in recovering its natural shape. 

A body raised to a height above the ground \ejj. a clock- 
weight, when the clock is wound up, a ston«tat the edge of 
a precipice, or water stored up in a reservoir] has potential 
energy, viz, the work its weight can do as it falls to the 
earth^s surface, which is usually taken as the zero of 
potential energy. Compressed air has potential energy, 
tnz, the work it can do in expanding to the volume it would 
occupy in the atmosphere. 


^ i '93. 4 particle of mass from rest at a height h 

above the grou^id to shew that tke mnu of its potential and 
kinetic^j^v&rgieis is constant throughov/t the motion, ; 

JjStff from which the particle starts, amP 

0 the point where it reaches the ground. 
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liCt V ho its velocity avIkmi it lias fallen throii"h a 
(iistaiice lIP{-x\ so that r- — 2fjx. 

Its kinetic erietgy at P ■= lniv‘ == imjx 
Also its potential energy at P 
~ the u'ork its weight can do as it falls from P to 
- mf/ . OP = j)}(j (h — .r). 

lienee the sum of its kinetic ^nd potential energies at 
mfjh. 

But its potential eiu'rgy \\hen at IT is and ifs kinetic 
energy there is zero. 

Hence tlui sum of the potential and kinetic emu*gics is 
the same at P as at 11 ; and, since P is ani/ point, it follows 
that the sum of these two quantities is the same throughout 
the motion. 

As the j)artiole falls to the ground it will be nL)l(‘(l that 
(lie potential energy which it has when at its highest point 
(and wliich was stored up in it as it was lifted into that 
]M)sitioii) becomes transformed into kinetic energy, and this 
goes on eontiiiually until the particle reaches the ground, 
when its stoi*d*r>f potential energy becomes t'.vhausted. 

In the case of a pendulum the potential energy wliich 
the }>ob possesses, when instantaneously at rest in its 
highest position, liecomes converted into kinetic energy as 
tlie bob swings down to its lowest position, and is 
converted into potential energy as the bob travels to its 
next position of instantaneous rest at the end of its swing, 

0 

94 . The example of the previous article is an ex- 
tremely simple illustration of the principle of the Conser- 
vation of Energy, which may be stated as follows: 

If a hodij or By stem of todies hn in motion und^r a con- 
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servtfJi ve system of forces, the sum of its kinetic and yotential 
cneryies is coustauL 

Forces, of the kind which occur in the material universe, 
are. said to be conservative when they depend on the position 
or configuratiim OVlTf of the system of bodies, and not on the 
celociiy or direction of motion of the bodies, 

Tlius from n coiiservalive system are excluded foives 
nf the nature of friction, or forc(‘S such as the resistance of 
the air wliich varies as some power of the velocity of the 
body. Friction is exclude<l because, if the direction of 
motit)a of the body be reversed, the direction of the friction 
is revers(»d also. 

AVluni llie forces arc conservative, it is found that the 
amount of work required to bring a system from one cou- 
iiguratiou to another is always the same, and does not 
d<»p<Mid on tlie patfi pursued by the system during the 
alteration of its configuration. 

deferring to the case of a particle sliding d(»wii a rough 
plane of length I (Art. 77), wc see that*lhe kinetic energy 
of iJje particlii on reaching tlu? ground is 

I m [ 2gl (sill a — /i cos a)], i.e., myl sin a -^lylfx. cos a. 

.\lso the potential energy there is zero, so that the sum 
of the kiiietie and potential energies at the foot of the 
plains is 

myl sin a — pmgl cos a, 

Ihit the potential energy of the particle when at the top 
of the plane is my . I sin a, so that the total loss of visible 
mechanical energy of the particle in sliding from tlie 
top to tlie bottom of the inclined plane is pmyl cos a. 
Tin's energy has been transformed and appears chiefly in ♦ 
the forjn of heat, partly in the*nioving body, and })artiy in 
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the plane ; it is ultimately dissipated into the surroandinjj 
air. ^ 

+ 

Other cases of loss of kinetic energy v.occur in the examples of 
Art. 86. 

In each case the kinetic energy before impact 

. 3 X IS’* + 1 . 2 X 3^— ss 262 foot-ponndals. 

Tn Ex, 1, the kinetic energy after impact 

= . 5 . 9‘<* := — - *i02i foot-poundals. 

o a 

In Ex. 2, the kinetic energy after impact 

1* , /33\* 1089 , , 

^ = ^ . 5 X ( g" ) = ‘ = 108*9 foot-poundals. 

Hence in the two cases 60 and 153^ foot-poundals of kinetic 
energy' respectiA’ely are lost. * 


95« Bx. 1. A bullet y of rnaHH 4 ozs.y is fired hiio a target xnth a 
velocity of 1200 feet per second. The miss of the $artjct i» 20 lbs, and 
it is free to move; find the loss of kinetic energy in foot-pouruls. 

Let V be the resulting common velocity of the shot jmd target. 
Since no momentum is lost (Art. 86) we have 

AA 




27 • 
I 4 


The originallnnctic energy =j, . 12003=; 180000 foot-i)OUudals. 

2 lb 

^ 1 / 4 \ 

The final kinetic energy :=2 (20+ j T* 


20000 , ^ , 
= — ^ — foot-poundals. 
9 


Tiie energy lovSt* 


= 180000:?^ 


9 

50000 


1600000 

9 


ft.4bs. 


foot-poundals 




It will be noted that» in this case, atthoo^h no hi lost 

by the impact, yet Cinergy is" tr^fonneda'll^'''. ) 

It will be found that, In all ^ases of impact^ kin^io.itfari^ is lost 
or rather transformed. v: ' ' . - / a" - 
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Ex. 2. Compare the kinetic mcrgiee of the thcifapd gun in. *the 
example of Art, 87. >, 

The kinetio energy^ of the shot c: ^ . 400 >c (900)^ f oot-poundals ' 
200 x 900* , ,, 200 x 900^,, , 

82 — ^‘■•’'’*• = 82 ^ **••*““ 

=.2260^ft. -tons nearly. 

The k^etio energy of the gun 

= ^ . 50 X 2240 X ^ ffc.-poundals 

=11 X ft. -tons =8*07 ft. -tons nearly. 

The kinetic energy of the shot is thus 280 times that of the gun, 
although their momenta are equal. 

It is to this great superiority in kinetic energy of the shot that its 
deatnictive power is due. 


96 . When we tak^ into account the energy which has 
been transformed into hoa^ sound, liglit and other forms 
which' modern Physics recognizes as forms of energy, we 
find that there is no real loss of energy in an isolated 
system whiclj^ is left to itself. This doctrine of the 
indestructibility of energy is the oeiitnxl Principle of 
Modern Science. It may be expressed thus; 

Energy cannot he created nor can it he destroyed, h'lU it 
may he transformed into any of the forms take. 

As a numerical illustration, it may be stated that 
778 foot-pounds of work is equivalent to the heat necessary 
to raise the temperature of 1 lb. of water by T Fahrenheit, 
t.e, 778 fopt*pounds is the mecliaiilcal equivalent of 
heat. 


EXAMPLES. XV. 

^ * 

^ ^ 1. A bbdy, of mass 10 lbs., is thrown up vertically with a velocity 
of 32 feet per s^Qpnd: what is its kinetio energy (1) at the moment of 
propuleiou,,,(2) ji&6r Jialf a second,, (8) after one second ? 

* 2, 9m .kinetic i^rgy measured in foot-pounds of a cannon- 

ball of toftas ^Jl^nds'^sohaiged.with a velocity of 200 feet per 
second. . - ' • ' \ ' 
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Exs. XV 


-- 3. Fiwd the kinetic; energy in ergs of a cunnon-lmll of 10000 
grammes discharged with a velocity of 5000 centimetres per second. 

4, A cannon-ball, of mass t5000 grammes, is discharged with a 
velocity of 500 metres per second. Find its kinetic energy in eigs, 
and, if the cannon be free to move, and have a mass of 100 kilo- 
grammes, find the energy of the recoil. 

5. A bullet, of mass 2 ounces, is fired into a target with a velocity 
of ] 280 feet per second. I'be mass of the target is 10 lbs. and it is 
free to move; find the loss of kinetic energy by the impact in foot- 
pounds. 


0, Compare (1) the momenta, and (2) tlio kinetic energies of a 
bullet of ma«*s 4 ozs. and moving with a velocity of 1200 lieb per 
second, and a cannon-ball of muss 35 lbs. moving with a velocity of 
40 feet ijer second. 

Find the uniform forces that v'^ould bring each to rest in om; 
second and the distance through which each would move. 


07 . As a further illustration of the use of the Principles of 
^romeiitum and Energy, consider the following examples. 

£x. 1. vl hannnn\ of mans M falls front a hiiffit of h fri t 
njh>ii tht top of a pih'i of mass m Ihs,, and driers it inttt the ground o 
distance a feet; find the resistance if the (froundy it hiditif assumed to 
he. constant and the pile hcimj supposed inelastic. 

Find also the time during znhich the pile is in motion , and the hinctie 
rncnjij lost at the impact. 

Let u be the velocity of the hammer on hitting tin.; pile, so tliat 
u-=2(jh (3). 

TiCt V he the^velocity of tlic hammer and pile immediately after the 
impact. Then the principle of Conservation of Momentum gives 

p/ J/w (2}. 

If P bo the resistance of the ground in poundals, the force to resist 
tlui driving of the pile into the ground ^5= 7^ - (,)/ + m)g. 

The Pi inciple of tlie Conservation of Energy gives 
I \.l/ l w) «»=[7‘-(.V-i-)«)fy].a. 

IP 

A weiglit of slightly more Chan ^ lilaced on the pile 
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Mould thus slowly overcome the resistance apd just dme the pile 
down. ^ ' '■ ? ' . 

The principle of Jdomentmn gives the time it during which the. pile 
is in motion* For - ^ 

[F- (M + m) p] X txschange in the mome|||am 
= (JJf+w) 


so ttiavt 
and 


i X 2.-s=MUt 

J/-f m 2a 


^_M+m 2a 

Tl^e kinetic energy lost at the impact 

«-Jirn»-|(3i+TO)»» 

-* - M+m 




ssw W 

M + m 


X energy of the Imnimer on striking the pile. 

The greater that M is compared withm, i.e. the greater is the mass 
of the hammer qompared with that of the pile, the le§s is the ftaction 
of the energy which is destroyed. 


Bw. 2. Motion of a bicycle. A cyclUt, wJuO$e wcUjht addtul to 
that of his machine is 200 Ihs,^ is riding on a Icvdl road at the rate of 
10 miles an hour; his bicycle is geared up to 70 and the length of the 
cranks is'T inches; if the resistance to his motion be 6 lbs. wt.find the 
downward thrust he must exert on his pedals and the'^ate at which he 
works compared fHHth a Jlorse-Power. 

By saying that a bicycle is “geared np^* to 70 inches, we nienn 
that for every revolution of the rider^s feet his bicycle advances 
through a distance equal to thsioircumferonoe of a wheel of diameter 
70 inches, i.e, he advances tt . 70 inches. ^ 

Let P be the downward thrust, supposed constant, in lbs. wt. 


Then in one complete revolution tlio Wbrk done.«2 x x J ^ ft.-lba. 
The work done ag^nst the resistance to the machine in this time 


=tr.{^|x5 ft.-lbs. 

AsGtohEiiitig, tliat no work is lost on account of friction, in other 
words bicycle is a tUeoretioally^rfeot one, we have by 

cquating^jase. works, ' ’ 

Pcs* lbs. wt. nearly." 


L. B, 


8 
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Tho work done by the man per hour =5 x (52fi0 x 10) foot-pounds. 
/. work done per minute = 5 x 88 x 10. 

, . , . 5 X 88 X 10 o 

rate of workings— ~ h.p. n.p. 

If the cyclist ascending an incline of 1 in 50 at the same raU , 
find the doicnwar^ thrust, 

For each complete revolution of tlie pedals lie goes forward ir . 70 
inches, i.e, «■.-£§ ft., and therefore lifts himself and the machine 
through a vertical distance of 1*^ so doing must 

perform an extra -^iT ^ ^ ^ i"? ft.-lbs. of work. In this case we then 
have 

2xPxi^=T.i5x5 + iy^XT.|^, 

P=:-\-7r=70^- lbs. wt. nearly. 

EXAMPLES. XVL 

1. A shot of mass in is fired fnaii a gun of mass uV with velocity a 
relative to tho gun ; show that the actual velocities of the shot and gun 

are and ------ respectively, and that their kinetic energies arc 

inver-joly proportional to their masses. 

2. A gun is mounted on a gun-carriage jn{»vnble on a smooth 
hori/.oninil iihiiie, and tho gun is elevated at an angle* a to the lionzoii ; 
a shot is fired and leaves the gun in a direction inclined at an angle 0 
TO the horizon ; if the ma.ss of the gun and its carriage be n times that 

of the shot, shew that tan $ - ( I + ttin a. 

3. A mass of half a ton, moving with a velocity of 800 feet per 
<ccond, strikes a fixed target and is brought hi rest in a hnndredtli 
j>ai t of a second. I'ind tlio imp\dse>-of llie blow on the target, and 
‘^opposing tlie resistance to be uniform throughout the time taken to 
bring the bodj^ to rest, find the distance through whicli it ^^enetrates. 

4. A mass of 4 cwt. fall.s from a height of 10 feet upon an inelastic 
pile of mahs 12 cwt. ; supposing tho mean resistance of the ground to 
])enctratIon by the pile to be 1 J tons’ weight, determine tho distance 
throuali which the pile is driven at each blow, and the time it takes to 
Lraver this distance. 

Find also what fraction of the energy is dissipated at eaeh blow, 

5. A bullet, of mass 20 grammes, is shot horizontally from a ri/Io, 
the barrel of which is one meti^elong, with a velocity of 200 metres per 
second into a mass of 50 kilogrammes of wood floating on water. If 
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the bullet burials itself in the wood without making any splinters or 
causing it to rotate, find the velocity of the wood immediately after it 
is struck? 

Find also the average foixse in grammes^ weight which is exerted on 
the bullet by the pow^der. 

6. A hammer, of mass 4 cwt., falls through 4 feet and comes to 
rest after striking a mass of iron, the duration of the blow being 

of a second; find the force, supposing it to be uniform, which is 
exerted by the hammer on the iron. 

7. Masses m and %n are connected by a string passing over a 
smooth pulley; at the end of 3 stvonds a mass m is picked u|» by 
the ascending bcnly; find the resulting motion. 

S. Two equal maases, A aud are connected by an inelastic 
thread, 3 feet long, and are laid close together on a smooth horizontal 
table di feet fmm its nearest edge ; B is also connected by a stretched 
inelastic thread with an equal mass G hanging over the edge. Find 
tlie velocity of the masses when A begins to move and also when B 
arrives at the edge of the tabic. 

9. Two masses of 5 and 7 lbs. respectively are connected by a 
string passing over a fixed smooth pulley; at the end of 3 seconds, 
the Jaigcr mass impinges on a fixed inelastic hc^izontal piano ; shew 
tlwit lire system will be instantaneously at rest at the end of *2-} seconds 
more. 

10. A .string over a pulley supxwrts a mas.^ of 5 lbs. on one sidtj 
and of 2 and 3 lbs. on the other, the lower m^.s.s 2 lbs. being dishiiit 
1 foot from the other. The two-jumnd weight is suddenly raised to 
the same level os the other and kept from failing. Shew that the 
.string will become taut in half a second, and that the whole system 
will then move with a uniform velocity of 3*2 ft. per sec* 

11. Two equal weights, V and Q, connected by a string passing 
over a smooth pulley, are moving with a common velcanty, P descend- 
ing and Q ascending. If P be suddenly slopped, and initanily let drop 
again, find the time that elapses before the string ia again tight. 

12. A mass M after falling freely through a feet begins to raise a 
mass m greater than itself and connected with it by means of an 
inextensible string passing over a fixed pulley. Shew that m vrill 
have returned to its original position at the end of time 

2M 

m - il/ 'V y 

Find also what fnvoiion of the visible energy of M is destroyed at 
the instant when m is jerked into motion. 


8—2 
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13. A light inelastic string passes over a light frictionless pulley 

and 1^ masses of 12 ozs. and 9 ozs. attached to its ends. On the 
9 oz. mass a bar of 7 ozs^ is placed which Is removed by a' fixed ring 
after it has descended 7 flbt hx>m rest. How much furaer will the 
9 oz. mass descend? ^ ' jf.' 

It whenever the 9 oz. mass passes up throuj^ the ring it i^iTies 
the bar with it and whenever it passes down through the ring it leaves 
the bar behind, find the whole time that elapses before ' the system 
comes to rest. 

14. Two railway carriages are moving side by side with different 
velocities ; what is the ultimate effect of the inierohanging of passen- 
gers between the carriages ? 

15. A man of 12 stone ascends a mountain 11000 feet high in 
7 hours and the difficulties in his way are equivalent to carrying a 
weight of d stone; one of Watt’s horses could pull him up the Same 
hcigb^t without impediments in 56 minut.es ; shew that the horse does 
as much work as 6 such men in the same time. 

16. A. blacksmith, wielding a 14-lb. sledge, strikes an iron bar 
25 times per minute, and brings' the sledge to rest upon the bar after 
each blow\ If the velocity of the sledge on striking the iron be 32 f» et 
per second, compare the rate at which he is working with a horse- 
power, 

17. A steam of mass 20 tons, falls vertically through 

5 feet, beiiig pressed^down wards by steam pressure equal to the weigljt 
of 30 tons; what veTocity will it acquire, and how many foot-pounds 
of work will it do befbre coming to rest? 

18. A train of 160 tons, moving with a velocity of 50 miles per 

hour, bos its steam shut off and the brakes applied, and is^stopperl in 
363 yards. Supposing the resistance to its motion to be uniform, find 
its value, ani find also the mechanical work done by it rneasure^l 
in foot-pounds. , <■ 

19. A train, of mass 200 tons, is fi^scending an incline of 1 in 100 

at the rate of 30 miles per hour, the resistance of the rails bebPg equal 
to the weight of 8 lbs. per ton. The steam being shut o^, and tlie 
brakes applied, the train is stopped in a quarter of a mile^ ' Find the 
weight pf the brake- vg^, the coefficient of sliding fidetion of iron on 
iron being ^ ' 

20. If a blpfshst always works with h.p. and goes 13 mile.s 
X.>er hour on the level, show that the resistance of the is 

^3-125 lbs. ‘^t. ■ 

If thefhass of the machine and its rider be 12' stdiUfvfhW that 
up an incline of d in 50 the eppeci will be reduced to about 5'6 miles 
per hour. 
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21. A man can bicycle at the rate of 16|'^xnUo^ pe^'hour on a 
smooth i^ad. He exerts a down px^ssuref, equal to ^ lbs* weight, 
witli each foot during M down stroKe, and,t^d Iptiglih of. this 'stroke is 
12 inches. If the machine be geared up td 63, find the ’work he -does 
* per minute. ,AV ^ ’ f./ ■ ^ - 

22; A'rifie bullet loses ^Vh%f its yelocitj a 

plank; find how many such unifonn planks it would through 
heiore coming to rest, assuming the resistance of the planks ' to be 
nniform. 

Vl' ' V ' - 

23. ' A man scuUing does 15 foot-pounds of work, usefully applied, 
at each stroke. If the total resistftnoe of the water when the oo^ is 
moving n miles per hour be li lbs. weight, find the number of st^ewes 
he must take per minute to maintain this speed. 

24. A bicycle is geared up to 70 inches; the rider works at 

iV H.r. and makes 60 revolutions por minute with his feet. Negteoting 
U'ictioh, find the resistance te his motion and the downward thrast on 
his pedals (supposed constant), if the length of the crat^ be 
of inches. , ^ ' 

25. The mass of a rider and hisitbicycle is 180 lbs. ; the machine 
is i-unning freely' down an incline of 1 in 60 at a uniform rate 
of 8 miles per hour ; shew that to go at the same rate up an incline of 

1 in 100 he must work at the rate of *1024 H.r. 

26. A horizontal jet delivers 200 pounds of Wkter per minute' with 

a velocity of 10 feet ^.r second ngainst a fixed vertical plate set at right 
angles to the direction of the jet. What quantity of momentum 
is destroyed per second and what is the force, in lbs. weight, on 
the plate? • 

Find, also the rale at which the jet 4s delivering energy and express 
it in terms of a horse-power. 

27. A hammer, of moss 3 lbs., is used to drive a nail, of mass 

2 ozs., into a board, and the hammer when it strikes .^the nail ht*^ 
a -velocity of 8 feet per second. If each blow drives the nail half an 
inch into board, find the resistance against which the nail moves. 
lK>th nail and liammer being treated as inelastic. 

MotloiL of the centre of Inertia of a system of 
particles. ■ 

’ T^orem. 1/ the veloeitiM at any instant of 
any of , wig . . . parcdUl ta line fixed in 

fijkm be rig, Wg-.., then l?te velocity parallel io that line of 
the inertia of th^e masses at that imtant is 

MjUt + Wlgtlg -H ... 

, 7?*l + Wl2+... 

jy. 
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At the instant under consideration let 0 : 3 ... be 

the distances of the given masses measured along this fixed 
line from a fixed point in it, and let itJ be the distance of 
their cenjre of inertia. ' 

Then (Statics, Art. Ill), we have 

Tj^»t a*/, a,'./... be the corresponding distances of tliese 
masses at the end of a small time and x' tlie corresponding 
flistance of their centre of inertia. Then we have 

a:/ - jCj + 
xl =- U\j, -i- V.J, 

«./ + Ujy 


Also 


- 1 - ... 

P' - - ~ , 

'till + 7/^2 + . . . 

^ nil + + . . 

•Wj + 7112 + . . . 


Xo) -1- . . . 


Hut, if ti be the velocity of the centre of inertia parallel 
to tlie fixed line, we Ji«ave + iltj 

. , X — X 7njUi + + . . . 

, , 7(r — - ~ " ” ^ 

t 7111 + 7/1.^ + . . . 

Hence the velocity of the centre of inertia of a system of 
particles in any gwen direction is equal to the sum of the 
iuouienta of the particles in that direction, divided by tho 
sum of the nui^s of the particles. 

Cor. If a system of particles bo in motion a plane, 
and their velocities and d^irections of motion are known, 
we can, by resolving these velocities parallel to two fixed 


I 
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linos and applying the preceding proposition, find the 
motion* of their centre of inertia. 

*99. Theorem. If the decelerations at any instant 
of miif namher of masses mj, m^,,.^i^arallel to any line fixed 
in space, then the acceleration of the centre of 

Inertia of these masses parallel to this line is 

* m,/j + + . . . 

nil + 7/10 + . . . 

The proof of this proposition is similar to that of the 
last article. Wc have only to change x^, u^, x^', a/ into 
^^1 > fi 1 fif make similar changes for* the other 
particles. 

B?c. 1. Tu’fl nmnsea ;/i, , wtg are connected hi/ a liffht atrinff as in 
Art. 71 5 jhid the acceleration, of the centre of inertia of the. system. 

The acceleration of the mass is vertically downwards, 

wij '4" ni.^ 

jni'l that of Wo is the same in the opposite direction. 

Here then ft^'~ - — •*r/, so that the acceleration of the ccjitre 

• ^ f mf 

W/j ’-VL, 

Wtj 'i- w *2 

Ex. 2. Two bodies, of niassea vi tuid are connected by a lipfbb 
string passing over a smooth pulley; shew that during the ensuing 

’* a 

motion the acceleration of tlieir centre of inertia is ^ . 

4 

Ex. 3. Pind the velocity of the centre of inertia of two masses of 
r> jmd 4 lbs. which move in j^allel lines with velocities of 3 and 8 feet 
respectively, (1) when they riiove in the same direction, (2) when they 
move in opposite directions. 

Am. H) 5 feet per second; (2) if feet per second in the direction 
in which the second body is moving. 

Ex. 4. Two mnsse.s, mn and in, start simultaneously from the 
intersection of two straight lines with velocities v and nv respectively; 
shew that the path of their centre of inertia is a straiglit line bisecting 
the angle ^tween the two given stmight lines. 

Ex. 3. Two masses move at a unifonn rate along two straight 
lines which meet and are inclined at a given angle ; shew that their 
centre of inertia describes a straight line with uniform velocity. 
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CHAPTER Vn. 


PROJECTILES. 

100 . Ilf the previous chapters we have consideml only 
motion in straight lines. In the present chapter we shall 
consider tlfe motion of a particle projected into the air 
^\itll any direction and velocity.* We shall suppose the 
motion to be within such a ii^oderate distance of the 
earth’s surface, that the ficceleration due to gravity may 
1>C considered to remain sensibly constant. We shall also 
neglect the resistance of the air, and consider the motion 
to be ht vacjw ; for, firstly, the'law of resistance of the air 
to the motion of a particle is not accurately Icnc^n, and, 
secondly, even if , this law were known, the discussion 
would requii*e a much larger range of knowledge, of pure 
nliitheiuatics than the reader of the present book is sup> 
posed to possess. 

Def. When a particle is projected into tlie air, the 
angle that the direction in whi^ it is projected makes 
with the horizontal plane through the point of projection 
is called the angle of projection; the path Vhicli the 
particle describes is called its trajectoiy ; ther distance 
befewj^n the point of projection and the p6iiit; the 

path meet^ any plane drawn through the pbint of* pro- 
jcciioi^lirl^ range on the plane; and the 
before meets the horkontal plime the 

point of projection is called the time 
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101 . If the earth did not attract a particle to itself, 
the parjbicle would, if projected into^h© air, describe a 
straight line; on account of the. attraction 'oi the jearth, 
however, the particle describes a ij^rveii line. ^ ' Tb|||fe5urve 
will be proved m Art. lie to be always a parabola* 

Jj&t P be the po^nt of projection, u the velocity and 
a theCngle of projection ; also let PA )^ be the path of the 
particle,^./! being the highest point, and F the point where 
the path again meets the horizontal plane through P. 


A 



By the principle of the Physical * Independence of 
Fwces (Art. 71), the weiglit of the body only has efFec^ 
on the' motion of the body in the vertical direction; it 
thei'efore has no effect on the velocity of the body in the 
horizontal direction, and this horizontal velocity therefore 
remains^'unaltered. 

The horizontal and vertical components of the initial 
velocity of the particle are u cos a and u sin a respectively. 

The horizontal velocity is, therefore, throughout the 
motion e<}ual to u cos a. 

' In the vertical direction the initial v^ftbeity is ?frsina 
and the acceleration is — [for the acceleration due to 
^•avity is y vertically dotmwdTi'ds^ and we are measuring 



DYNAMICS 


VYl 

our positive direction V 2 )ward 8 \ Hence tlie vortical motion 
the same as that, of a particle projected vertically up- 
wards with velocity wsina, and moving with acceleration 
- r/. 

Tlie resultant motion of the particle is the same as that 
of a particle projected with a vertical velocity w sin a inside 
a vertical tube of small bore, whilst the tube moves in a 
Horizontal direction with velocity u cos a. 

102. To find the velocity ami direction of motion after 
// qiCfti time hns (tay^cd. 

Lft P be the velocity, and 6 tlie angle whicli the direc- 
tion of motion at the end of time t makes with the liori- 
/ontat. ^ 

Then v cos O' horizontal velocity at ond of time t 

a cos a, the constant horizontal velocity. 
Also jp sin 0 the vertical velocity at end of time t 
-- u sill a yt 

Hence, by squaring and adding, 

— 22 iyt sin a + ' 

and, by division, tan 0 -= ^ 

^ uoosa 

103. To find the velocity and direction of motion at a 
given height. 

Let be the magnitude, and 0 the inclination to the 
horizon, of the velobity of tho particle at a given height A, 
The horizontal and vertical velocities at thi^ {Hnnt are 
therefore and vsin^. 

Hence 

vcosO^^ucosa, the con^nt horizontal velocity.,. {!)* 



PROJECTILES 


123 


Also, by Art. 32, 

• V sin sin^a - *Zgh 

8(iuu,nrig and adding (1) and (2), we have ^ 

_ 2yh. 

sin^ a - Zgh • 


.( 2 ). 


Also, by division, bin 0 ■ 


u cos a 


irii. To Jind the greatest height attained by a project lie, 
and the time that elapees before it is at its greatest heigh L 
Jiet A (Fig. Art. 101), be the highest point of the path. 
The projectile must at be moving horizontally, and lienee 
the vertical velocitj'^ at A must be zero. 

Hence, by Art. 32, 


0 r- sin® a — 2^ , UfA . ^ 

-- . ?/**sin®a 

giving the greatest height attained. j. 

Let* T be the time fitnu P to A } then T is the time in 
whicli a vertical velocity u sin a is destroyed by gravity. 
Heno€?, by Art 32; 0- u sin a - gT 

u sin a 




giving the required time. 


9 


IDS. To find the range on the hon:umtcd plane and (lie 
thm of flight p. 

When the pixijectile arrives at P' (Fig. Art. 101), the 
distance it has described in a vertical direction is zero. 
Hence, if i be the time of flight, we have by Art. 32 (1), 
0 8* « sin at — * 

/, t =r twice the time to the liighest point. 
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Dunng tills time i the hopzontal velocity remains constant 
and equal to u cos a. , v ‘ ^ 

/. PF - horizontal disj^nce described in time t 
sin a cos a 

== u cos a , ^ =r ^ 

Hence the range is ^iial to twice the product of theinitial 
vertical and horizontal velocities divided by g, • ^ 

106. For a given velocity of 'projection, u, to find the 
mm'imnni hyrizonial range, and the corresponding direction 
if projeefion. 

If a be tlio angle of projection, the horizontjpil range, by 
tlie jifevious article, 

^ sill a cos a ^ V? sin 2a 
^ - . 

Also sill 2a is greatest when 2a ~ 90**, that is, when 

a = 4-. ^ 


Heboe t)ie range on a horizontal plane is greatest ivheii 
the initial direction of projection is at an angle of 45® with 
tlie horizontal through the point of projection. 

The magnitude of this maximum horizontal I’ango is 


-ain 90% 
ff 


. n- 


107. lo sheto (hat, with a given velocity of projection, 
there are for a given lioriz&uUil range in general two di~ 
rections of projeciiim, which arc equally indui^d to the 
direction of rnoMmitm projection. 

By Art. 105, the rang^, when the angle of projection 
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Also, when the angle of projlbtion is 5 - a, the range 

* K 

U' . ^/‘rr \ M* . 

g. \2 J 9 

Hence W6 have the same horizontal range for the angles 
of projection a and ^ 

These directions are equally inclined to the horizon and 
tho vertical respectively, and are therefore equally inclined 
to the direction of maxim am range, which bisects the angle 
between the horizontal and the vertical. 

106. Bx. I. A bullet is projected^ with a velocity of 640 feet per 
seroud, <it on anyle of 80*^ with the horizontal^ find (1) the ^catnt 
/leiyht attained^ (2) the range on a horizontal phme and the time of 
flighty and (3) the velocity and direction of motion of the bullet ichcn it 
is ' at a height of 576 feet, 

Tlie initial horizontal velocity 

ss 640 cos 30’^’ =640 x ^^ = 320,^/3 feet per second. 

The initial vertical velocity = 640 sin 30°rrS‘i0 feet per second. 

(1) If h be the greatest height attained, then h is the distance 
thronj'li which a particle, starting with velocity 320 and movijig with 
acceleration -p, goes before it corncs to rest. 

0 = 320---2///t; 

•• ^=-^1^=1600 feet. 

(2) If t be the time of flight, the vertical distance described in 

time t is zero. ^ 

0=:320c- 

040 

t=s — S3 20 seconds. 

g 

The horizontal range = the distance described in 20 seconds by a 
particle moving with a constant velocity of 820 a^/ 3 ft. per sec. 

se 20 X 320.v^3 = 11085 fbet approximately. 
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(8) If V be the velocity, and 0 the inclination to the horizon, at 
M hoipfht of 576 feet, we have ^ 

v® sin^tf =320U %j .^176= 322 64^ 
and t;3 cos2 0= (320,/3)2=322 x 300. 

Hence, by addition, we have t?=32 x 1^364 = 610-5 ft. per sec. 

Also, by division, 

tan ^=;y/ = *46188, 

-o that, from the table of natural tangents, wo have 0 = 24® 47' 
.i]>proxwnately. ^ 

ZSx. 2. A crirkt'i ball is thrown with a velocity of 96 feet per 
seroixi ; find the fjreatcst ranye ou the horizontal 2)lane, atul the two 
directions in which the hall nuiy he thrown so as to yive a ranye of 
in/ert. 

If the angle of projection be a, the range, by Art. 105, 

2 . 962 ^ j.jn a cos a _ 96® . sin 2a 
V' g' 

The niaximiun range is obtained when a = 45®, and therefore 
962 

-= feet -96 yards. 

When the range is 111 feet, the angle a is given by 
96-’ 

— sin2a=144. 

<J 

. 114x32 144 1 

a— -jgs ="-3 x96-" 2’ 

. . 2a=30", or 150°. 

0=15”, or 75”. 

Ex. 3. A caniunt hall is 'projected horizontally from the top of a 
t>nf ( r, 49 feet hiyh^ ivith a velocity of 200 feet per second. Find 

(1) the time of Jliyht^ 

(2) Ihe distance from the foot of the tower of theimint at which 
it hits the yroandy and 

(3) its velocity when it hits the ground. 

(1 ) The initial vertical velocity of the ball is zero, and hence f, 
Ihe time of flight, is the time in wdiich a bexly, falling freely under 
gravity, would describe 49 feel. 

Hence 49= l-=16l*, 

V /. second. 

(2) During this time the horizontal velocity is constant, and 
therefore the required distance from the foot of the tower 

.=200x^1=360 feet. 
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(3) The vertical velocity at the end of second = 4 * x 32=56 feet 
per seco^jd, and the horizontal velocigr is 200 feet per second ; 

the required velocity = ^200‘^ =? 8^674 = 207’7 feet nearly. 

Bx. 4. From the top of a cliff f 80 feet hiffh, a stone is thromi so 
that it starts icith a velocity of 80 feet jicr second^ at an angle of 30' 
u'ilh the horizon; find where it hits the ground at the bottom of the 

Tho initial vertical velocity is jSb sin 30”, or 64, feet per second, 
and the initial horizontal velocity is j;i 8 ^os 30”, or 64^3, feet pei 
second. ^ 

lieti T be the time that elapses before tho stone hits the ground. 

Then T is the thrift in. which a stone, projected with vertical 
velocity 64 and moving with acceleration -</, describes a distance 
- 80 feet. 

/. -80 = 647'- 

Hence T=.5 seconds. 

Hiiring this time the horizontal velocity remains unjiltered, and 
hence the distance of tho point, where the stone hits the ground, from 
the foot of the cJin-*=320V3-=: about 654 feet. 


EXAMPLES. XVIL 

1, A particle* is projected at an angle a to the horizon Avith a 
vcl(><;ily of u feat pt-r second; find the greatest height attained, the 
time of flight, and the range on a horizontal plane, when 

-(1) w = 64, a = 30”; 

« = 80 , a.^ 60 *’; 

' (3) a = 96, a = 75”; 

(4) Mr- 200, a^sin^i 

2 . l^'nid the greatest range on a horizontal plane when tiu* 
velocity of projection ia (1) 48, (2) 60, (3) 100 feet per si*.cond. 

^ 3 . A shot leaves a gun at the rate of 160 metres i)er sccoml ; 
cjilculate the greatest disttince to which it could be projected, and lln 
height to which it would rise. 

^ 4, If a man can thro# a .stone 80 metres, how long is ii in tlm 
air, and to what height does it rise? 

5, A body is projected with n velocity of 80 ft. per sec. in a 
direction making an angle tair * 3 with tlie horizon; shew that it 
rises to a vortical height of 90 feet, that its direction of motion is 
inclined to the horizon at an angle of 60” when its vertical hciglit 
above the ground is 60 feet, and thair'ils time of flight i.s about 4| secs. 
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. 6. A projectile is fired horlsontally from a height of 0 feet from 
the ground, and reaches the grosond at a horizontal distance of 
feel. Find its initial 7elocitj.^||^> ^ ' 

7. A stone is thrown horizontally, T^th velocity Jitjhfitom the 
top of a tower of height h. Find where il will strike the level ground 
through the foot of the towor^ What will be its striking velocity? ^ 

8. A stone is 4 ln)pped from a height of 9 feet above the floor of a 
railway carriage whicn is traveUIng at tbe rate ot^BO milos per hour. 
Find tlie velocity and direction of the particle in space at the instant , 
when it meets the floor of the carriage. 

9. A ship is moving With a velocity of 16 feet JSeOiiad, ^d 
body is allowed to fall from the top of its mast, which i? 144 feet 

high; find the velocity and direction m^ion of the body, (1) at 
the end V)f two seconds, (2) when it bits the deck. 

' 10. A shot is fired fr^ii a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation of 30*. Find 
the horizontal distance from the vertical line through the gun of tlfe 
2 >oint where the shot stiikes the water. 

IL From the top of a vertical tower, whose height is feet, a 
particle is projected, the vertical and horizontal components of its 
initial velocity being 6</ and Sg respectively; find the time of flight, 
and the distance from the foot of the tower of the point at which it 
Strikes the ground. 

- 12. A gun is aimed so that the shot strikes horizontally the top 
of the spire of Strasburg Cathedral, which is 141 metres high; shew 
iiiat, if the angle of projection be cot“^ 5, then the velocity of projec- 
tion is nearly 268 metres per second. 

13. Find the velocity and directibn of projection of a shot which 
passes in a horizontal direction just over the top of a wall which is 
oO yards off and 75 feet high. 

14. A particle is projected at an angle of elevation sin’ll y , and 
its range on the horizontal plane is 4 miles; find the velocity of 
projection, and tbe velocity at the highest point of its path. 

15. 'J-wo balls are projected from the some point in'^^ireetJons 
inclined at 60* and 30* to the horizoiital; if they attain the same 
Is eight, what is tbe ratio of their velocities of projection? * 

W^hat is this ratio if they have the same horizontal range? 

16. The velocity of a particle when At its greatest height is 

of its velocity when at liolf its greatest height; shew that tb^ angle of 
projection is 60°. ^ 

17. Find the angle of projection when the range on a horizontal 
plane is (1) 4, (2) iiJH times the greatest height attained. 

18; Find the angle of projection when the range is e^ual to the 
distance through which the particle would have to fall in order to 
acquire a velocity equal to its velocity of projection. 
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109. Rs.ng'e on a.n inclined, plane. From a 2^0 in6 
oji a which iit inclined at an angle ^ to the horizon, 

a 2)iirticlc is 2>rojectfid with a velocity u, at an angle a with 
the horizontal^ in a plane passing through tliS normal to 
the inclined plam and the Ivne of greatest slope; to find 
the range on the inclined ^>Za7ie. 

Let PQ b© fclio range on the inclined plane, PT tlie 



direction of projection, and QN the perpendiculaj* on the 
horizontal plane through P. 

The initial component of the velocity perpendicular to 
VQ is wsm(tt — ^), and the aKiceleratiou iu this direction 
4 is — g cos p, 

1 jet T lie the time which the p/irtiole takes to from 
P l<j Q. ,,Then in time T the space described iu a direction 
p(;rj)Oiulicular to PQ is zero. 

1 lonce 0 u sin (a •— fi) , T — \g cos fi . T-, and therefore 

T-. 

’ g cos ji 

During this time the horizojital velocity u cos a remains 
unaltered ; hence PN ^ 11 cos a . T, so that tlie l ange 

PQ _ P!^ _ cos a p cos a sin (a — P) 

CO&p 008 /i * • g cos- y^ 


L. 1). 


9 
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110. HaxMnum range. To find the direction of 
projection, vik^h gives the ^pusmfimm range on the yincl^npd 
plmte^ amd to skew that for dny given range there are two 
directions of projection, which are equally mclineot to the 
direction for maximum range. 


Froui the preceding article the range 
2 M^ 008 aein(a-/J) . ... ... 

(j cos*/5 gcos^fi^ ' ' 

Now u and /S are given ; hence the range is ’a’miixiniuui 


when sin (2a - fi) is greatest, or when 2a - ^ . 




In this case a - /3 = ^ - a, i.e., the angles TFQ and LJ* T 
are equal. 

Hence The direction for maxhivmn range bisects the angle 
between the vertical and the inclvmd plane. 

Also the maximum range 

(1 + siiiyS) ' 

Again, the range with an angle of elevation a, is, by (i), 
the same as that with elevation a, if % ' 

' sin (2ai - /J) » sin (2a - /8), 
if 2ai - yS =5 IT - (2a — fi), 


i,e,, if 
i,e., if 



But j + ^ is the elevation which gives the 

Hence for any given range^on an inclined pliuie ‘there 
are twp angles of projection, the two correspp|!l.^^|ig'dire^ 
tipns projection being equaUy inclined the 

inaximun^:ange on the plane, . ' 
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111. Bx. 1« From the foot of an inetined v^hoee rheU 7 in 
25, a shot is projected with a velocity 600 per second at an 
anffle q/*30° with the hortfotUal^ p) up the pUmCy (2; down the^Uine. 
F%7 kI the range in each case, ^ 

Let fi be the inciination of ttie plane, so that 

7 24 

‘ sin/S^gg and oos/3j=^. 

(1) hy Art. J09, the range in tfce first cftee 

^/S/1 24 ^/8 7\ 

^600*008 30*^810(30^-/3) 600* 2 V§ ‘ 26 “ 2" *26/ 

"^32 C08-’^' “'““16 ^ ' 24^ " ' 

25* 


.360000 26^3 (24 - 7^3) 750000 _ 

““ 16 "" 4x576 “ 1024 


—5022 foot approximately. 

(2) The initial velocity perpendicular to the inclined pl.iiio 
1 / nin (30*^*f /9) and the acceleration is -f/oos^S. Hence the time of 

flight, Tt is Hence, as in Art. 109, if be the 

1 ange, we have cos jS—w cos 30’. T, 

^ cos ao*" sin (80® + /3) 750000 yo r,v • / x 

••• - -7osj)j ■” W* 

— 15275 feet opproK. 

Xf.B. Tlie lange donn an inclined plane may albo be obtained 
fi*um the foinitiJa ojt Ait. 109, by clnuiging into - so that it is 
2ic^ cos a bin (a 4 p) 

, g OOH-*^ 

'At, a. In the previous cuample, find the greatest range. 

The angle of piojection a must 

-Ui*')-!'' 

tfi 

^ho ranije now- (1 - wn /S) 

«* 1 600“ 


g l4*sin/3 32 

sh 

360000 x 25 
“~32 X 32 

SiznllAily .th« greatest range down the inclined plane would bo 
found to be i.e., 16626 feet. 
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Bx. 3. A particle is projected at an antjle a icith the Iwrizojital 
from the foot of a plane^ U'hoite incUnotioa to the horizon is j8; sheir 
that it will strike the plane at right angles^ if cot fi = 2 tfni{a- fi). 

Let u be the velocity of projectiion, so that u cos (a - /3) and 
i» sin (a -ft) are the initial velocities respectively parallel and peri>on- 
(.•Iciiluv to the inclined plane. 

The ticceleintions in these two directions arc - g sin and - g cos/3. 

Then, as in Art. 109, the time, T, that elapses before the particle 

... I . . 2a sill (a -fl) 

reaches the plane again is , . 

^ gcoAfi 

If the direction of motion at the instant when the particle bits 
the phine bo perpendicular to the then the velocity at that 

instant parallel to the x>l<tne inust be zero. 

Hence u cos (a - /3) - sin /3 . T= 0. 

u cos ( a “ ^) 2m sin (a - /3) 

(f sin /3 — — ^ 

cot firz 2 tan (a - /S). 

112. Motion upon an inclined plane. J purticjc 
moves npnji a smooth plane 'tvhirh is iacJhted at an angle ft 
to the horizon^ being projected from a point in the plane with 
velocity u in a direction inclined at an angle a to the inter- 
section of the inclhied plane with a horizontal 2 >lane ; tojintf 
the vwtio'n. <• 

Resolve tJie acceleration due to gravity into two coin- 
poiients ; one, g sin ft, in the 
direction of the line of great- 
est sl< >pe, and the other, g cos ft, 
perpendicular to the inclined 
plane . The latter acceleration 
is destroyed hy the reaction 
of the plane. 

Tlie particle therefore moves upon the inclined plane 
with an acceleration ^sin/8 parallel to the lino of greatest 
slope. 

Hence the investigation of the motion is the same as ' 
that in Arts. 101 — 107, if we substitute for 
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and instead of “vertical distances” read “distances 
measured on the inclined plane parallel to the line of 
greatest slope.” 


EXAMPLES. XVm. 

1. A plane is inclined at 30'^ to the horizon; from its foot a 
particle is projt>?tc(l with a velocity of 600 feet per second in a 
direction inclined at an anf^le of 60° to the horizon; find the range 
on the inclined plane and the time of flight. 

2. A particle is projected with velcKjity F, at an angle of 70° 
t(» the horizon, from the fot;t of a plane whose inclination is 30°. 
Find where it will strike the plane. Find also the maximum range 
of the particle on the inclined plane. 

3. A particle is projected with velocity 64 feel per second at 
an angle of ' 45° with the horizon ; find its range on a plane inclined 
at 30° to the liorizontal and its time of flight. Find also its greatest 
j'iingo on the inclined plane with the given initial velocity. 

4. A mrticlc i.s projected with a velocity of 1280 feet per second 
at an angle of 45° with the horizontal; find its range on a plane 
inclined to the horizon at an angle sin-^ when projected (i) up, 
(li) down, the plane. 

5. The velocity of projection of a rifle balWs 800 feet per second. 
Find its gi'catest range and the corresponding time of flight on planes 
inclined to the horizon at angles of 

(1) 45“, (2) 60°, (3) sin-» -,V. W sin-' xV 

6. The gi’eatest tango of a particle, projected with a certain 
velocity, on a horizontal plane is 5000 yards; find its greatest rang(! 
on an inclined plane whoso inclination is 45°. 

^ Ftnd also the grwitest range when the particle is projected down 
the inclined plane. 

7. 'Che greatest range, with a given velocity of projection, on a 
horizontal plane is 1000 metres; shew that the gi’oatest ranges up and 
down a plane inclined at 30° to the horizon are respectively 666 j; and 
2000 metres. 

8. From a point on a plane inclined at (1) 30°, (2) 60°, to the 

horizon a particle is projected at right angles to the plane with a 
velocity of 25 metres per second; find the range on the plane in the 
two cases. * 
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*3.13. A pckrtieUkM jyroj^Ud itito the air with a given 
velocity and direction of prc^ecti^'; to shew ilwd iU g>ath iit 
a 2>ai^dl>ola, > ?> . ^ 

As in Art. 101, let u be the velocity ancj a ,tfae angle 
of projection, PP' the horisontal range, A tlie highel&t. point 
and AM the perpendicular on PP^ Then, by AH. 


- - - a. u. 



Also FM — horizontal distance descnbed in time 


sin a cos a 


l.et Q be ij^y point on the path, and let QK 2^d QL Ik? 
the perpend icufers on AM and PP' respectively. .Let t be 
the time from P to Q, 


K 


•h 

P L M P' 

Then QL « vertical distance <lescril)ed in time t 



sstftsina.^-^r/^-* ,.(3), 

and FL^%LCOfia*t .* 

ilonce from (1) andf (3), ^ 


AA^^ Ai/*- AM^ QL 
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AlsOy from (2) aud (1), 




«*6maoosa 


•t«cosa. ^ 


/a sin a \ ^ 

- t^cosa^ — ty 

. ® ^ /wsina » 5 2-4 JT' 

QN^ -=tt®cos®a. 

\ 9 J 9 


2M“cos®a 

' T 




Heasiire -45 vertically downwards and equal to 


y} cos“ a 

~2f' • 


But this is the fundamental propert)(|^of the curve 
known as a parabola. 

Hence Q lies on a paralx>la whose axis is vertical, 
whose vei*tex is at and whoso latus rectum 


-4.15- 


2w“ cos^ a 


Cor, I. Tt will be noted that tho latus rectum, and 
tlici*efore the mze, of tho parabola depends only on the 
initial liorizontal velocity and is independent of the initial 
^ ertical velocity. * #> 


»5 

Cor, 11. Tlie height of the focus 5 a)x)ve the hori- 
zontal line through 7^ ~5J/=-4.4/— .15 


sin^ a 



u^cOH®a tp . _ 

— ^ — :=-5-co.s 3a. 

^9 ^9 


Hence, if a be less than 45**, this distance is negative and 
I the focus of the path is then situated the horizontal 
line drawn through the point of projection- 
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*H4- To shmv tlmt the velocity at any point is equal 
in magnitude to that which would he acquired hy a, ^particle 
rn Jkdling freely through the height from the directrix to the 
point, ' 

In the figure of Art. 113, produce MA to X, making 
-IX equal to AS^ and draw XK horizontal. Then XK is 
the directrix. 


If w l)e the velocity at we have, by Art. 102, 
= {u sin a—gty + (u cos a)® 

- U“ — 2ag sin a,t + 


in sin a . t 



But ,V.r =*}//! A' = 


sin** a ur coS"' a 



u^ 

2r/’ 


and MX - (^L - u sin a, t - I gtr, 

'2g[MX--A[N]^%j,NX. 

lienee o is equal to the velocity that would be ac(|uired 
in falling through the vej*tical distance from the clii-eetrix 
to the {xjint Q, 


115. EiXperimental Proof that the path of a pro 
actih 16 a parabola, 

TiCt AC be a curved board with a groove in it d(»wii 
wliic h a small ball will run when released. Fix it firmly 
ill front of a vertical black-l>oard. Mark a point C the 
groove, and let the ball always start from the same point C, 
and after running down the groove to A deHcril)e a path 
freely in the air just in front of the blackboard. 

Fix to lifite board a numlier of small paper or cardboard 
hoops, so that the ball just passes through them ; the hoops 
are adjusted by trial. After letting the ball run down the 
groove two or three times •the position of the first hoop is 
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ascertained ; and then after similar experiments the posi- 
tions ol the rest of the hoops are found. 



Th«^ ball must always be started very carefully from the 
^aine jjoiiit C. 

Draw a curve passhig throuyli the centres 

» f the Ijoops. This will Ik‘. easily done by freehand drawirij^ 
if a good many hoops are fixed in their proper positions. 

Draw vertical lines Pl^fl, P^M^^... to meet iii 

J/j, -I/.j, ... the horizontal lino through .1. 

Measure off‘ the distances -dJ/j, ... and PiJ/j, 

PJL, .... 

Then on taking the scpiares i>f AMzy AJf^j ... and 

dividing them respectively by shall find 

that the results obtained are v(Ty approximately the same. 
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Hence for any point P oa the curve^e find that 


PN^ 

is the same; i.e, that is the same. 
'V AN 


~PM 


Henti(» iliP varies as AN. ^ . 

. . But this is the fundamental property of the parabola. 
Hence tlie curve is a parabola. 

. If we start Ae ball from a different point 6’ we shall 
obtain the same result, but the parabola will vary in shape 
according to the position of the starting-point C- 

By arranging the grooved board so that i|is direction at 
d is i^ot horizontal, we can in a similar manlier shew that 
the path with any direction and velocity of projection at A 
is still a paraboJa. 


EXAMPLES. XIX. 

1. On the moon there peenis to bo no atmosphere* and gravity 

tlierd is about one-sixth of that on the eartli. What space of country 
would be commanded by the guns of a lunar fort able to project shot 
with a velocity of 1600 feet per second ? ' 

2. A tennis-ball \s served from a heigh c of 8 feet; it just touches 

the net at a point where it is 8 3 ins. high and hits the B^ice-llne 

21 feet from the net; the hori^onial distance^f the server from tlio 
Ux}t of the net Ixdng 89 feet, shew that the horizontal veloeity of tlie 
ball is about 171 feet per second and find the angle of projection. 

3. A plane, of length 6 feet, is inclined at an angle of ‘80° to 
the horizon, and a particle is projected stniight up the plane with 
a velocity of 16 feet per second; find the greatest height attained 
»)y the particle after leaving the plane, and! the range on a horizontal 
plane passing through the foot of the inclined plane. 

4. If a stone be hurled from a sling which has been swung in 
a horizontfiil circle of 3 feet radius, at a h^ht of 6 fedt^fiom tho 
ground, and at the steady late of 21 reyoluti^ in‘2 se^ds, find the 
mnge on^Mgvund.,. 

ftre pointed at each othdiv one ujpwards at the angle 
of 80°, ana the other downwards at ^e same angle of 

depj^^ion, the beinjR.lOO feet apart. If the charges leave 

thef^ns with velrici'ties 1100 and 900 feet per second' r^s^tjlvely, 
find when and where they wUf meet. 
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^ 6. A projectile, aimed at a mark which ie in th^ horitsontal 
' plane throu|di the poipt of projeetioh, falls a it^ short of it when 
rlie elevatfbn is a, and goes h ft. too far whei;i the elevation is 8, 
Shew that, if the velocity of projcotioa be the same ht cases, the 
proper elevation is ^ 

. 1 . ,aBin2i9+bsm2a 

i= siu’”' - ' T . 

^ V + b 

7, A hill is inclined atf an angle of 30*^ to the lloiison; fpotri^ 
a point on the hilt one projootile is projected up the hill and an> 
other down, both starting with the same velocity; the angle of pro- 
jpction in each ease is 45° with the horizon; shew* that the range of 
one projectile is nearly 3| that of the otlier. 

8, A particle is projected from a point on an inclined plane in 
a direction making an angl§ of 450° v^itli the horizon; if the range on 
the plane he equal to t)io distonce through which another mttiole 
would fall from rest during the time of llight of the first particle, find 
the Inclination of the plane to the horizon. 

9, Prom a p<iint in a given inclined plane two bodies are pro- 
jected with the same veU^ifcy in the same vertical plane at right 
angles to one another; shew that the difterenco of their ranges is 
constant. 

10, The angular elevjition of an oneiny’s on a hill h feet 

high is fi; hl»cw that, in older to shell it, tlie initial velocity of the 
jirojectile must not bi^ss than (1 + cohec^). 

11, Shew that the greatest range on an indlined *plaiie passing 
through the point of pi*ojoction is equal to the distance through 
which the particle would fall freely dining the coneqxuiding time 
of flight. 


12«| A particle, projected with velocity ?/, stiikes at right anghs 
a plane through the point of projection inclined at an angle p to 
the liorlzon. 'Slrew that the height of the point s^’uck above 

horizontal plane through the point of projection U — r— , 

^ ^ (f l + 3aiiri/i 

that the time of flight is ^ , and that the range on a 

' !/Vl+3Bm^/9 

horizontal plan, through the point of projection u-oold b» 

ti^sinS^ X + 8in*/9 ' 

p " l+3Bin®/§“ < 


13», Shew timt four times the square of the number of second*^ 
in the tiine of flight in the range on a horizontal plane equals the 
height in feet of the highest point of the trajeckny; 
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14. H tho maximum lieiglit of a projectUo abovo a horizontal 
plane passing through tho point of projection be li, and a bo the angle 
of projection, find tho interval between the instants at Vhich tlie 
height of the projectile is Asin^a. 

15, Find the direction in which a rifle must pointed so that 
the bullet may strike a body let fall from a balloon at the instant of 
firing; lind also the point where the bullet meet#tho body, supposing 
the balloon to be 220 yards high, the an^lo of its elevation from the 
position of the riflenuin to be 30°, and the velocity of projection of 
the bullet to be 1320 feet per second. [The balloon is at rest.] 


16. Two particles are projected simultaneously, one with velocity 
Tup a smooth plane inclined at an luigle of 30° to the horizon, and 

the other with a velocity at an elevation of 60°. Shew that the 

2V 

particles will be relatively at rest at the end of ^ seconds from the 
instant of projection. 


17. The radii of the front and hind wheels of a carriage aic 
n and b, and c is the distance between the axle*trees; a particle of 
dust driven from the highest jKiint of the hind wheel is obscr\ed 
to alight on the highest ixiiut of tlio front wheel. Shew that tlic 
velocity of the cariiage is 


v/'-i 


{c + h-a) (c -f-rt - />) 


4 (/>-//) 


18. FindHlie enlarge of jKnvder required to wnd a 68 lb. shot, 
^\ith an elevation of to a range of 3000 yards, given that the 
velocity comnmnicated to the same shot by a charge of 10 lbs. is 
1000 feet jKir second, and assuming that the kinetic energy of tho 
shot is ijroportional to the magnitude of tlie charge. 


19. A. body, of mass 2 lbs., is projecte<l with a velocity of 20 feet 
.second at an angle of 60° to the horizon; another body, of mass 
3 Ihs., is at the same time projected from the same point with a 
velfxjity of 40 feet per second at an angle of 30° to tho Ijorizon. Find 
to two places of decimals the height to which their common centre of 
gravity rises, and the dishince of the point at which it meets the 
lionzontal plane through the point of projection. 


20. A train is travelling at the rate of 45 miles per hour, and 
a passenger throws up a ball vertically with an initial velocity of 
12 feet per second; find the latus rectum of the path which it de- 
scribes. If the ball be projected with the same velocity at 60° to 
the liorizontal (1) in the same direction, (2) in the ofqsositc direction, 
with the motion of tho train, find the latus rectum in each case. 
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21. In a tnijectory find tlie time that elapses before the particle 

is at the end of the latus rectum. 

* 

22. A particle is projected so as to enter in the direction of 
its length a small straight tube of small bore fixed at an angle of 

to the horizon and to pass out at the other end of the tube ; 
shew that the lat^a recta of the jmths which the particle describes 
]K‘fore entering and leaving the tube dilfor by ^2 times the length 
of 11 le tube. 


23. A particle is projected horizontally from the top of a tower, 
100 feet high and the focus of the parabola whicli it descvilies is 
in llie hoiiz<njbiJ plane through the foot of the tower; find the 
vtdoqity of pinijection. 


24:. A particle is projected with velocity so that it just 

clears two walls, of <iqiial height </, which are at a distance 2n from 
each other. Shew that the latus rectum of the patli is 2//, and that 

the time of passing between the walls is 2 ‘ 


25. Shew that the locus of the foci of all trajectories \vhich l)ass 
through two given points is a hyjicrbola. 


26. If f ho tlie time in which a projectile readies a point V of 
its path, and t' 1mi the time from P till it strikes the horizontal plane 
tlii-ough the ixiint of projection, shew that tlio height of P above the 
plane is 

T 

27. If I'-fc point of a jiarabolic path the ydocity be it and the 
inclination to the horizon be d, shew that the paitiele is moving at 

right angles to its former direction after a time — — — : . 
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(JOLLISION OF ELASTIC BODIES. 


A 

lie. Ip Ji man allow a glass ball to drop from liis 
hand upon a marble floor it relx>unds to a cotisidemblo 
height, almost .os liigh as his hand; if the same liall Ih* 
allowed to Lil) upon a wooden floor, it rebounds through 
a mueli smaller distances 


* If we allow an ivory bilUard ball and a glass ball to 
drop from tho same height, the disUuieos through which 
they rebound will be diffeient. 

If again we drop a lea<]en ball upon the same floors, 
the distances through which it rebounds are much sifiallor 
than in either of the former cases. 

Now the velocities of these bodies aie the same on 
first touching the floor ; but, since they rebound through 
different heights, their velocities on leaving the floor must 
be different. 


The property of the b<xlies which causes those differ- 
ences in their v^ocities after leaving the floor is called 
their S^gtlclty, 


In ti^yogesent chapter we shall consider some simple 
impact of elastio bodicit only discuss 

ot partides in collision vtdth jpmrilfifeB oir planes, 
and of smooth homogeneous i^phem in ^Uisipn with 
smooth planes of > smooth* spheres. 
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H7. Def. Two bodies are said to impinge divecthj 
Avheii the direction of motion of each is along the common 
nonual at the point at which they touch. 

They are q§id to hniA/nge obliquely when the direction 
()£ motion of eitlier, or both, is not along the common 
normal at the point of contact. 

, Tlie direction of this common normal is called the line 
of impoci, 

* In the case of two sphei'es the common normal is tSie 
hue joining their ooiitres. 

118 . Newton^s Experimental Law. Newton 
found, by exp<^riment, that, if two bodic'b impinge directly, 
tlieir I'elativo velocity after impact is in a eorujtant ratio to 
their I’elative whxiity before impact, and is in the opposite 
direction. [The expennient is described in Art. 151.] 

If tlic bodies impinge obliquely, their relative velocity 
lesolved along their common noririal after impact is in a 
constant ratio to their relative velocity before impact 
ies(jlvod in tlie same direction, and is f)f opposite sign. 

Tliift constant ratio depends^ on the substances of which 
the bodies are made, and is independent of the masses of 
the Ixidios. Tt is generally denoted by <? and is called 
the Modulus or Cvwffioieiit oi Elasticity, Kesilitution, or 
llesiliei^ce. Either pf the two latter terms is better than 
the first. 

If u and u* be the component >elocities of two lx)dieii|k 
Y)cfore impact along their common normal (as in the figure 
of Art. 122), au4 v and v' the com|)onent velocities of the 
iKidics in ^ aoms direction after impact, the law sUtes 
that , 

rsa-^e{h'^u') ( 1 ). 
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This experimental law may also be expressed in tlio form 

V^elocity of Separation =<? times the Velocity* of Ap- 
proach, these two velocities being measured in the direction 
of the common normal at the point of impact. 

Tims in tlie case of Art. 122 the Icft-liand sphere 
^•jiuglit up ihe right-hand sphere and the velocity of 
approach was u — u* \ also after the impact the right-hand 
sphere must move away from the other, and the velocity of 
separation is v this second form of enunciation of 

the law therefore gi\(^s 

which is the same as (1). 

The value of e. has widely diMerent values for different 
iKxlies ; for two glass balls e is *94 ; for two ivorj^ ones it is 
*81 \ for two of cork it is -On; for two of castriron aljout 
*06 ; whilst for two balls of lead it is about *20, and for 
two balls, one of lead and the other of iron, the value is *1 ‘I. 

Bodies for which the coeflicient of restitution is zero 
are said to be inelastic ” ; whilst “ perfectly elastic 
bodies are those for which the coefficient is unity. Pro- 
])ably there are no bodies in nature coming strictly undei* 
either of these headings; approximate examples of the 
former class are such bodies as putty or dough, whilst 
probably the nearest approach to the latter class is ,in 
tlie case of glass balls. 

Alore ciireful experiments luive shewn that the ratio of the relative 
vel(X?ities before and after impact is not absolutely constant, hut that 
liKit decreases very slightly for very large velocities of approach of the 
bodies. In any case, however, the law is only an approximate one, 
and cannot bo taken as rigorously true. 

1%9. Motion of two snnooih bodies 2 ^erpendicidar to 
the line of impact, 

Wlien two smooth bodiiSs impinge, there is no tangential 
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action between them, so that tlio stress between them is 
eiithely along their common normal, the line which is 
perpendicular to l^th surfaces at tljeir point of contact. 
Hence there is no force ^rpendicular to this common 
normal, a;nd[ therefore no change of velocity * in tliat 
direction. 

Hejice the componetit velocity of each body in i 
direction perpendicular to the common normal is unaltered 
by the impact. 

^ 120 . Motion of two bodies alwig tho line of impacL 

From Art.. 86 it follows that, when two bodies impinge, 
the sum of their moitionta along the liiie of impact is the 
same after impact as before. 

The two pnnciples enunciatc^d in tiiis and the previous 
article, together with Newton's experimental law, are 
siiHicient to find the change in the motion of particles 
and smooth spheres produced by a collision. 

We shall now proceed to the discussion fi particular cases. 

121. Impact on a fixed plane. A smooth sphere-y 
or paTticle:y whose mass is m aofid whose coejficien^ of resti- 
f iftion is €y imjnnfffiS obllquflg (m a fi.red plmie ; to find the 
change in its 9notion, 

Jjet A/j? be the fixe<l plane, C'^^^tlie point at which the 
sphere impinges, and CN the normal to the plane at C so 
that ON passes through the centre, 0, of the sphere. 

Let 'JJO hnd OE be the directions of motion of the^ 
centre of the, sphere before and after impact, and let the 
angles JfOD oxxd NOE be a and B, Let u and v be tlie 
velocities of the sphere before and after impact as ij\di- 
Cated in the 


L. h. 
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Since the plane is smooth, there is no force parallel to 
the plane ; hence the velocity of the sphere resoli'^ed in a 
direction parallel to the plane is unaltered. 

/. vsin^-=Hsina (1). 



iJy Newton's ^exjwriznciital law, the nornuil velocity of 
separation is e times the normal velocity of approach. 
Hence cos 0 — ^)=^e{u cos a - 0). 

/; cos ^ cos tt (ii). 

I<"rom (1) and (2), hy squaring and adding, we have 
d? it sin® tt + e® cos® a, 
and, by division, cot 6 - « cot a. 

These two equations give the velocity and direction oi 
motion after impact. 

Tble impulse of the force of impact on the plane is equal ami 
opposite to the impulse of the force of impnet on the sphere, and U 
therefore measurea by the change of the momentum of the sphere 
perpendicular to the plane. 

Hence the impulse of the blow = mu cos a + mv con 0 
= wi ^ + f) u cos a. ► 



COLLISION OF ELASTIC BODIES 


147 


Cor. 1. If tlie impact be direct, we have a - 0. 

* 0 - 0, and v = eu. 

Hence The direction of motion of a sph^/re^ which im~ 
pluses directly on a sinooth plane^ is reversed mul its velocity 
reditced in the ratio 1 ; e. 

Cor. 2. If the coefllcieut of restitution be unity, we 
liavc ^ = a, and o = n, 

lienee^. When the plane is perfectly elastic the amjle of 
rfjlexion is equal, to that of incidence^ and the velocity is 
unaltered in maytutnde. 

Cor. 3. If the coeliicieut of restitution be zero, we 
have aii^ 7’ = ^6sina. 

lienee A "^thera (fter impact with art inelastic plane 
slides al<ing the plane with its velocity parallel to the plane 
'unaltered. 

Sx. A hnlU movimj with a velocity of \0 feet per airond^ impinpi's 
on o »mH)th Jued plane at an anyle of 4»>”; if iJic covpicient of res- 
Litution he t , find the velocity and direction of motion of the hall after 
the impact. 

Let its velocity after tlic impact be v at au angle 0 with the fixed 
plane. 

Its comi)onent velocities along and perjMjndicular to the plane, 
before impact, arc e;ujh 10 i.e., 5,^/2. a'^.fter Lmpjict its coiii- 
l)onent velocities in the same two directions are v cos 6? and r sin 0. 

Hence we have v cos 0—5^2^ 

V sin 0 = e , =. 4,^2. * 

Therefore, by squaring and adding, 

va=82. so that V8a:=9;06. 

Also, by division, tan 0=^^, bo that, by the table of natnnil 
tangents, tfs=d8^40' nearly. Hence, after the impact, the ball moves 
with a velocity of 9*06 ft. per sec. at an angle of 38° 40' with the 
plane. . * 


10—2 
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EXAJIPLES. £S. 

• • 

^ 1. A glass A^rble drops from a height of 9 feet upon a horizontal 
floor ; if the coeMcient of restitution be find the height to which it 
rises after Uie impact. 

2. An ivory ball is dropped fi-oin a lieight of 25 feet upon a 
liorizonta^gftab ; if it rebound to a height of 16' feet, shew that the 
^.coeiheient « restitution between the slab and the ball is *8. 


3. A fibavy elastic ball drops from the ceiling of a room, and 

after rebounding twice from the floor reaches a height equal to one 
half that of the ceiling; shew that the coefticient of restitution 
is V-i. ‘ ^ 

4, From a point in one wall of a room a ball is projected along 
the smooth floor to hit the opposite wall and returns to the point 
from w'hich it started ; if the coefticienh of restitution be shew that 
the ball tabes twice as long in retaining as it took in going. 


5, From a point in the floor of a room a ball is projected 
vertically with velocity 3‘2;^3 feet per second ; if the height of the 
room be 16 feet, and the coeflicients of restitution between tbe ball 

and the ceiling and the ball and the floor bo each , shew that the 

V * 

ball, after, rebounding from the ceiling and tbe floor, will again just 
reach tli^height of the ceiling. 

0, A ball moving with a velocity of 8 ft. pc*r soo. impinges at an 
angle of 30'^ on a smooth plane; find its veJwity and direction or 
motion after the impact, the coefficient of restitution being 

7, A sphere moving with a velocity, of 5 ft. per sec. hits against 
a smooth plane, its direction of motion being inclined at. an angle 
5 (=5 36® 52') to the plane ; shew that after impact its velocity is 
V5(- 4*47) ft. per sec. at an anfle tan“i i (=;26®34') with the plane, 
if the coefficient of restitution be f . ' . 


8. A ball falls from a height of 16 feet upon a plane inclined at 
(1) 30®, (2) 45®, and (3) 60'% to the horizon; find thei velcjcity and 
direction of motion after the impact in the three the ooeificient 
of restitution being ' 


. Direct Impact of two/eplieraK^ 



m€t40 m; cftrect^ 

mUmer smooth iphore^ of 
directient mih v^city ui.. 

to find their ' 


.u on 

Uthe same 

't<\ ' 
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Let V and iZ /be th« ' velpcities of the two Spheres after 
impact. • , 

The velocity of approach is w -> u\ ancj^he velocity of 
separation is v' ^ v, so that by Newton’s expcriihentol law . 
we have ' • ' ' ^ , 

‘ if/ — «; = <? (i* ~ u') 



Again, the only force acting uu tlie Sodie*s during the 
jmpact is. the blow along the line of centres. Hence, by 
*Vrt. 120, the total mouientiiui in that direction is unaltered. 

mv '+ 7n*o' + ( 2 ). 

Multiplying (1) by vi\ and subtracting from (2), we 
liave ‘ < 

(vi + m') V — {m - em') %i f (1 + e) u\ 

Again multiplying (1) by m, and adding to (2), we have 
■' ' {^4 1 V m ( 1 4- (?) H + {m* - <p/a) u\ 

TbesS ^uiiti<>i^ givo the velocities after impact. 

U ph^^ jS^j^^^phere, moving in a (^rection oppowte 
to that the sigri of 



150 


DYNAMICS 


Also the impulse of the blow on the ball m 
. = the change produced in its momentum i 

, . vim* 

=m (M - v) =— (1 + (m - «')• 

The impulse of the blow on the other ball is equal and opposite 
to this. 


Cor. If we put m = 7H and ^ - 1, we have 
y ^0 = u\ and v ■- u. 

Hence If two eqttcd pprfpcfJt/ elastic halls irnphuje 
directly they interchmige their velocities, 

123. Bx- 1. A hull, of mass 8 lbs, and moriuff irith vehtdiif 
4 feet per secomlf overtakes a ball, of mass 10 lbs. moving with tudoeitii 
2 feet per second in the same direction; if e be iyfnid the velocities of 
the balls after impact. 

Let V and v* be the required velocities. * 

Since Ihe total monicntuin is unaltered, 

’ 10x2=^52. 

I' 

By Newton^s Law, 

r'-r - i(4-2)r=l. 

Tlfnee, by solving, ami v'—S^, feet per sucond. 

Bx. 2. Jf in the previous question, the second hall be moi'ing in a 
direttion opposite to the first, find the velocities. 

Here the equations are 

8/’ + 10r' = 8x4- 10x2^12, 
and v'- £;=| (4 + 2)=3, 

since v' -v is the velocity of separation and 4+2 is the velocity of 
approach. 

Honoe, on solving, v=z - I and v';=2 feet per second, so that each 
ball turns bach after the impact, since the velocities are reckoned 
positively in the direction in wkich the first was going before impact. 
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124 . Oblique impact of two spheres. A smooth 
s]>hcre, vmas m, impinges toith a velocity u obliquely on 
a smooth sphere, of mass m\ moving with velocity u!. If 
th^ directions of motion before impact make angles a and ^ 
respectively 'ivith the. line joining the centres of the sphiCres, 
and if the coefficient of restitution he e, to finti the velociii.es 
and divectio'tis of motion aft^r hnpacL 

Let the velocities of the spheres after impact be v and 
r ill directions inclined at angles 0 and respectively to 
the line of centres. 

Since tlie spliores are smooth, there is no force perpen- 
dicular to the line joining the centres of the two balls, and 
therefore the velocities in that direction are unaltered. 


Hence ' ' i? sin ^ 7^ sin a (1),, 

and n mi fl (2). 



Since u cos a - u' cos ^ is the normal velocity of approach, 
and V cos ^ — v cos 0 is the normal velocity of separation, 
we have, by Newton's Law, 

V* cos cos $ e (7^cos a ~ u' cos ft) (3). 
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Ags^in, the only force acting on tho spheres during the 
impact is the blow along the line of centres. • Hence 
(Art. 120) the total monientuni in that direction is un- 
altered. ^ 

mv cos 6 + niv' cos -- mu cos a + w V cos . .(1). 

Tlie equations (1), (2), (3) and ^4-) determine the un- 
known quantities r, r', B and 

Multiply (3) by m\ subtract from ( 1), and we obtain 
. (m - 4>m') u co<- a H m* (I \-e) n* cos B 

vcosd-^ , ' ^ (5) 


So multiplying (3) by w, and adding to (4), we get 

/8 


From (1) and (5) l)y squaring and adding we obtain 
and by division wo have tan d. 

Similarly from (2) and (6) wo f>btain and bui 
Hence the motion is completely determined. 

The impulsAf thi‘ blow on the fiibt ball -the change ptoduood m 
its momentum -w (i/tjos a - v cos $) 

« (1 (?) (u cos a - w' 008 /S), on reduction. v 

in f wt ' ' ' 

The impulse of the blow on the other ball is coual and Cimosite 
to this. ^ 


, , m(\+e)u cos a + (m ~(m) n cos 

l/c0a<4= ^ '—7- - 

* 7a h tn 4 


Cor. 1, [f a' ~ 0, we have from equ0.tiori (2) 0, 

anil hence the sphere m' moves along the lines of centres 
Tliis follows independently, since the only force on m is 
along the line of centres. 


Cor. 2» If m == nt', and ^ ^ 1, we liave 

^ - w' <5os )8, and ^ cosKft^M COS’o, . , 
iTco eqfuU perfei^fly eltuiHc jj^hffhss th^y 

htt^chmge their v^locitieB in the lAne of 
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&Sd. Bak 1. A hall, of tfiass 5 lbs. and waving with velocity 
15 ft: ycT see., impinges on a hall, of mass 10 Ihs. and mooing with 
velocity ^ ft. per see,; if their velocities hefoi^e impaet he parallel and 
inclhml at an angle of 80? to tJte tine Joinifig [ thdr centres at the 
imUmt of impact, find the resulting motioii, the coefficient of restitution 
being 

Let t)?e Velooitie? after impact be v and v* at angles $ and to the 
line joining t^e centres. , . 

Since the velocities perpendicular to the line of cenjtres .Hie 


unaltered, we have 

i’ smd=15sin30°=s-^^- (X),' 

and v' am <p=5 sin 30'’ = .j (2) . 

By Newton’s Lhav, 

T>' cos ^ cos 0 — ^ [15 cos 30° - 5 cos 30°] = 5 (3). 


Since the niomentuni along the line of inSpaot is unaltered, 
■ /. 5 If cos 0, + lOt?' cos 0 5 , 15 + 10,5 . 


V cos d + *2v' cos 0 -= *25 ’ (4), 

Sblviiig (3) and (4), we liave 

vcoadzsih’^ ( 6 ), 


and ' ■ v'co8 0=5v^3 ? (6). 

From (1) and (5), we have — 5j^3 = 8’G6 ft. per sec. nearly, and 

From (2) and (6), we have v'— 5/^135=9 ft. i»r sec. nearly, and 
tai^jl^^^j ii= , BO that, by the table of natural tangents, 0 = 16° 6'. 

Bae. Sl.r Two smooth balls, one of mass double that of the other, ore 
moving with equal velocities in oj)posite parallel direct Loneand impinge, 
their directions of motion at the instant of impact making angles of 30° 
with the line of centres. If the coefficient of resliUtlion ha^,find the 
velocities aiul directions of motirjn after the impact. 

Ifct'^hieWasses of tho balls be 2^jpmd>?7^ and let the velocities after 
impact be t» apd v' rcepectlvely at angles 0 and <p to the line of centres. 

SihCG/ 1^0 / velocities perpendicular to the^ line of centres are 

ov. f.'pj-i r^n ^ssusittlSO^iia.^ .,....(1), 

and' 'vV' 




- ’ 
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The normal velocity of approach is ?tcos SO^-f-MCOs 30", and the 
normal velocity of separation is v' cos y cos so that by Newton’s 
Ijaw, liave « 

u' cos 0 - r cos d=e[n cos 30° + ii cos 30°] = (3) . 

A 

Since the momentum resolved parallel to the line of centres 
remains unaltered, 

/. 2mv cos 9 + mi'' cos <fi = 2mn cos 30* - mu cos 30°, 

2y cos 54-y'cos (Ij. 



Solving (3) and (4), we ha\e v cos 0 — 0 and r' cos . 

From these equations and (1) nnd (2), we obtain ;f 

6/=90S ,/.=;}0^ r 

Hcmce after impact the larger ball starts oif in a direction penpeu- 
dicular to ,the line of centres with hulf its former velocity, and the 
smaller ball moves as if it were a perfectly elastic ball impinging on a 
fixed plane. 


EXAMPLES, XXL 

1. A sphere, of mass 4 lt(S. and moving with velocity 5 ft. per 
sec., overtakes ^sphere of mass 3 Ihs. and amoving with velocity 
4 ft. per sec. ; if The impact be direct and the coetticient of restitution 
l>e I , Ond the velocities of the spheres after impact. 



COLLISION OF ELASTIC BODIES 


155 


2. A ball, of mass 10 lbs. and moving with velocity 6 ft. per sec., 
overtakes a sphere, of mass 8 lbs. and moving with velocity 3 ft. per 
sec.; if ^ the impact be direct and the coefficient of restitution be 
liiid the velocities of the spheres after impact. 

3. A sphere, moving with velocity 12 ft. jier sec., meets an equal 

sphere moving in the same line with a velocity of 6 ft. per sec. in 
the ox)Posite direction ; if the coefficient of restitution be find their 
velocities after the impact. « 

4. ' If a ball overtake a ball of twice its own mass moving with 
one-seventh of its velocity, and if the coefficient of restitution betw<3cn 
them be shew that the first ball will, after striking the second ball, 
remain at rest. 

5. If the masses of two balls be as 2:1, and their respective 
vclcKutics before impact be as 1 : 2 and in op{X)site directions, and e 
be J, shew that each ball Avill after direct impact move back with -Jths 
of its original velocity. 

6. A sphere impinges directly on an equal sphere at rest ; if the 

coefficient of restitution bo r, shew that their velocities after the im- 
l^act are as 1 - e : 1 4 

7. A ball, of mass vi and moving with velocity m, impinges on a 
ball, of mass maud moving with velocity en in the opposite direction ; 
if the impact be direct and e be the cotUficient of restitution, show 
that the velocity of the second ball after imi)act is the same as that of 
the first ball before impact. 

8. A ball, of mass 2 lbs., impinges dircjctlybn a ball, of mass 1 lb., 
wliic'h is at rest; find the coefficient of restitution if the velocity with 
which the larger ball impinges bo equal to the velocity of the Binnller 
ball after imx)act. 

A ball of mass m impinges directly upon a ball of mass m^ at 
rest ; the velocity of vi after inii)act is ^'ths of its velocity before impact 
and tlie coefficient of restitution is f ; compare (i) the masses of the 
two balls, and (ii) the velocities of vt and after impact. 

10.. Three spheres, whose masses are 2 lbs., 6 lbs., and 32 lbs., 
resiKictively, and whose velocities are 12, 4, and 2 feet i>er second 
resiiectively, are moving in a straight line in the above order. If 
the coeificient of restitution be unity, shew that the first two spheres 
will be brought to rest by the collisions which will take place. 

11. A ball is let fall from a height of 64 feet, and at the same 
instant an equal ball is projected from the ground with a velocity 
of 128 feet per second'to meet it in direct impact : If the coefficient of 
restitution be find the times that elapse after the impact before 
the balls reach the ground. ^ • 
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12. An inelastic sphere impinges obliquely on « second sphere at 
rest, whoso mass is twice its own, in a direction making an angle 
of with the line joining thp. centres of the spheres; shew that 
its direction of motion is turned through an angle of 80^. 

13 , Two equal halls moving with equal speeds impinge, their 

directions being inclined at 30® and 60® to the line joining tlioir 
centres at the instant of impact; if the coefficient of restitution bo 
unity q^hew that after impact'they are moving in par^lel 
inclinra at 45° to the line of centres. k * 

« 

14, Two equal balls, moving with equal velocities, impinge ; if 
their directions of motion before impimt make angles of 30® and 90^ 
respectively with the line joining the centres at tlie instant of impact, 
and if the coefficient of restitution be shew that after iinpaci^lhc 
balls are moving in parallel directions, and that the velocity of 
double that of the other. 

# 

15 . Two equal perfectly ehistio balls impinge ; if their directions 

of motion before impact be at right angles, shew that their directions 
of motion after impact are at right angles also. ^ 

i‘ 

16, A sphere, moving with velocity ?i^3, impinges on an equal 
sphere, moving with velocity u, their directions of motion Wore 
impact making angles of 30° and 60® with the line of centres ; dtiew 
that, if the coefficient of restitution be unity, their directions of 
motion after impact make angles of 60° and 30° respectively with the 
line of centres. . 

17 . A sphere, of mass 5m and moving with velocity 13u, impinges 

on a sphere, of mass m and moving with veJwity 5«, their directions 
of motion being inclined at angles of sin"* jg and sin"’*y respectively 
to the line of centres ; if the coefficient of restitution he 6nd' their 
velocities and directions of motion after the impact. s. , ^ 

126. " >^ction between t^o elastic bodies during^ 
their collision. When two elastic Ixxlies impinge^ the 
tmm during which the impact lasts may be divided into 
two parts, during the first of* which the bodices are coiu- 
jtressing one another, and during the second of they 

are rew^^M^^ir shape. ^ ^ _ ' _ _ \ ^ 

ment^^^lrppping a billiard baH 

beftnV<iove^ Vith j5h6^iotoured ;p^^ 

wh'e#6 the heJl ^ to 
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be removed not from a geomeftioal point only^ but from a 
small ^rclc; this shews that at some instant duiijig^tlie 
compression the part of the ball in contact with the Hour 
was a circle; it follows that the ball was then dcfoniied 
and afterwards recovered its shape. 

found that the small ciivle is increased in size 
if the distance through which the ball is dropped be 
increasod^ in which case Ihe velocity of the ball on hitting 
the floor is increased. Hence the greater the velocity at 
iiqlpict, the greater is the temporary deformation of the 
billi.ird bail. ^ 

The first poi*tn>n of the iDip.ict lasts until the bodies 
are instantaneously moving with the same v'elocity ; forces 
then come into ])lay tending to make tlie bodies reewer 
their bhaj)c. Tin' niuinal action between tfie bodies during 
the tii-st portion of the impact is often called “the force 
of compression/' iind lhat during the s«*coi)d portion “the 
forip of Institution.’’ 

We itave no means of fliiding out v\ hat is the actual 
magnitude of tlie force belNNceii rwn bodies during an 
impact; we only know that it must vary ver^ considerably, 
being zero at the coininenccunt n< of the* impact and zero at 
Uie end, and that it be largo at some instint duiini* 

which the impact lasts. But, by Newtons Third Law, 
force at^if!B€Ui/f histtmi must he the same in magnitude foi* eac h 
lw)dy, but 'Opposite in direction ; liencHJ the impulses c'f the 
forces acting on the two bodies must be equal, hut in 
(opposite directions. 

to easy to shew that tlie ratio of the impulse^ 
of th^ fotpes di restitution and compression is equal to tlie 
quantity r, whiqh we have defii^ed as the cooffi^^ieut of 
restitution^ ' '' 
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Oousiclor the cixse of one sphere impinging dii’cctly on 
another, as in Art. 122, and use the same notation. • 

Ijet TJ be the common velocity of the bodies at tlie 
instant when the compression is finished. Then 

’ill — U) is the loss of momentum by the first ball, 
i-ind m‘ {U ~ u) is the gain by the second ball. • 

Hence, if I be the impulse of the force of compression, we 
have ' I ~ m {u — U) m {U - n), 

^-+ -,^u -V+U- u' = u - u ( 1 ). 

Again, the loss of momentum by the first ball during 
the period of restitution is m ( ^7 — v), and the gain by the 
second ball is {d — IJ\ 

Hence, if V be the impulse of the force of restitution, 

U~ V + v-(r -v' - V (2). 

m m 

Hence, from (1) and (2), ^ f - ^ 

, ^ Impulse of the force of restitution 
' Impulse of the force of comprobsiou 

Normal velocity of separation 
Normal velocity of apprcKich 
:,r = pL 

*^ 128 . Lobs of Kinetic Energy by Impact. 

Two sphprf8 of given inasses nwmng tmih given velocities 
iinpbige ; io aJww ifuit there is a loss of kimtie energy ami 
fo find tUe amyimt. 

I. Let the collision lie direct and the notation as in 
Art. 122. • 
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Then wo have 

mv + wV = 7ypu + wV .(1), 

v'- v = e(u-7(!) (2). 

To the square of (1) add the square of (2) multiplied hy 
mni ; we then have 

+ min') 4 4 7M}i') = (mw -t- + eSmn' 

i,<i, {7)1 + in) {mv^ + mv^) 

.= i^nm. 4 m'u'Y inmf {il — w')* *“ (1 — (w — 

--- {m + vh') {nm^ + 7nu ‘*) — (1 - e^) rma (u — 7^')“. 

,1 o 1 / /•» I o 1 / /o 1 — TYiitllt . , 

. . A7)W + m V “ - -- 4- .VWi 71 ; — (tl — 71 )“. 

- - - - 2 '//t+W^ ' 

Hence the kinetic energy after impact 

- kinetic energy before impact • - — ,{ic- ^ffY, 

^2 m 4 in ^ ' 


Hence the loss of kinetic energy is 


1 — c® mm 

2 vh + 7n 


{n ~ n'f, 


and tliis loss does not vanish unless e that is, unless 
the balls are perfectly elastic. 


11. Tjct the collision bo oblique and tlio notation as in 
Art. 124. 

As in L, we have 

1 cos- 6 cos*** ^ = hnu- cos'- a 4 ^ tnV cos- /? 

1 - e- 7nni . , 

X 7 ('« cos a — w cos Sy . . . (3). 

2 m 4- 7 /t ^ t'/ \ f 

Also, since sin d sin a, and v' sin = 7 / sin )8, wc 
have 

^7117^ sin^ 0 4 sin* ^ = Jrrm* sin* a 
4- sin* 


( 4 ). 
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Adding (3) and (4), we have * 

The kinetic energy aft^ iTqpact = kinetic energy before 

1 - m7u' . / ovo 

impact r; ; ( M COS tt - cos Br. 

^ 2 m 4 WA 


Hence we see that in any impact, unless the coeihcient 
of restitution be unity, some kitietic energy is or, 
rather, is transformed. 

This missing kinetic energy is converted into inolecular 
enorg}' and chiefly reappears in the shape of heat. 

Cor. SuppOf^, as in the case of a nail hit by a hammer, that the 
object struck was at rest. 

In this cas4f i/^=0 and i;c=0. Hence, by the result of I., the 
iMieigy lost, or transformed, 


^ mi-m' 

Mechanical cnor^^ lost by the blow 
Mechanical energy before tlic blo^' 

I 7run' (1 - r2) „ i „ w' 

-.r - - ' , n^- : -A Wl?i- r- ; (1 - <;-) , 

Vi -f- m 1" -1- ' 


vt -f m' 


This latter expression is made Rinaller if the ratio of m to 7 ri' be 
iruule bigger, i.e,, thei bigger the mass of tlie hammer compared with 
that of the nail, the smaller is the loss of inechunioal energy svt the 
impact. 

1S9. Sx. 1. J panicle falU from ci^hcUjht h vpon ajixetl hori- 
zontal plnne; if c he the cvefflchnt of rextiiatiou^ shew thot’the-^vhoh 
fUnuticc tlescrihed Iry the particle hejore it hiitt ftiUh^d rehountlhiff is 

1 4* r® / 2 A 1 4* 

, -7 , /a, and that the time that elapses is . / — . , , . 

I \ 1-e 

Let u bo tlic velocity of the particle w'hen it first hits the plane,’ so 
thatn"s2p7i. - , > 

Uy Art. 121, Cor. 1, the particle mlWaJlids vdth velocity ,^. : / 

The velocity when it again hitfs the phine is tiie VelbcUy 

oiter the rebound -o , 

fthe velocity: aftbr ti^' third, fourth; & 


/ /4:|ie,;aeigmi which- the peotible oe^noa anerrirne ... 

re'bottn^ ^ 
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Hence the whole space ^escribed 

^ = /^ + 2 (e^h + + <j®/t + . , Mtl inf.) 

=;*+27i,— 

l-e- 

by snniining the infinite geometric progression, 
i^e^' 

Also. the time of falling originally — • 

The times of ascending after the impacts are the times in which 
the velocities cu, r-//, chi, ... are destroyed by gravity. 

,, eu . /‘i/t /2/t 

Hence these times are — , - , — ... i.e.j c . / — , e- . / — , ... 

n 0 0 \ 0 \ 0 

Hence the whole time during which the particle is in motion 

^ V /*- - + 2 • . /^‘ ['! + ^ + <"■’ +■■■ "‘I «■«/•] 

\ 1 / V II 

= /?'' r 1 + 2 -j-i = i±? 

V fl L i-<J \' y i~e' 

Til theory therefore we have an infinite number of rebounds taking 
place in a finite time; in practice after a few rebounds the velocity of 
the hall becomes destroyiai. 

Since the height to which the particle rebounds after the first 
iiiipuct is (“hi i.c. times the height from which it fell, 

^ height of rebound • 
height 'f falling 

TIeiice the value of c for a giv€ i ball and a given floor may be 
easily found by experiment. For, it the ball be let fall from a given 
suitable height, it will be easy to find tlie height of rebound after a 
few trials, and then wc easily have c^. 

Sz. 2. Brom a point in a smooth horizonUil plane a particle is 
projected with leloc.ity u at an anylc a to the horizon; if the coeJjU'icnt 
if restitution between the particle and the plane be e, shew that the 
distance described alontj the plane before the particle ceases to rebound 
. //*’ sin 2a 

IS . 

u J ■- <5 

The initial vertical velocity is u sin a. 

The initial vertical velocities after the first, second,... rebounds 
are, as in the last example, ciisina, c^ifsina, t^asina, .... 

Henco the time between the first and second rebounds is, as in 

A o^wsina 

Art. 105, 2 — , 


L. D. 


11 
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So the times in the other trajectories a.x#‘2 ^ - , 2 — .... 

Hence the total time that elapses before the particle '^ceases to 
rebound 

2u sin a "2m sin a 2ehi sin a , . . . 

=5 1 ...mivif. 

y 0 9 9 ■ , . 


2m sin A r- . . o T « 1 

9 0 




' During this time the horizontal velocity, being unaltered by the 
impacts, is always u cos a. 

Hence the horizontal distance described 

. 

2u sin a 1 sin 2a 

0 l-e ■ !/(!-<) 

After tlie particle has ceased to'rebound. it moves along tJie idane 
witli constant velocity a cos a. 


EXAMPLES. XXIL 


1, An tlastic XMuh<l<? piojertod so that it hits a %ci.lual wall 
and letums after iiiiiMtl to the jioint lioui ^bich it was pvojectid 
If the anj,le of piojt<'tioii be a, and the ducctiorj ot the path ot tin 
paiticlo when it leiudies the point of pioieciioii inalte an angle 
fi with the hon/onial, shew that tan fan whore v is flie 
coefhcient of leblitution. 


2, Hhew that n,n clnstic «.pIjoie let fall fiom a lieigbt of 10 bf t 
abo>e a fixtd hou/oulal t,ible will come to icst in 8 seconds, alki 
detycribirig 65 feet, bupiroeing the toeflieient of lebtilation tdfrbe ^ , 


3, A ball falls from a height of iH feet upon an elastic horizon tn I 
plane ; if the eocOicieut of el.istieify be .j , find the total spaoo desCi ibc d 
i } the sphere before it finallv comes to rest, and the time thatclaxises. 

4. A particle is piojected from a point in a horizontal plane with 
a \elotity of 61 feet second at an angle of 80® wrilb the horizon ; 
if the coefficient of lestithtion be | , findjblie distance clescTibcd by it 
hoiizontally bcfoie it ci ases 1o rebound, and the time that elapses. 


5. A hall falls vortioally for 2 sedohda and hits a plMlie inclineil 
at the horizon; if the coefficient of restitatioA be 

that elapses before it again bits the plane is d'saeonds. 


6/ A p<^rfeetly elastic ball is djopi^ from this top of a tower 
of he|gbt h, and when it has fallen baff^wajr to tb« it etnhes 

a smooth ^d prejecting stone inclined^ 45® to the^j^rbKon ; find 
where it will leach the gruuudl' 
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7, A bti>U, at reHt on a amooth hori^ntal plane at the dif^tance of 
one y.ird from a wall, isMmpmgcd on dlre<3tly by another equal ball 
]no\ing |it nglit anglea to the wall with a velocity ol a yard pei 
}40(‘on(l. If the ooefficientfl of restitution between the balls, and the 
balls and wall, be oacli , shew that they w'ill impinge a second time 
at the end of 2*4 seconds, the radii of th% balls being of incondide^ble 
magnitude. 

8, Two equal marbles, A and Jiy lie in a smooth homontal 
circular groove at omx>sitc ends of a diameter; A is projected along 
the groove and at the end ol tm\c f impinges on B; shew that a 

2t 

*^roond impact will occur at the end of time ~ . 

9, Two maibics, ol equal diameter but of masses 10/n and ll»i, 
MIC projwted from tlie same point with \eloeities, equal in mainiitude 
but opposite in dm‘Clion, along a (drcular groove; wdiei« will the 
s«'Cond Imj^iact take place if tho coetficicnt ol restitution be -f-? 

10* A sphere, of mass w, impinges obliquely on a sphere, of 
in.i«is J/, which is at rest. Bhew that, if nf'=iMy the directions of 
motion of the spheres after impact are at light angles. 

11. A sphere impinges on a spheie of equal mass which is at 
ie<>t; if the dncctions of motion attei iinii#ici be inclined at angles# 
ot 30 to the original direction ol motion ot tho impinging sphere, 
-shev that the coefficient of restitution is J . 

12, A ball ftnpingns on another equal hall moving with tho same 
. pcfd ill a direction pcrptuidicuhir to its o\vm, the lino joniing the 
ceutiN's of the balls at tho instant of impact benm iieipendicnlar to the 
diri*r'tiou of motion of the htooiid ball, il e bo tne coeflicient of resti- 
tution, that the diioclion ol motion ol tiic second ball is turned 

1 -t" e 

tlii^gh an aAgle tan~^ - 7 > ^ 

13* Two equal smooth elastic spheres, inoYing in oppobito parallel 
diiectio^ with equal speeds, impingo on one another; if the inclina- 
tion of %eir directions of motion to the line of centres bo tan"'\/<, 
\/li-'jie e is the coefticiont of restitution, shew that their directions ot 
motion will be turned through a light angle. 

14. Two eaual balls are in contact on a table ; a third equal ball 
sh’ikcs them. 'simultaneously and remains at rest after the impact; 
jsliew thait 4he coefficient of resiitutioii is g . 

15. The tnosses of five balls at rest in a straight line form a 
geometrical progression whose ratio is 2, and their ooeffioieuts ol 
restitution are each If the first ball be started towaids the second 
witbaYOfooUS! it, that >he velocity oommunioated to the tilth 
ia(I)S.' * 'i 
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Exs. XXII 


16. A ball of given elasticity slides from rest clown a smooth 
inclined plane, of length Z, which is inclined at an angle a to the 
horizon, and impinges on a fixed smooth horizontal plane aet the foot 
of the former ; find its range on the horizontal plane. 

17. A heavy elastic ball falls from a height of n feet and meets a 
plane inclined at an angle of 60“ to the horizon; find the distance 
between the first two points at which it strikes the plane. 

18. An inelastic ball, of small radius, sliding along a smoolh 
horizontal plane with a velocity of 16 feet per second, impinges on a 
ymootli horizontal rail at right angles to its direction of motion; if 
the height of the rail above the plane be one half the radius of the 
ball, shew that the latus rectum of the parabola subse<j[uently de- 
scribed is one foot in length. 

19. A particle is projected along a smooth horizontal plane from 
a given point A in it, so that after impinging on an imperfectly elastic 
vertical plane it may pass through anotlicr given point B of tlu^ 
horizontal plane; give a geometrical construction for the direction of 
projection. 

20. A smooth circular table is surrounded by a smooth rim whoso 
interior surface is vertical. Shew that a ball, whose coetlicient of 
restitution is e, piojccted along the table from a point in the rim in a 

direction making an tingle tan~i with the radius through 

the point, will return to the xioint of projection after two impacts 
on tlie rim. Prove also that when the ball returns to the ix>int of 

projection its velocity is to its original velocity as c-' : 1. 

If the angle that its direction of projection makes with tlie radius 

l)c t«n~ ’c-, shew that it wUl return to the point of projection after 
rhtec rebounds. 

21. Two elastic particles are projected simultaneously from a 
point in a smooth horizontal plane; shew that thf^ir centre of gra\ity 
will describe a number of arcs of the same parabola in ditferent 
positions. 



CHAPTER IX. 


THK HODOGRAPH AXD NORMAL ACCELERATIONS. 

130. In the following chapter wo shall consider tin' 
motion of a particle which moves in a curve. It will be 
convenient, as a j>relim inary, to explain how the velocity, 
direction of motion, and acceleration of a particle moving 
in any manner may be mapi)ed out by means of anothc?* 
cur\ 0 . 

131. Hodograph. Def. If a particle he vioving 

(un/ path whatever^ and if from any ])oint 0, fixed in 

space, we draw a straight line OQ parall^- and j^roportional 
to the velocitg at any point P of the path^ the curve traced out 
by the end Q of this straight line is called the hodograph of 
the path of the particle. 

[The woid Hodograph is derived from two Greek words 
oSos (pronounced TIodos) meaning “a path,” and ypa<^€tr 
(pronounced Graphein) meaning “to write.”] 

It is so called because it represents graphicall}'^ to the 
eye the velocity and acceleration of ^he moving point. 

132. Tbeorein. If the hodograph of the path of a 
rnoving point P he dratvn^ then the velocity of the i^orre’ 
spending point Q in the hodograph represents^ in magnitud* 
awl direction^ the acceleraiicni the moving point P hi its 
2m(h. 
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Let P and ' P' be two points on the path, close to out', 
another; draw OQ and OQ* parallel to the tangents at P 
and P* and proportional to the velocities there, so that Q 
and Q are two points on the hodograph very close to one 
another. 

Whilst the particle has moved from P to P' its, velocity 
has changed from OQ to and therefore, as in Art. 27, 
the change of velocity is represented by QQ\ 



Now lot P* bt^ taken indefinitely close to P^ %o that 
QQ^ liecomos an indefinitely small portion of the arc of tIjc 
hodograph. ,, 1 ^ 


If T be the time of describing the arc PP\ then» by 
A.t ->8. the ;ccclerai,i„n of /' " 

Q(r^ 


- \elocity of Q},n the hodograph. ^ 

' , ^ 

Heixcq the velocity of Q in the hodograph represents, 
ill and direction, the acoeleratioii ct P in the * 


path^;^' 


IM. Tticampimu 1. Tht* hodogra^^i of a poini dese)if>mg a 
circle with uniform speed is anotlier circle wldeh tjf^e ecinrefipondin^ 
point dosenbes with unilorm aj^ed. thi# since tbc 

magnitude of the velocity of P is oonetan^jj^e Ifne OQ 1b con&fant in 
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ami therefore $ Always lies pn a circle whoso centre is 0. 
Also, since the point P describes its circle ,pnifOnnly, the ti(inj;;ent at 
P turns fln-oogh equal angles in equal times, and therefjne the line 
OQ turns through equal angles in equal times. 

2, The hodograpli of a point describing a straight lino with con- 
'^tant acceleration ts a straight line, which the corresponding point 
describes with constant velocity. For, in this case, the linO' OQ is 
always drawn, in a fixed direction and the velocity of (?, being equal 
in magnitude iio the constant acceleration of P, is also donatant. 

Normal Acceleration. 

, 134. We have learnt from the First Law of Motion 
that every particle, once in motioti and acted on by no 
fox'ces, continues to move in a straight line with uniform 
velocity. Hence it will not clescrilxj a curvtHl line unless 
acted upon by some external force. If it describe a curve 
with uniforra speed, there can be no force in the direction 
of the tangent to its path, or otherwise its speed would be 
altered, and so the only force acting on it is normal (that 
is, perpendicular) to its path. If its speed V)e not constant, 
there must in addition Ikj a tangential force. 

In the following articles we shall invi?.stigate the simple 
ciise of the normal acceleration of a particle moving in a 
circle with constant speed. 

, 135. Theorem. If a particle describe a circle of 
radith^ r wth uniform speed v, to slieo) that its acceleration 
, 

is — directed toward the centre of the circle, 

and P' be two consecutive positions of the moving 
particle (ind-* Q and Q* t]ie corresponding points on the hodo- 
|gra]^. , ' Sin<^ tlie speed of P is constant, the line 0*Q 
is • of therefore the point Q moves 
on a'cirete ^hofee radius, is also the angle QO*Q* is equal 
to, betx^en tan^hts att*P and P' and there- ' 

fore ft iqdai to ' 
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Hence the arc QQ : tlie arc PP' ;t O'Q : OP \ \v\ r. 

Also the velocities of Q and /*are proper tioi nil to flu 
arcs QQ and Pl^. 



Ifence tlio velocity of Q in the hodograph \ v ::vir. 

V“ 

velocity of - . 

V 

But tJie point Q is moving in a direction ]>erpeiidicul.ir 
to O'Q and tlierefore parallel io Pi> ) also the acceleration 
of the point P is equal to the velocity of Q (Art. 132). 

o 

H(*tico the acceleration of P is — in the direction PO. 

r 

If the speed v be not constant but Aariable. it can be sliosvn 
(EUwei^ry J)yjianikitj Art. 157) that tlie normal acceleration is 

still 

r 

Cor. 1. If 0 ) }>e the angular velocity of the particle 
about the centre 0, we have v=-rti>, and the normal accele-* 
rjition is therefore wV. 

Oar. 2. The force required to produce the normal 
acceleration is vi — , where m is the mass of the particle. 

T 
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’'•'''ids. Without the of tl)e hoclograph, a proof of the very 

important tlieorem of the last article can be given as follows. 

Let T ])o a point on tho circle very close to P. Draw* the tangent 
P'T at P' to meet the tangent, P.c, at P in T, 

Join P and P* to the centre, O, of the circle. 

Since the angles at P and P' are right angles, a circle will go 
through the points 0, i*, 'i' and P\ and hence I FT.v 

. = supplement of I^TP^n POP'=^(f, 

Tjot V he the speed in the circle, and lot r be the time of describing 
the are PP'. 

In time r a velocity parallel to PO has been generated equal to 
rsini!#. ‘ 

Hence the iicooleration in the direction (w hcTi t, and 

T 

therefore 8, is taken very small) 

,0 arc Pl^ ^ v arc PP' 

T ”” T ' OP r* T 



arc PP' 

But. since v is the speed in the circle, therefore - — - —r. 

i’* 

Hence tho required acceleration — - . 

^ k 

As in Art. 135, Cor. 1, this acceleration is equal to rw®, wdiere w i.' 
the angular velocity. 

Also the force towards the centro^nust be vi -- . 

r 
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137 . The. force spoken of in preceding articles, 
whichf is required to cause the normal acccleratie*n of a 
body, may be produced in nmny ways. 

For example, the body may be tethered by a string, 
extensible or inextensible, to a fixed point. 

Again, the force may be caused by the pressure of a 
material curve means of which the body is constrained 
to move in a curve ; for example, a train may be made to 
descril>e the curved portic|i of a railway line by means of 
the pressure of the rails on the flanges of its wheels.' 

The force may also be of the Urature of an attraction 
such as exists between the sun and earth, and which com- 
pels the earth to describe a curve about the sun. 

138 . When a man whirls in a circle a mass tied to 
one end of a string, the other end of which is in his hand, 
the tension of the string exerts the necessary force on the 
body to give it the required normal acceleration. But, by 
the third law of motion, the string exerts" upon the man’s 
hand a force equal and opposite to that which it exerts 
upon the particle; these two forces form the actiau and 
reaction of which Newton speaks. It appeavB to the man 
that the mass is tiying to get away flx>m his hand. For 
this reason a force, equal and opposite to the foiw neces- 
sary to give the particle its normal acceleration, - i$ often 
called its centrifugal force,” centre-avoiding, force. 
This may however be a somewhat niisl^ding term ; it 
seems to imply that the force belongs to the iastciwl 
of being an.extenml force imtihg (in thq 

^ pears to..impiy tfaai , the particle from 

*e centii^ oif the curve an^d fr eo ; 

this fr clearly hot ap; the not 

prevented, move abng the tangent ,|o the .chifve, along 
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the line R.v of the flfhi’e of Art. 136'; it has no wisli^, or 
tendency, to move in the direction OiP^ 

A somewhat less misleading term is “ ccntrij;)etal force,” 
•Le, centre-seeking force. 

\ye shall avoid the use of either expression; the student 
who meets with them in the course of his reading will 
uiiderstand tlui^i tlie second of them means “the force 
M'hicli must act on the mass to give it the acceleration 
noj’mal to the curve in which it^rnoves,” and that the first 
means a force equal and opposite to this. 

This hitter force (the si^alled centrifugal force) is the 
force whicli acts on the body which causes the particle to 
describe its curved path, e.ff, it is tlie force acting on the 
rails in the case of a railway train going round a curve, 
or on the wian’a hand in the case cited above. 

130. Bx. 1. A partu'let of wohs 7}wres on a moofh table 
airil/i a velocity of 4 fret iter secoinU being attached to a fxed point mi 
the table by a etnng of length 5 feet; find the tcuHon of the string. 

Here r s= 4, andT s= 5. 

Theielorct by Art. 13/5, Ibe acceleration toward tlie fixed is 
, 16 * 

o w 

Hence the tension of the strini? 

^ 16 48 , , , , 48 . 3 ^ - 

ss3 j< = — poundals^ wt. of , t.e., , or a pouna^ 

Bx. a. AitnrtulCt of mass m, ynoves on a horizontal table and is 
eonnerted by a string ^ of length with a fixed imint on the table; if 
the greatest weight that th^ string can support be that of a \Has$ of M 
pounds^ find th^ greatest number of revolutions per second that the 
particle can nuihe without breaking the string. 

Let » bd the required number of revolutions, so tliat the velocity 
of the mdsfi is n .;2irL 

Therefam 'm<3 tension of the string =sm . poundals. 

If tjie'jiutubqr of itevoluttens were greatw tlxan this number, the*, 
tension ettmg would be greater than the string could exert, and. 
it would bmaki ' . .a. f''' ' • 
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EXAMPLES. XXIII. 

1. A string is 3 feet long, and has one end attached to a fixc«l 
point on a smooth horizontal table; if a mass of t5 lbs. tied at the 
other end of the string describe uniformly a horizontal circle with 
speed 6 feet per second, find the tension of the string. 

2. A string is 4 feet long and can just support a weight of 9 lbs. ; 
a mass of 8 lbs. is tied at its end and revolves uniformly on a 
horizontal table, the other end of the string being attached to'a fixed 
point on the table; find the greatest number of revolutions per 
minute that can be made by the string without its breaking. 

3. A string, 5 feet long, can just sustain a weight of 20 lbs. ; if 
the. l•e^olving mass be 5 lbs., determine tlie greatest number of 
<*nriplote revolutions that can be mo*dc in one minute by the string 
without its breaking. 

4. A string. feet long, has a mass of one pound attached to 
one end and the otlicr cud is attached to a fixed point ; if the mass be 
whirled round in a hoiizontal circle, whose centre is the fixed point, 
and if the roijiilting tension of the string be equal to the weight of 
o pounds, shew that the string is making about 76 revolutions per 
minute. 

5. The fension of a string, ono end of which is fixed and to the 
other end of which is attached a mass which njvolvos uniformly, is 9 
times the weight of the revolving mass; find the velocity of the mass 
if the length of the string be 2 feet. 

6. With w'hat number of turns per minute must a mass of 10 
grammes revolve horizontally at the end of a string, lialf a metro in 
length, to cause the same tension in the string as would be caused by 
a mass of one gramme hanging vertically? 

7. A locomotive engine, of mass 10 tons, move.*? on a curve, of 
radius 600 feet, with a velocity of 30 miles per hour; what force 
tending toward tlic centre of the curve must be exerted by the raii.s 
so that this may be the ca.se? 

8. If, in the previous question, the mass of the engine bo 12 toii"^, 
its velocity 60 miles jier hour, and the radius of the curve 400 yards, 
-.vhat is the required force ? 

? . 

140< Conical Pendulum, Tf a particle be 

tied by % string to a fixed point 0, and move so tliat it 
describes a circle in a liorizontal plane, the string describing 
a cone whose axis is the vertical line through 0, then the 
string and particle together are called a conical pendulum. 
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"When the motion is uniform, tlie i*olatipiis between tlie 
v(‘locity^o£ the particle and the length and inclination 
of the string are easily found. 


O 





Let 7' he the particle tii^d by a string OR, of leiigtli /, 
t».) a fixed point 0. Draw RN perpiindicivJar to the vortical 
til rough 0. Then describes a JjoriAuiital circle with N 
as centre [doUfid in tlui ftfjure\ 

Let T be the tension of the string, a its inclination to 
tlie vertical, and r the velocity of the particle, 

l>y Art. 135, the acceleration of 7^ in the direction RN 

is , and henice tlie forc^e in that direction must be 

XT 

m— 

I sin a 

Xow the only forces acting on the particle are tlie 
tension, T, of the string and the weight, mg^ of the 
particle. ' ^ 

Since the particle has no* acceleration in a vertical 
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direction, the forces acting nponr it in that direction luust 
Mance, and hence we have * , 

Tcosa = m(j (1). 

Also Tmi a is the only fc»rce in the direction PN^ and 

hence T sin a =- * (- ). 

I sin a , 

From (1) anci (2), we have r~^— ~ - ^ ' 

^ ^ ^ /sin- a cos a 

If the particle make n revo|utious per second, then 

V ~ n . : 'lind sin a. 

47rV‘7 ~ , that is, cos a r. - '(3). 

sS; cos tt ' Itt-'//-*/ ^ ^ ' 

Hence, 1 )y ( 1 ), T . hniryCH poundals — (4 ). 

Hence the tension of the string : weight of tlio particle 

: : \rrhiH : y. 

The equations *(3) and ( 4 ) give a and T. 

The time of revolution of the particle 

2xrZ sin a // cos a ^ / OX 

and therefore varies as the square tibpt of the depth of the 
particle below the fixed point. 

141. Oovenioni of otoain onglnoo. It is generally dcsimble 
that engines of the stationary kind should run. at a conittaut speed. 
Their speed is therefore usually oontroUed^by^a 'Govex^r; this 
geners^^cons^ts of two heaVy revolving balls wh|oh ire tlttached 
at Uiel^ds of light rods, ^he other ends of whi^h tOB eonh^ted.wUh 
a shaft driven by the engine. ^ ^ 

, A Simple form, known as Oovirhor, In- the^figuro. 
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When the shaft runs too fast the balls rise and lift the mechanism 
at c ; by means of levers attached to it the 
valve rcji'ulating the supplj^ of steam is 
partially closed and the speed is lessened ; 

HO vv^hen the shaft runs too slowly the bolls 
fall and the supply of steam is increased. 

The governor thus automatically regulates 
the supply of steam, so that the eugiiio 
runs at approximately a constant spewed. 

From the last result of Art. 140 it follows 
that, ft)!' a governor of a steam engine 
rotating- 60 limes per minute, the height 
is about j9*78 inches ; fur one making 100 
revolutions per minute the height i.s 3*52 
iiKihes ; this latter height is too small lor practical purposes except 
for extremely small engijies. 

Tn order lhat governors may run at a high speed they are therefore 
usually loaded by means of a spring or weight so adjusted as to keep 
(• lower tlian it would be in an unloaded governor. 

142. Motion of bicycle rider on a circular path. 

mall is riding a bicycle on a cuiwed path he always inclines his body 
inwards towards the centre of his path, liy tliis means the reaction 
of the ground becomes inclimul to the vertical. The vertical com- 
j)oiient of tliia reaction balances hi.s woiglit, and the horiJiontal 
component tends towards the ct'iiire of the path described by the 
ccuirc of inertia of the man ajid his machine, and supplies the 
iit'cessavy normal acceleration. 

14d. Motion of a railway earxiage on a curved portion of 
the railway line. When the mils are lc\€’l, the force to give th.e 
carriage the necessary aocelcratiun toward the centre of curvatui’e of 
its path is given by the action of the rails on the flanges of the wheels 
with which the rails are in contact. In order, however, to avoid the 
large fimount of fxiction that would l>e brought into play, and the 
consequent wearing away qf the rails, the outer rail is generally raised 
so that the floor of the trails is not horiz.oiital. Tlie necessaiy inclina- 
tion of the floor, in order that there may be no action on the flanges, 
may be easily found as follows, 

Tict V he tho velocity of He train, and r the radius of the circle 
descril^ by its centre of inertia O. 

Lei He flipire^ represent a scctioft of the carriage in the vertical 
plane /Hrbi^n the line joining Its centre of inertia to the centre, O, 
of the oirele which, it isdescribihg, and lot tho section meet the rails 
in the polpti X Cmd 

(T/ie wfidHfare ,omit^/or the cemven^uae 0/ theNifure/] 
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Lf't It anil S' be the reactions of the rails perpendicular to the floor 
AB^ and let 0 be the inclination of the floor to the horizon. 



«The resolved part, ( •] »S') sin d. of the reactions in the direction 
of) supplies the force necessary to cause the acceleration towards the 
centre of the curve. 

/. ( 1 ). 

Also the vertical corninmcnts of the reactions balance the weight. 

{]{ 4 - .S) cos $ss}rt() (ii) . 

rroni (1) and (2), *' tan (^)» 

giving the inclination of the floor. 

If the width AJ* be given, we can now easily determine the height 
of the outer rail above the inner ; for it is equal to ylB sin 0, 

It will be noted that the height through \vhic,h the outer rail must 
be raised in order that tliere may be no horizontal thrust on the flanges 
depends on tlie velocity of the train. In practice the height is 
adjusted BO that there is no thrust for trains moving with moderaie 
velocities. >'or trains moving with higher velocities, the horizontal 
thrust of the rails on the flanges supplies the additional force required. 

This thrust may ho fotind Jis follows. Assuming that the height 
of the outer rail has been so adjusted that there is no side thrust for 
1 rains travelling wi Lh velocity let X be the side thrust, reckoned from 
Ij towards A , when the velocity of the train is V. Tlien instead of 
equations (1) and (2) we have, (if the above figure bo used with the 
addition of a force X along 

vs 

(i? + S) sin $-hX cos 0-=m - ~ 

(72 't- coff0 ~ X sin 


and 


( 1 ). 

( 5 ). 
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Hen(jb we have 


X = ifV cos 0 - mff sin 0 


= in Sos ~ </ tan 
rF^— t’-n 

~»/tcos d — ---- I , by equation (3). 


If F exceed r, .Y is positive, and the side thrust is caused by the 
nuter rail at Ji. 

If V be less than i\ X is negative and therefore acts from A to Bt 
^ 5 »o that the si<Je thrust is in tliis case caused by the imicr mil at A. 

144. Botatlng spltere. A xnioath hollow .sphere h THHatinfj with 
uniform a ntjular wloeity w ahoiU a rerticul ilianiHer; to »hew that it' 
heavy particle placed inside, and rotaliny with it, will only renmm 
restiny arjainst the side of the sphere at one particular level, and that, 
if the anffulnr vidncity fall short of a certain Ibuii, the particle icill 
only rest at the lowest point of the Iphvrc. 

Let AB be the axis of rotation of the sphere, A being the bighftt 
point, and let 0 be the centre ; let P be position of the'Jtparti3& 
when in relative equilibrium and PX the perpendicular on AB, 

Now P describes a circle about N as centre with angular velocity 
to, and therefore the force towards Xf must be . PN^ov lauj^a sin 0, 
where <i is the radius of the sphere and 0 the angle pOB. 



B 


Tbi^-|iorijsontal compoi^nt Of the normal reaction, B, at P supplies 
this honzontal force, and the vertical component balances the weight 


of the particle. s;. 

Hence Psin ^ :k 

•and (2). 

L. D. 12 
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From equation (1) we have, either pin =0, or l^^viura, * 
Substituting for Ji in (2), we )invc 

C03<?= 

Tlence the parti(;lc is either at the lowest wliere sin 0---0, 

or at a point determined by equation (ii). 

The value of $ given by (3) is impossible unless w-V/ , /.V., unlos.s 

the angular velocity w is greater than • If Hie angular velocity 

be less than this quantity, the only position of redativo rest of llu', 
particle is at the lowest poi)it of the Sidiere. 


EXAMPLES. XXIV. 


^1, A iiiaf.s of 4 -pounds is tied at the end of a siring, of length 
3TOet, and revolves as a conical jxinduluin, Iho string being always 
inclined to the vertical at an angle of 4iT'; lind tlic tension of tlic 
string and the velocity of the particle. 

2. Shew that the inclination to tbo vertical of the string of a 
conical pfiiidulum, when the string is 20 inches long and the pendulum 
revolves 200 tilings per niinuto, is 

54 

, coo“i nbout 87'' 30'. 

r2oT‘‘ 


3, A string, of lengtli four feet, and having onb end attached to a 
fixed point and the other to a mass of 40 iwuiuls, revolves, as a conical 
pendulnm, 30 times per minute ; shew that the tension of the suing 

is lOOrr® poundiils, and that its inclination to the vertical is cos 

I.C., ahont 30'' 51'. 



A A heavy particle which is snsiwjnded from a fixed point by a 
string, one yard long, is raised until the string, which is kept tight, 
makes an angle of 60'^ with the vertical, and is then projected liorl- 
zontully in the direction pei'pendicular to the vertical plane through 
the stiing; find the velocity of projection so that the particle may 
move in a horizontal plane. 

*■ A 

5, A railway carriage, of inas.s 2 tons, is moving at tlie rate of 
60 miles per hour on a curve of 770 feet radius; if the outer rail 
be zvot raised al>ovd the innel', shew that the lateral thrust of the 
outer rail is equal to the |^igft't of about 1408 pound.s. 



NORMAL ACCELERATIONS 179 

6. A train is travelling at the rat®- of 40 miles per hour on a 
cinve, the radius of which a quarter of a mile. If the distance 
between *1110 rails he five feet, find how much the outer rail must 
he raised above the inner, so that there may be no lateral thrust on 
the rails. 

7. A train is travelling at the rate of 30 miles per hour on a 
cur\o the radius of w’hich is 400 yards. If tl)e distance between the 
rails be nve feet, find how iniieh the outer rail must be raised above 
tlie inner so that there may be no lateral thrust on the rails. 

8. A railway carriage moves on a circular curve; find to w'hat 
height the outer rail must be raised above the inner so that there may 
he no lateral thiu-ft on the rails if the radius of the curve be 13*20 feet, 
tie* brcfidth between the rails 5 feet, and the carriage have a velocity 
of 43 miles per hourl 

9. A mass is hnug from the roof of a railway carriage by nieiins 
of a string, six feet long; shew that, when the train is moving on 
a curve of radius 100 yiirds at the rate of 30 miles per hour, the 
mass will move from tlve vertical through a distance of 1 foot 2\ incAbs 
apt»roA]matcly. 

10. A bowl, 3 inches deep, is made from a sphoiical surf.vce 
v.lio**e radiiLs h 0 inches and rotates about its vertical axis. Piiid 
till* j,'reatos»t number of rovojutions which it can make in a minute, 
it a particle can rest on its surface without being thrown out. 

11. If be (ho vertical angb? c»f a smooth hollow' cone, w'liosc 
axis is veitical and vertex dow'iiwards, shew tJIat the distance from 
it^ axis j>f a body, moving in a circle on its surface and making 
a revolutions ijcr ^ccond, is 

(j cot e 

1?. The sails ol a windmill are about 29 feet long, and revolve 
10 limes per minute; shew that a man clinging to the outer end 
of (uie of these sails would, at the higlicst iwiiit of his xmth, experience 
no reaction '^from the sail, and therefore could for a moment leave 
gi) without falling. 

13. A heavy particle is eonnecusd by an incxtensiblc string, 
3 feet long, to a fixinl point, and describes a circle in a vertical plane 
p ibsing tiirougli the fixed point, making 600 revolutions per minute ; 
ncgk'cling the »mall variations in the speed of the fftirticJc, find the 
ratios of the tensions of the string in its two vertical x>ositions and in 
its horizontal position. 

14 . Two particles, of the same mass, are fastened resiiectively 
to the middle point and one extremity^ of ^ weightless string, and are 

12—2 
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Exs. 


laid upon a smooth table, tl|e other end of the string U&ing fastened 
to a point in the table. ^ 

If the string be pulled tight, and the particles be so projected that 
they always remain in a straight line, shew that the tensions in the 
two portions of the string are as B : 2. 

15. A train, moving in a straight line with velocity v, homes to a 
curve of radius r; show that tlie me^in slope of the surface of tlie 
water in a fixed tumbler carried by the train, or the mean deJlection 
of a plummet attached by a short cord, will be 

tan ^ ' . 

//r 

16. A particle, of mass mi, is faistened by a string, of lengtli 2, to a 

point at a distance 0 above a smooth table ; if tlie particle be made fo 
revolve on the table n times per second, find tlie reaction of the table. 
What is tlie gi-eutest value of n, so that the particle may remain in 
corUact with the table? ' ^ 

% 

17. A wet open umbrella is held with its Ijandle upright and 
made to rotate about it at( the rate of 14 revolutions in BB seconds. 
If the rim of the umbrella be a circle of one yard in diameter, and its 
lieight above the gvound’be four feet, shew that the droxis shakcju off 

*> front the rim meet the ground in a circl^f about five feet in diameter. 
If the mass of a drop be *01 of an ounce, shew that the force necessary 
to keep it attached to tiie umbrella is about *021 of a pdundal and is 
inclined at an angle tan“^ J to the vertical. « 

18. A particle, of mass m/, on a smooth tabk ia fasten^ to one 
end of a fine strhig which passes through a small hole in the table 
and supports at its other ^end a particle of mass 2Mt, the jiartiole ru 
being held at a distance c from the hole. Find the velocity with 
which m must be projected, so that it may describe a circle of 
radius c*. 


19. Two masses, m and are placed on a smodfe table and 
connected by a light string passing through a small ring fixed to tlic 
^ble. If they be projected with velocities v and v' respectively at 
right angles to the ix>rtions of the string, which i$ initially tight, find 
the ratiip In which the string must be divided at the ring, so that both 
' particles may ^soribo circles about the ring as centr^^ 

2$, Two masses, m and m'f are connected a string, of length 
which passes through a small ring ; find how many revolutions pet 
second |he smaller mass, must make, as iibbni^ pendulum, in 
beirder that the greater mass may hang at rest at a dlft^ce a tiom the 
outng. ^ • 
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21. A flying, passing through a small hole in a smooth hori- 
zontal table, has a sinall sphere, of mass va, attached to each end of 
it; the iJi)pcr sphei-e revolves'in a circle on the toble ^\hen suddenly 
it strikes an obstacle and loses half its velocity ; find what diminution 
must be made in the mkiss of the lower sphere, so that the upper one 
may continue rotating in a circle- 

22. A string PAQ x)asscs thro^glu a hole A in a smooth table, 
the portion A P Ijung on the tfibic, and A Q being at an angle of 4o^ 
to tlie veriical, and below the talde, so that P and Q are in the 
same Vertical line. If masses be attached at P and Q and, the 
strings being stretched, be each projected horizontally, find the ratio 
of the masses, so tlmt the jilane PAQ may always be vertical and the 
angle PAQ always 45^. If the string be four feet in length, find the 
time of revolution. 

23. A body, of mass m, moves on a horizontal table being 
attac hed to a fixed ijoint on the table by an extensible string 
wliose modulus of elasticity is X; given the oiiginal lengths of the 
s-lring, find the vcbxjity Af the particle when it is describing a circle of 
I’lldiu* 7*. 


24. A iKirticl^ is attacdied to a point A l)y an elastic string, whose 
modulus of elasticity is twice the weight of the iiarticle Hiid whose 
natural length is 2, and whirled so that tJie string describes the surface 
of a cone whose axis is the^ vertical line through -f. If the dlsttinc^ 
l)elo\v A of the circular path during steady motion bA Z, shew tiiat th^ 
VLlocity of the particle must he 

• 

25. In Kx- 8 find the lateral thrust wh?’i the velocity is (1) 30s 
(2) 00 miles iier hgur, lUe mass of the carritige being 10 tons. 

Ill each case state which rail causes the thrust. 



OHAPTEE X. 

MOTION ON' A S.MOOTIl (MTUYK UNOEll THE 
.\(mOX OF ORAVITT. 

145. The geiicM-iil case of the motion of a particle, 
con.strainoil to move on a given curve under any given 
forces, is beyond the scope of the i^re^seiit book ; so also 
is the motion of a particle constrained to move undei* 
gravity on a given curve. 

1’liere is one pn»position, however, relating to the 
^notion of a particle und(*r gravity whicli wc can prove 
in an elementary manner, ami wljich is very useful for 
determining niany« of the cinai instances of llie motion. 

146. Theorem. If a imrlich alkln tlotnn (I a atx of 
any smooth c/nrve in a ‘Vertical plane, and [f n he its ion tad 
rdocity and v its vdocity after slidlny throuyh a vrrtiral 
dislnncn h, to shew that - ir ]- 2yh. 

Lt;t A be the point of tlie curve from which the particle 
starts, and B the point wliose distance from A, measured 
vertically, is h. Draw J/ «and 7f-tV’hon/.ojital to meet any 
\'ertica^^lme in M and N. 

Let P and Q bo two points on the curve, very close to 
one another, and draw PR and perpendicular to *ILV. 
Then PQ is very approximately a small portion of astraiglit 
line. Draw QV vertical tomioet PR in V. * 
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Tlic acceleration at i’ along PQ m gcosVQP and 
hence, if Vj. and be the velocitie,8 at P and Q, we have 
c, = Vj? + 2-/ cos VQP .PQ^. V,? + %j . VQ. 

i.r. tl»o flifiriijo in the square of tlie velocity is duo to the 
\ertical lieii^ht lietweon P and Q. Since this is true for 
eveiy^ eleiiiont of arc, it is true for the whole arc AB. 



Hfiue the eliaug(' in tlie square of tlu; \ndocity in passing' 
from A to B is (hat due to (lie vertical Iioighb 4, so that 
'•- yr + 'Igh, * 

Tlie llH-orom in the pn cpdinj' article nniy be deilncTil cliveoily IVoin 
the J’nnciple of tlie (kniserMition of Energy. 

For, since the curve is smooth, the reaction of the arc is always 
perj.HjJulicnlar to tbe (lin.'ction of motion of the particle. Jleni*c, by 
''ifUirs, Art. IlKj, no work is cltnic on the body by the pi-essuvo of the 
curve. 7’he only force that does work is the weight of the particle. 

Hence, since the clninge of energy is ecjual to the work done, we 
ha^'e 

o inr- - ^ /»»('■* — work done bj the weight-- nufh. 

. 147 . -If, instead of sliding doioii the smooth curve, the 
particle be started along it with velocity w, so that it imn es 
upwards^ the velocity v when its vortical distance from the 
starting poii^t is h is, similarly, given by the equation 

^ 2gh. 
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Hence the velocity of the ]|^rticle will not vanish uAtil 
it arrives at a point of the cun'e whose verticaj height 

• U“ 

above the point of projection is ;y-. ' 


It will be noticed that the height ti> wliioh the particle 
will ascend is independent of the shape of tlie constraining 
curve, nor need it continually ascend. The particle may 
first »ascend, tJien descend, then ascend again, and so on ; 
the. point at which it comes to rest finally will be at a, 


height abo\^ the j)f)int at which its volocily is n. 


* 

It follows that, if a particle slide from ix'st upon a smooth 
arc, it will come to rest wheti it* is at the same vortical 
height as the sbirting point. An approximate example is 
tlie 8witcli-)j^k railwas^ in ^vhich the car almost rises to 
the fi«aine height as tliat of the point at which it startl'd. 
The sliglit dillereiice botw^n theory and experiment is 
caused by tljte resistance of the, air and the friotioji of tlm 
rails which, althougli small, are not quite iiegligible. 

The heavier the car, the less will l)e found to Jbe the 
difference between theory and experiment. 

Tlio expression for the velwity when the particle is at 
a vertical distance h from the starting point is the sanie, 
whether the particle be at that in.stant ascending or dfj- 
scendiiig. ^ 

The tlieorem of the last article is true, not only of 
motion undeif gravity, but also in any case'of ilie motion 
of a partkle on a smooth curve under the action of a Con- 
stant force in a constant direction, in ‘the case of 
motion on a^sinooth inclined plane, if we Suhatitu^ foe ‘V” 
the aci^leration caused by tfie Shines* ' , ./ 
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%t is also true if we substitute for tlie constraining 
curve ati inextensible string fastened to a fixed pcipit, or 
a weightier rod jiybich is always jqjgnual to the path of the 
particle. 

, We cannot, in general, find the tivie of describing any 
given arc without the use of the Diflerential Calculus. 

148. Galileo’s Esqpeiiment. It is not easy to 
accurately perform oxj^eriments on a body sliding down 
a smootli curve; for it is practioidly irnpqssible to get a 
smooth curv(\ We can however in the analogous case of 
a part'iclo ti(’d by a string verify oxpci'inieii tally the theorem 
of Art. 146. 

Tie a lieavy body, such as a lead sphere, to one end of 
a light flexible string the other cud of which ^ attached to 



a fixed point A. Let the body swing about tliis point as 
centre in front of a blackboard. 


Mari^^the point B on the blackboard from which the 
sphei’e ii allowed to stot, and through it draw a horizontal 
Iine7/i4jj(?. If the'sphere {)fe allowed to swing a^iout A^ 
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it will be found to come to rest at a point C whi<‘H is 
Vf-ry. nearly on tlie straight line t 

Xow drive iiv a ufiil at a point v^rtic^llly below A, 
the nail jutting out suflicicntly to intercept the striTig. 
Start the s[)hcre from the same point J) as Ix'fore ; it will 
doscril)e the arc B7) and will then move oji an arc J)(\ 
about as centre. The point C\ at which it cofnes to 
ivsr will be found to be very nearly on the liorizontal 
straiglit lino. Tteverse the operation, starting tlie spher(‘ 
fi'iiu aiul it will be found to describe the path CJ)ji. 

Jlepoat the (‘xperiinent, driving in nails successively at 
A^ and d... In each ease the sanuj lesult will be obtairuxl, 
r/v., that if the sphere started from B it will conic to rest 
at a pf>iiit very n(*arJy on tlie liorizontal linn through B. 

if it wc?l*o not for the resistance of the air, which, 
thougli small, is appreciable, tlie points would 

^•o to be accurately oil the straJght line JB!, 

If a light ball be used, instead of the. ]«)ad one, Irub of 
the samtj size, the. resistance of the air lias a greater eUect, 
and in this case the amount hy which Uie ]>all falls slioit 
of The line 7JC will be found to be greater than in the ca.se. 
of tlie lead ball. 

The same results will follow ii wo drive in liie nail at 
•iity point B of the board within tlie. triangle ABO, so tliat 
the string catclies on tlie nail ns it swdrigs pa.st. 

149. Motion on the outside of a vertical circle. 

A purticUi slides /rwh rest at the highest i>oint dome the otU- 
stde 0 / the arc of a smooth vertical circle; to that it 

will leave the curve when it has described verticaUfj a distance 
equal *to one third of the ra^iiis. 
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Let 0 l)c the centre, and A the highest point ot tlie 
rircle. Lot v be the velocity of 
the ])article when at a point T of 
t he curve, R the i)i‘(issure of the 
our\o there, and r tlie radius of 
the circle. Draw RN perjKiiidi- 
ciihir to tl)e vertical radius OA, 
and l(*t J.V -/i. 

rhon r- ‘2r/ . AN ~ *ltjh. 

Tlu^ force along RO is 
m(j cos 0 - /7, 

mIioi-c 0 is the ajiffle PO.i, 



Ihit the force along RO must, by Art. 135, be hi, 

V- 


li 'Hi 


•)ii ~ iwj — U, 


iV 


hhj—-- 


A'owVif vanislu's, and cliangc.s its sign, wJkmi 3/i 7.^;., 

v,']u'ii 7 ^ . The particle will then leave the curve, and 


describe a parabola freely; for, to make it continue on the 
ciri le, the pressure R woiilld have to l»cconie a tension : but 
this is iinpos.sible since the curve t-aiinot j)h.ll the particle. 


150. Motion in a Vertical circle. A parilrh:, of 
huitin nij is suspc'iided by a string, of length r, from a fixed 
/loint and hangs vertically. It is then projected, iiith velo- 
city u, so that it describes a vertical circle; to find the tension 
and velocity at any point of the subsequent motion, and to 
find also the condition that it may just nude complete re- 
volutions. * * 
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Let 0 be the j)oint to which the string is attsiched, and 
’OA the vertical^line through 0. < 


Let V be the velocity of the 
particle at any point P of its 
path, and T the "tension of the 
string there. 

Let PN be drawn perpendi- 
cular to OA^ let AN ~ hy and let 
the angle POA be 6, 

Then, by Art. 147, 

= 2(jh ( 1 ). 


B 



r“ 


Also, by Art. 135, m — -- force at P along the normal, 
r 

POy to the path. of the particle. 


/. m- - T 
r 


- vtg cos 0 =- 7'— mg , 


T ^ m • - >- ^ - ^ m. - — > — - - 




These two equations give the velocity of th§ particle, 
and the tension of the string, at any l>oipt of the path. 

Tlie particle will not reach the highest point B it the 
tension of the string become n^ativa-; for then, in order 
that th^particle might continue revolving in a circh^, tlie 
pull of the string would have to change into a push, and 
this is impossible in the case ol^a string. 

Hence the particle will gu9it make complete revoluliops 
if the tension vanish at the highest point, >vj||tere h = 

This, from (2), is the case if . ^ ^ 


Le.y if 
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Hence, for complete revolutions, w must not be less 
than s!h(jr. , # 

AVlieii u— sjiygr^ the tension at the lowest point, by (2), 

in - ^ = 6m^ poundals.^ 

Hence the string must, at the least, be able to bear a 

^\ eight equal to six times the weight of the body. 

*• 

*151. Newton^s XSxperimental Law. By using 
tiho theorem of Art. 147, we can shew how Newton arrived 
at Ijis law of imjiact as onunctated in Art. 118. 

We suspend two spheres, of small dimensions, by parallel 
strings OA and O'Z?, whose lengths are so adjusted that when 
haJiging fi'eely the spheres are just in contact with tlieir 
oentres in a liorizontal line.^ 

One ball, A, is then drawni bfick, the string being kept 
tight, until its ctmtre is at a height AM^ *d)ove its 

original position and is allowed to fall. Its 'S'elodty v on 
hitting tlie second ball R is 
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L<‘t v’ ;Mid be I lie volocitie.s of the spheres iiii- 

‘lin'dijiiely after the impact, «*iml h! and h" the h^'ii^lits to 
wliioli they rise before again coming to lest, so that 
v' =- \^'2(/h\ and v" = J‘2(jlt'\ 

Tlie sphere -t may cither rebound, remain at rest, ov 
follow lifter Jj. 

Takijig the former case the velocity of sepai-atiou is 

1 -- + Jh"). 

Also the velocity of approtich was . J/i. 

AVe should find tliat the ratio of ( + n,///") to Jh 
would be the same wdiatever be the value of h and the 
latio of tlio mass of A to tliat of />, and that it w\>uld 
depend simjily on (lie sul)staiice.s of whicli the masses 
consist. 

tf 

AA’e Jiavc only considered one of the simpler eases. Yy 
car<*fiiJly arranging the starting points and the instants of 
starting from rest, botli spheres might he drawn aside and 
allowed to impinge so tliat at the instant of impact both 
were at live lowest points of their path. The law^ enun 
ciated bv Newton Avould be found to he true in all c/ises. 


EXAMPLES. XXV. 

1. A pai'ticlo, of mass 5 lbs., hangs at the end of a string, I-J lect 
hmg, tlie other end of whicli is attached to a fixed point; if it be 
prujeeb'd liorizontally with a velocity of 25 feet per second, firnl the 
vcj<}city of tlie particle and the terisidil of the String, when tlie latter 
is ( J } liorizontal, and (2) vertically upwaruB. 

2. In the pre\lou 3 question, find the leafit velocity of projection 
tliat the particle may be able to make complete revolutions, and the 
least weight that the Hiring must be able to bear. 

3. A body, of mass ?//, is attached to a fixed point O by a string 
of length 3 feet; it is held with the string horizontal and then let 
fall ; find fls volc^Jity when the^ string becomes vertical* and also the 
tension of the string then. 
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4. A smooth hoop, of dijunctci* 9 is phuiod iu ii 

• phiue, and a bead slides on the liooi) starting from rest at the higliest 
point of tbe hoop ; find its velocity, 

(1) Jit the lowest point, 

(2) at the end of a horizontal diameter, 

(3) wlieii it has described one-third of llic vertical distance to tlie 
iosvest ix>iiit, 

(4) when it has described one-third of tlio arcinil distance to the 
lowest i)oint. 

5. A heavy particle is attached by jl string, 10 feet long, to n 
lived point, and swung round in a vertical circle. Kind the ten.sion 
and velocity at the lowest point of the circle, so that the pjirticle may 
just iinikc complete revolutions. 

6. A cannon, of mass 12 ew't., rests horizontally, being supported 

by tw'O vcitical ropes, each of length 9 feet, and projects a bjiJl of 
mass 30 lbs. ; if the cannon be raised througli 2-25 feet, by the recoil, 
find the initial velocity of the ball, and the tension of tlie ropes at the 
instant of dischaige and at the iii.stant when the cannon first comes to 
rest. V 

7. A small heavy ring can slide upon a cord, 31 feet long, which 
has its ends attached to two fixed points, A and it in the saim' 
horizontal line and 30 feet apjirt. The ring starts- the string being 
light — from a point of the string distant 6 feet from A ; sliew tluit, 

lien it has desciibed a length of the eoid ciiiuil to 3 feet, its velocity 
will be 10T2 feet per second nearly. 

8. A partifde slides do\VTi the arc of a vertical circle ; shew'^that 
its velocity at the lowe.st point vanes as the chord of the arc of 
tloscent. 

9. A particle runs down the outside of a smooth vertical circh', 
starting from ro.st at its highest point; find the liitus rectum of the 
parabola wliich it describes after leaving the surface. 

10. A ball, of niass in, is just disturbed from the top of a smooth 
vertical circular tube, and runs down tin interior of the tube im 
pjiiging on a. bull, of nm.ss 2»«,^wliic}i is at rest at the bottom of the 
tube; if the coelHcicnl of restitution be find the height to whicli 
ww:h ball will rise in the tube after the impjict. 

11. Two equal ivory balls arc isuspended by parallel thread.s, po 
that they are in contact, and so that the line joining their centres is 
horizontal, and two feet below the pointy of jitta<;binent of tbo tlir(?ads. 
Determine the ooellicicnt of restitution between the balls when it im 

' found that, by allowing one ball to start from a position when ith 
thrctul is inclined at 60*^ to the voi*tical, it causes the other ball after 
impact to rise through a vertical distance of inches. 
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12. A circular arc, subtending 30® at its centre, is fixed in a 
vertical plane so that its highest point is in the same horizontal 
plane <with its centre, and a smooth particle slides down 4his curve 
starting from rest at its highest point. Shew that the latus roctum 
of the parabola, which it describes after leaving the curve, is half the 
radius of the circular arc. 

13. A weightless inextensible string, of length 2Z, is fastened nt 
its extremities to two points A and 7i in the same horizontal line, at 
a distance I apart, and supports a body C of miiss m, tied to its 
middle point. If C be projected perpendicular to the plarie ACB 
with double the velocity requisite for it to describe a complete circle, 
find the greatest and least tension of the strings. 

If one pfJi'tion of the string^ cut when G is lialfway between its 
highest and lowest points, find the subsequent motion. 

14. A smooth tube, in the form of 7 sides of a regular oolagod!^ 
each of whose sides is <i, is placed so that ono extreme side is lowest 
and horizontal and the other extreme side is vertical ; an inelastic 
particle is just placed inside and connected by a string passing through 
the tube with an equal particle hanging virtically; find the Velocity 
o! the particles wdien the first leaves the tube. 

15. Shew that the effect of the rotation of the earth is to lessen 
the appiirent weight of a body at the equator by Jt,- of itself, the 
earth being assumed tu be si .sphere of radius 4000 miles. 

Shew also that the apparent weight of a train at the equator, 
which is travelling east at tJie rate of a mile per minute, is decreased 
by afeut *004 of itsollf. 

4 

16. A particle slides down a smooth curve, through a vertical 
height //, and tluis aetjuires suflicient velocity to run completely round 
the inside of a verticil,! circle of radius r (as in the centrifugal railway ) ; 
prove that 2h must be greater than 6r. 


17. In the experiment of Art. 151 the sphei;es are of equal mass 
and the lengths of the strings attached to them are equal ; the first 
descends through an arc whose chord is x, and tlie second ascends 
through an arc whose chord is y ; shew tliat thto coefficient of restitu- 

7 a ^ 


18. A small ball Is tied to on^end of an inelastic string tbe otlier 
end of which is attached to tf'fited ^Int 0. It^is held* with the 
string tight, at a point whiclris fdot above 0 and then let fall ; 
if the length of the string be 3 f^t, fii^ its.yelocity immediately 
after the string i^ain becomes tight and th^e hei|ht ihove 0 to which 
it jjfnbsequcntly rises, ^ • 



XXV UOTTON ON A SM0077/ CURVE 193 

19. A psirtifile is projected alonff the inner surface of a smooth 

vortioal_ circle of radius a, its velocity at the lowest point being 
i i ‘'shew that it will leave the circle at an angular distance 

cos"^ ' 5 ' from the highest point and that its velocity then is -J ^Jloga. 

20. A bullet of mass 200 grammes is moving with a horizontal 
\elocity of 400 metres per second ; it hits iho centre of a face of a cube 
of wood, of mass *20 kilogrammes, which is suspended by a string, 
ami becomes embedded in it. Through what height does the wood 
move before coming to rest ? 

21. A box of sand, of mass 20001b., is suspended by two equal 
\erticaJ cords each H ft. long and a shot wdxose mass is 20 lbs. is fired 
into it in a horizontal direction piussing through its centre of gravity 
and remains embedded ; if tlie centre, of giavity of tlie bo.x I'ecoils 
through a circular arc the length of whose cljord i.s 6 feet, shew* 
fliat tlie velocity of the shot was 1212 ft. jx;r sec. 

In general, if m and M be the masses of the bullet and box of 
sand, I be the length of each vertical cord, and k be the chord of 

recoil, the velocity of the shot is k . . /? . 

m \/ I 

[We cah tlius find the velocity of any bullet. We have only to 
cletermino expt'rinientally the value of A,] 


I.. IK 


13 



CHAPTER XT. 

SIMPLE HARMOUIO MOTIOX. PENDULUMS. 

152. Theorem. If a point Q describe a circle with 
uniform angular velocity^ and if P he always tlw foot of the 
}ierpendicular drawn from Q upon a Ji',ced diameter AO A' 
of the circle, to shew that the acceleration of F is directed 
towards the centre, 0, of the circle and varies as*the distance 
of F from 0, arul to find the vdoetty of F time 

of describing any space. 


A' 


B' 

aftei I’adius of the circle^ tlie Augle QOA 

it #ubse. Draw QT taogOttt n-t Q i^oMtktOA in 1\ 




SIAIFLE HARMONIC MOTION 


195 


Let (D be the constant angular velocity 'with which the 
point Q citescribes the circle. 

Since F is always at the foot of the perpendicular to 
A A' drawn from <2, its velocity and acceleration are the 
jsaine as the resolved parts, parallel to AO, of the velocity 
and occolenition of Q, 

By* Art. 135, Cor. I., ilie acceleration of Q is aoy^ 
towards 0. 

ITence tlfe acceleration of F along J*0 = OF, 

and therefore varies as the distance of F from the centre 
of the circle. 


-Vlso the velocity of F 

4 

-5 aw cos - aw sin ^ . FQ cu \/a® — ?(1 ), 

\N here OF is a*. 


'PhiS velocity is zero at A and A', and greatest at 0, 

Also the acceleration vanishes, and changes its sign, as 
tlic point F passes tlirough 0, * 

The point F therefore movejf from rest a^t -1, has its 
gi-eatest velocity at 0, comes to rest again at A', and then 
lotraces its path to A, * ^ 


Also the tiipe in which F describes any distfinco AP 
'--time in* which Q describes the arc AQ^ 

e 

ILence the time from A to A' ^ * cos"* (- 1) ~ 


I , /x 


( 2 ). 


Also the time from .^to A* and back again to 4 

'2ir ^ 


(3). 


13—2 
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153. Simple Harmonic Motion. Def. If a 

point move in a straight line so that its acceleratiotfis alway^i 
directed toivards, and varies as its distance /rotn, a Jixed 
jwint in the straight linBy the point is said to move toith 
simple harmonic motion. 

The point P in the previous article moves witli simple 
liarmonic motion. 


From tlie results (1), (2) and (3) of the previous article 
we see, by equating or to ft, that if a point move witli 
simple harmonic motion, atfirting from rest at a distance a 
from the tixod centre (9, and moving with acceleration 
ft . OI\ then 

(1) its velocity when at a distance rr from 0 is 

(2) tlie lime tliat has elapsed when the point is at ii 
distance from 0 is cos**^ - , 

,and (3) the tim^ that elapses l)efore it is again in its initial 

. . . 27r 

position IS ~ ~ . 

fhe range, OA or 0A\ of the moving point on either 
side of the centre 0 is called the Amplitude of the motion. 

The time that elapses from any instant till the instant 
in whicb the moving point is again itioving through the 
same position with the same velocity ami direction is called 
the Periodic Time of the motion. 


27r 

It will be noted that the periodic time, ^ 
independent of the amplitude of the motion. 


154. From the*^rei^lt (2) of the previous article, it 
follows that, if t be the time^the moving point takes to 
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(loscribe the distance from rest at a to the distance a?, 
tlieii 

X a ^xt). 

From (1) it then follows that the velocity v 

— a * cos“ ( V fxt)] 

— a \^sin 

155. Examples of Simple Harmonic Motion. 

This ijif)tion is of fro(j[iient occurrence in Physical and 
Mechanical j)robleins. ^ 

it is the motion of a point of a tuning fork, and of a 
point in a violin string when the string is plucked sideways. 
The motion of a pendulum (Art. 1 58) is simple harmonic 
\vheu the angle through which it moves is small ; so also is 
that of a mass tied to an elastic string or a spring and 
allowed to oscillate up and down in a vertical line. The 
motion of the revolving mass of a Conical Pendulum (Art. 
140) as seen from a distant point in its plane is simple 
harmonic; and also that of JupiteFs satellites when 
observed from a distant point in their plane. 

Generally the motion of all elastic bodies, in which the 
force brought into play is proportional to the displactunent, 
follows the same law. 

The expression J:?impl^ Harmonic Motion is often shor- 
tened into s.H.M. . 

150. Bx. 1. A ‘point moves with simple harmndc motion whose 
peritA is 4 seemds; if it start from rest at a distance 4 feet from the 
centre of its path^ find the time that elapses before it has described 
*2 feet and the, velocity it has then acquired. 

2ji- 

If tliG acceleration be u times the distance, we have -, = 1. 



When the point has described 2 feet^it is then at a distance of 
2 feet from the centre of its motion. • 
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’* Hence, by Art. 153 (2), the time that has elapsed 

1 ,.T 1 ,/2\ 2 t>2 , 

, 5= ~ co8~^ - a: - COS*”* 1 1 I = ” X s =* o second.# 

a T \4/ IT 3 3 

A 2 

Also, by Art. 153 (1), the velocity it has acquirwl 
= (4®- 2®)=rTrj^3 feet per second. 


Bz. 2 . A point utarttt from rent at a dUiance of 16 feet from the 
centre of iU path and moven with simple harmonUFmotion ; if in its 
initiitl position the acceleration he 4 ft.-sec. vnits^find (1) its vehn'ity 
tcJun at a distance of 8 feet from the centre and when passwg through 
% centre t and (2) its periodic time. 

(1) Let the acceleration be p times the distance. 

Then /jtxl6=4, i.e p-f. 

Hence, by Art. LW velocity when at a distance of 8 feet 

from the centre= n/J (16®- 8®)= ^^^48=4 /^3 feet per second. 

Also its velocity when passing threugh the centre 

= • 16^ -8 feet per second. 


(2) Its periodic time 


-“ss4irs= about 12 J seconds. 


Bx. 3. A light sinral spring^ wlnm unstretched length is I cnis. 
and whose modulus of elasticity is the weight of n grammes^ 
ijLsuspended by one end and has a mass of in grammes 
mched to the other; shew that the time of a vertical * 
oscillatum of the mass is I 


2ir 



Let 0 be the fixed end of the spriftg, OA its position 
wheujmstretched. When the particle is at P, where OP=^Xt 
let T be the tension of the spring. Then, jjg Hooke’s 
Law, ^ 




x-^l 


a'— I 


Hence the resultant upward force on ptmT^mg 

Let 0^ be a poiitt on the vertical through 0 auch tha^ 


•A 

O' 


U 


Ti 


.4p 
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Hence the resultant upward force on P 

0<y] = y . (yp. 


Hence the Upward aceeleraliou of P= — -f OfP, i.e*, its' motion is 

w I 

simplo harmonic about O' as centre, and its time of oscillation, by 
Art. 15S, 

ss / w // /mZ 

=:2ir-^ \/- V =:2r a/ • 

. \ m I V ng 

It -vviU he not^ that O' is the point where the mass would hang at 
rc'^t. For, if it were placed at rest at P, the upward tension would 



and would therefore just balance its weight. 


EZAMfLES. ^XVI. 

1, A particle moves in a straight lino with simple liHrmouic 

motion ; find the time of an oscillation from rest to rest when 

(1) the acceleration at a distance 2 feet is 4 ft. -see. units ; 

(2) the acceleration at a distance 3 inches is 9 ft. -sec. units ; 

(3) the acceleration at a distance one foot is Tr^ft.-sec. units. 

• ^ 

2, In each of the cases in the previujs example, find the velocity 
when the point is passing through the centre of its path, the am- 
pli^udos of the motions being respectively 2 feet, 3 inches, and one 
toot 


3, A particle moves in a straight line with simple liai’monlc 
motion, anjiits periods of oscillation are (1) 2, (2) and (3) ir q^onds, 
rosiiectively; the amplitude of its motion in each ea.se is one foot; 
find the Telocity of^e particle when moving throiigli the centie of 
its path. 

4, A point, moving with has a velocity of 4 foot per 

^ooxid when passing through the contm of its path, and its period 
is v seconds ; what is its velopily when it lias describeil one foot from 
the positlOp in which its velocity is sero? 

5, A p^nt moves with s.a.M.; if, when at distances of 3 and 
4 feet from the centre of its path, its velocities are 8 and 6 feet 
per second respectively, find its period and its acceleration when at 
Its greatest distance tom the oentm. 
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6. A mass of one srammo vibrates through a millimetre on eaeh 
side of the middle point of its path 256 times per sceond ; assuming 
its inqtioii to be simple hni’monic, shew that the maximum f jrce upon 
the iJartiele is (5127r)‘- dynes. 

7. A horizontal shelf moves vertically with s.ir. m., whose 
complete period is one second; find the greatest amplitude in ceiiti- 
metves that it can have, so that objects resting on the shelf may 
always remain in contact with it. 

8. A mass of 12 lbs. is hanging by a light spiral spring' which 
stretches one inch for each pound-weight of tension. If the upper 
end of the spring be instantaneously raised four inches and theu 
held fast, find the amplitude and period of the .subsequent motion 
ot the mass. 

9. A weight is attached to the lower end of a light spiral spring 
whose nj)pev end is fixed and is released. If it oscillate in a vertical 
line through a sptu'.c of six inches, what is the i>eriod of its osciilatiou ? 

10. An elastic string, to the middle point of which a particle is 
attached, is stretched U) twice its natural length and placed on a 
smooth horizontal table, and its ends are tlicn fixed. The particle 
is then dispbwicd in the direction of the string ; find tlie period of 
oscillation. 


11. A rod AB is in motion so that the end B moves with uniform 
RI)ecd XI in a circle whose centre is C, whilst the end A moves in a 
straight lino passing through C. If AB^BC—a, and AC^.r, shew 


that the velocity of J*is u 




an<l Hint it moves with simple 


hiirmonio motion. 


[Hence we have a motliod of obtaining practically a simple 
harmonic motion. Let CB be a revolving crank and BA a connecting 
rod, of length equal to CB, athiched to a point which, as in the 
case of the piston of a steam engine, is compelled to move in a 
straiglrt line CA. Then the motion of A is simple hannonic.J 


157 . Extension to motion hi a curve. 


Suppose that a moving point V i.s describing a portion, 
AOA\ of a curve of any shape, starting from rest at A 
and moving so that its tangential acceleration is always 
along the arc towards 0 and equal to /a . arc OPy then the 
pro|x»sitions of Art. 153 are true with slight m<jdiHcatioii.s. 

For let O'B he a straight line equal in length to the 
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aro OA^ and lc*t P* boa point dcscnbinifj it with acctdoiution 
/t . 0'P\ also let O'P' - arc OP. 

Since the acceler«ation of P' in its path is always the 
same «a.s that of /*, the velocities acquirer! in the s;ime 
time are Ihe same, and the times of describing the same 
distftnces aj'o tlm same. 



Hence 

(1) The velocity of P - the velocity of /*' 

- sVlOVi- — O'P") '■ JfJL J(arc OA)'^ - (arc OP)"}* 
(:2) The time from A to /’-time from Ji to P 



anrl (.'!) TJie time from A to A' find back again - . 

v/^ 

PENDULUMS. 

158 . Simple pendulum. A particle tied To one 
end of a string, the other end of which is fixetl, and wliich 
o.sci11ates in a vertical circle having the fixed point as centre, 
is called a simple pendulum. 

The time of oscillation depends on the angle though 
which the string swings on each side of the vertical. 

If however this angle of oscillation be small, we shall 
shew in the next article that the time of oscillation of the 
pendulum is approximately coiAtant. 
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. 159 . Theorem. Jf a partide he tied by a string to 
a fixed point, and allwmd to oscillate through a Bm^l angle 
about the vertical position, to shew that the time of a complete 

oscillation is 2ir ^ /- , where I is the length of the string, 

V 9 

liet 0 be the fixed point, OA a vertical line, AP a 
portion of the arc described by 
the particle, and let the angle 
AOP be <9. 

If P'P be the tangent at P 
meeting OA in T, the acceleration 
of the bob along PT 

= sin ^ 

= gb, approximately, if 0 be small 
~ y X arc AP. 

9/ 

The acceleration along ti]^ t^mgent to the path thei*e- 
fore varies as t he* arcual distance from the lowest point. 

It follows that the motion is harmonic and hence, by 
Art. IT'T (3), the time of a complete . oscillation is inde- 
pendent of the extent of the oscillation,, j^nd equals 



The first discovery of this principle of.theiime of swinging of a 
pendulum is said to have been mode by Galileo about the year 1582 ; 
lie observed that the great bronze lamp which honget ^m ^e roof 
of the cathedral at Pisa seemed to have a milform t^e. of swing, 
whatbver bo the arc through which it moved, and he verined the fact 
by counting the beats of his pulse. , , , 

Bx, Piud the length of a pmdulnrn which iifilt" oscillate 50 times 
in 55 seconds, • *' v 
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65 

The time of oscillation is ^ seconds. Hence, if I be tlie length 
of the ji^ndulum, we have 

66 h 

66“’^ V g’' 1 V 32\ 

/X- 1 
■ V 32 “i 6 ' 

f = 32 X ^ feet = 37 J inches. 

160 . Experimental Verification. The important 
result of the prevfous article may be easily verified to 
a fair degree of accuracy. We cannot actually make use 
of the “ paHacle and the “ massless string of the mathe- 
matics'! demonstration ; but a small sphere, made of brass 
or other metal, with a hook firmly fastened to it and a 
light strong silk thread will make a very good approxi- 
mation. 

First, to she/w that the thm varies os the sqyiare root of 
the length, ^ 

Take several such spheres, and to them attach threads 
the other ends of which are attached to fixed points ; for^ 
example by passing the threads through eyes seprewed into 
a fixed horizoi>||b] bar, and then tieiiig their other ends to 
some convenient support! Adjust the lengths so that the 
distances measitred from the centre of tlie spheres to the 
points from which the strings swing are in the ratias 
of 1, 4r, 9, 16.... [For example, let the lengths be G ins., 
2 ft., 4 ft. 6 in's;, 8 ft,...] ' Start the balls all swinging, 
throujgh small angles, at the same instant. Their times of 
oscillation ivill be found to be as 1, 2, 3; 4,... i.e, as the 
square roots of , their lengths. This will be best seen 
if the qhseryer nets only two swinging at a time. For ex- 
ample the first will be- foimd^to swing in lialf the time 
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of tho scH'oiul, and hence will be found to complete every 
secon4 complete awing at the same time as the, stjcond 
pendulum completes its swing. 

So the first pendulum will be found to oscillate three 
times for each oscillation of the third pendulum, and hence 
every, third oscillation of the first pendulum will be found 
to end simultaneously with successive swings of the .third 
pendulum. 

Similarly hn' any (^ther case. 

Secondly, to shnv that the time of oscillation is indc~ 
pendemt^ approximately y of the material of which the hob is 
made. 

Take spheres, of tho same size approximately, but inadei 
of different materials, provided that these materials are not 
made of very liglit substances such as cork. As in the first 
experiment attach tliem by strings of the saiiie length and 
set them all swinging together. This may be done by 
pushing the spheres all side-ways to the same extent by 
means of a board, fpid then sharply whhdrawing tho board. 
The pendulums will then be found to swing in the same 
'time for a larg(j iJuinl>or of oscillations provided the lengths 
of the strings have been carefully adjusted so as be 
ctpial. After .some time the splieres, made of the lighter 
maferial, will be found to lag behind the. others ; this is 
}x*.cau3C the resistance of the air has more effect on tho 
lighter than on the heavier spheres. 

Thirdly, to find the value of y by nyuemis of a simple 
pendulum. 

Take one of the spheres and adjust the length of its 
string to a convenient distance, say about two feet Care- 
fully measure the distance from the point of suspension of 
iho silk thread to the contre^of the sphere. Set the sphere 
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.swinging fiiul find the time T of a complete oscillation. 
This i» best done by observing the time of (s^y) 40 
t>l) 3 ervations and dividing the result by 40. [An ordinary 
watch wil-h a seconds hand will give sufficiently accurate 
results. ] 

Then in tlie formula 



of Art. 159, we now know both I and T, so that the value of 7 

' • 

i>y the usf! of a logarithm Table, or by ordinary 
calculation, we now easily obtain the value of tj correct to 
the second place of decimals in foot-second units. 

Similarly, if we measure I in centimetres, wo shall get 
the value of// in the c. g. 8 . system. 


161 . Seconds Pendulum. A seconds pendulum 
IS one which vibrates from I'est to rest {i.c. inakes half a 
coDiphte oscillation) in one second. 

Hence, if I be its length, we liave * 




Since ff varies at different points of the earth’s surface, 
v.^e see that the length of the seconds pendulum is nob the 
sjime at all points of the eartht 

For an approximate value, putting g - 32 '2 and w - - V’ 
we have 

I = 3 •2(5 feet - 39'1 2 inches. 

If we use the contimetrc-sccond system we have, by pufring f/ -.Oyl, 
{=s99‘3 centimetres. 

For the latitude of liondon ir^re accurate vaku'S are 39*13929,.. 
inches and 99*413... centimetres. 
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EXAMPLES. XXVn. 

[In the foUcncing ea-amples, v nuxy he taken to he 

1. If 'vvha.t iR the length of a pendulum vibrating in 

2*5 seconds? 

2. The time of a complete vibration at a given place of a mn- 
ilulum 64 metres long is 16 seconds; shew that the corresponding 
value of <7 is 987 cm. -sec. units. 

3. A pendulum, 3 feet long, is observed to make. 700 oscillations 
in 671 seconds ; find approximately the value of y. 

4. Given that the length of a seconds pendulum is 39*12 inches, 
find the lengths of the pendulums which will yibrate in (1) half a 
.second, (2) one quarter of a second, (3) 2 seconds. 

* ' 

5. How many oscillations will a pendulum, of length 53*41 centi- 
metres, make in 242 seconds at a place where g is 981 ? 

6. Shew that a pendulum, one mile in length, would oscillate in 
40 seconds nearly. 

7. A pendulum, of length 87*8 inches, makes 183 beats in three 
minutes at a certain xdace ; hud the acceleration due to gravity there. 

8. How many oscillations will a pendulum, of length 4 feet, make 
in one day ? 

9. A pendulum, 450 feet long, has been suspended in the Eiffel 

tower; prove that it Inakes a complete oscillation in about 23^ 
seconds. ^ 

162 . The re.sult of Art. 159, although not mathematically 
accurate, is very approximately so. If the angle a through which the 
{pendulum .swings on each side of the vertical be 5”, the result is 
within one two-thousandth part of the accurate result|p 80 that a 
pendulum which beats seconds for very small osoillation^would lose 
about 40 seconds per day, if made to vibfiate tluough 5^ on each side 
of the vertical. 

1 63. The simple penflulum of which we have spoken 

is idealistic. In practi^, a pendulum coi^ists of a wire, 
whose mass, although small, is not 2eto and a^bpb at the 
end which is not a particle, Whatever be tjie shape of 
the pendulum, the simple pendulutn which osc^lf^ in 
the same time as itself is called' its iisnpte 
pendulum. ^ 
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The discussion of the connection between a rigid body 
and its pimple equivalent pendulum is not within the .range 
of tliis book. We may, however, mention that a uniform 
rod, of small section, swings* about one end in the same 
time as a simple pendulum of two-tjiirds its lengtli. 

164 . Acct^leralion due to gravity. Newton dis- 
covered, as a fundamental law of nature, that every particle 
attracts every other particle with a force which varies 
directly as%e product of the masses and inversely as the 
square of the distance between them^ 

From this fact it can be shewn, as in ai^ treatise 
dealing with Atcrtictions, that a sphere attracts any particle 
outside itself just as if the whole nuiss of the sphere were 
collected at its centit:^, and hence tliat the <icceleration 
caused by its attraction Vciries inversely as the square of 
the distance of the particle from the centre. 

Similarly the attraction on a particle hiside the earth 
can be shewn to vary directly as its disUnee fi’om the 
centre of the earth, » 


Hence, if be the value of gravity at a height h above 
the earth’s surface, g the value at the surface, and r the 

eavtli’s radius, then \g -t-—, 

(r + 


so that 




So, if g2 bo the value at the bottom of a mine of depth 


(L we have;^9 *= g 


The value St g is therefore greater 


r 

. . ' We, shall now investigate the effect cn the time of 
osoillatidn'bf a.’Shap'o pendulum due to a change in the value 
of p, and also tli^ effect due to a mlal change in its length. 


at the ^artVs surface than either outside or inside th.e earth. 

t 
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If n ])cnduhunf of leio/th Z, viake n complete oacHloiioita in n nicen 
time, to shcic that 

(1) ' 7/ fj he chantfcd 4>o the numher of q^rAUothm^ (joined 

. n a ' 

'■'■yrr 

(2) If the pcndiduni he token too heAjht h ohove the earth' » Hurjare, 
the numher tf o-icillations loH is n — , where r is the radius of the earth, 

{ft) If it he taken to the luittom of a mine of depth d^ the ttumher 

1 . • ^ 

lout IS y , 

(4) If its lentjth he changed to l-rL^ the numher hmt is ^ . 

Let 7’ be the orij^inal time of oscillation, 7" the new time of 
oseilhitioii, and n' the now number of oscillations in the j4:i\(:n time, 
so tlnit 

nV—iVT\ 


(1) In this rase 7’= Ctt * /- and T' ~ ~ . 

} To nee --- 1 i » approximately, 

n T 'V 0 ^ U 

^hy Binomial Theorem, squares of b(‘’i)#^ neirlcclcd^ . 

n ( r 

Hence the numbon .pf oscillations f;aiiied = //' - n ~ ■ 

So, if }f Ixjcome p - (r, the number lost is . 

(2) If /; - <r be the Milue of gravity at a height /i, wo haNO 

’1. — fi + h\ ~ aiqiroxiinatel V. 

If (/•+-//)- \ '/•/ r 

2h 

Tliciefore (1 — r/ - , ami hence, as in (1), tlio numher of os- 
r 

ci nations l(»st is n- . 

r 

(:^) If g - (r be tlie vai^ at a depth d, wo have <j -O : p : : r - d : r, 

so that the number of oscillations lost =r ~ ~ ~ . 

2 p 2 r 

(4) Whan the length I of the pendulum is changed to wo 


ha^'o 
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(^+t) ^=^" 5 T 

Hence the number of oscillations lost = n- n' = g y . 

« I 


From this article it follows that the height of a 
mountain, or the depth of a mine, could be found by 
finding the number of oscillations lost by a pendulum 
which 'be^ts second|[ on the surface of the earth. 


166. ZSx. 1. A 2 >cmluliinit which heats sccomU at the surface 
uj the carthj is carried to the top of a mountain 5 jnilcs hiffh; find 
the number of seconds it triU losn in a day^ assuminy the radius of 
tiie earth to he 4000 miles. 

Ijet g and be the accelerations due to gravity at the soa-level 
and the hjp of the mountain respectively. 

• * 4000* * 4005^ ' 

£_/4005y_ /SOIV^ 

“ \4(m) “ Voooy * 

Sii\c3 the pendulum beats seconds at the earth’s surface, we have 

■- VJ *''• 

Al‘«o, if T be the time of oscillation at the top of the mountain, 
weluuc • 

■‘'-’Vk 

l>ividing (ii) by (1), we have 

/J_S0i 

V ih 

Hence the number of beats in a day at the top of the mountain 

B6400 800 

86400 


= 86400x^=86400(1^+^)-' 

^■*■800 

= 86400 (*-~^g) approjunwktely 

,‘=86400-108. ^ 

Therafora the htuuh4r of bests los^jis 108. 

I. l>. 14 
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640 _ /I 

ess'*" V 


(1) 


£x. 3. A jindty seconds pemlvlnm loses 20 seconds per day ; find 
the required alteration in its Icnylhy so that it may heep correct time. 
T!ie pc'udulum beats iB6380 times in 86400 seconds, so tl.Jit its time 

of oscillation is seconds. Hence, if ? be its lengtli, 

OOiJo 

8640 
8638^ 

I.et Z + .r be the true Jen^^th of the Eecoiuls i>endulv.:u at the phice. 
Then 

l = ir.A^-- (- 2 ). 

V 2> 

Subtracting the square of (1) from the squaie of (2), w'c ha\e 

.r 

ymasj 


1-1 


-T 






32 X 40 
■■4H4' ‘ 


4 

8640 ' 


49 

121 x270 


’oximatcly 
feetis ~ -018 inch. 


ITcnce tJic pendulum must be shortened by '018 inch. 


167 . r Wijlaition of the law of gravity by paeans if the 
vwon'ii Dfjdwn. We may shew roughly the trutli of tlie 
law of gravitatioA, l>y finding the time that the moon would 
take to traved round tlie earth, on the as.suinption that it is 
kept in its orbit by means of the eartli\s attniotion. 

Jjtitfhe the* acceleration of the moon due to the earth \s 
attraction; then, since the distance between the centres of 
the two bodies is roughly 60 tiinea the earth’s radius, we 


1 1 


have / : f/ : : , so that / - 5,^ 


9 

5000 * 


\jvX r be the velocity of the moon round the earth, so 
that, by Art. 135, 

60'r 3600 * 



60 * 
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1T(‘uci 3 the periodic time of t)ie moon 

— 27r X 60r -r- V --- 27r . 60 X 


/oOr , . 

. / seconds. 

V (1 


Taking the radius of the earth to be 4000 iriiles, and g 
as 32*2, this time is 27*4 days, and this is approximately 
the ol)served time of revolution. 


* EXAMPLES. XXVIIL 

1, A pomliilum which Ix'ats seconclg at. Greenw ich , whc're <j — 32*2, 
is taken to another place wlicre it loses 20 seconds per day ; tind the 
\ al.uc of <7 at the latter idiice. 

2, A seconds pt'nduluin, which gains 10 seconds per da}" at one 
])lnce, loses 10 seconds per day at another; compuio the accelerations 
(4 Lie to gravity at the two places. 

3, Assuming the values of g in foot-second units at the equator 
and the north pole to bo 32-00 and H2*2/> resijcotively, find how many 
‘seconds per day would be gained at the north pole by a pendulum 
which would beat seconds at the equator. 

4, A clock with a seconds i^enduhim loses 9 seconds per day; 
find rougldy the required alteration in the length of the pendulum. 

5, A clock gains fhe seconds per day ; sliew how it may be made 

to keep correct time. • 

6, If a pendulum oscillating seconds be lengthened by its 
hundredth party find the number of oscillations it will lose in a 
day. 

7, A simple seconds pendulum is lengthened by -^V^h inch ; find 
the number of seconds it will lose in 24 hours. 

8, A simple pendulum ^ performs 21 complete vibrations in 41 
seconds ; on shortening its length by 47*6875 ctintimetres it performs 
21 complete vibrations in 33 seconds ; find the value of tj, 

9, A simple seconds pondulum consists of a heavy ball sasx>en(ied 
by a long and very fine iron wire ; if the pendulum be correct at a 
lomperature O^C., hnd how many seconds it will gain, or lose, in 
24 houi*s at a temperature of 20" C., given that the iron expands by 
'000233 of its length owing to this ri.se of tem];)erature. 

10, If a seconds pendulum lose 10 seconds per day at the bottom 
of a mine, find tlie depth of the mine and the numl)er of seconds that 
the pendulum would lose when halfway down the mine. 


U --2 
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11. A clock, which at the surface of the earth gains 10 seconds 
a day, loses 10 seconds a day when taken down a mine ; compare the 
accolarations due to gi'avity at the top and bottom of thai mine and 
lind its depth. 

12. If a seconds pendulum be carried to the top of a mountain 
half a mile hi^h, how many seconds will it Jose per day, assuming 
the earth’s centre tofe-be 4000 miles from tbd*^foot of the mountain, 
and by how much must it be shortened so that it may boat seconds at 
the summit of the mountain ? 

13. Shew that the height of a hill at the jmnmit of which 
a seconds pendulum loses n beats in 21 hours is aptffixiraatdy 2 to . n 
feet. 


14. A balloon ascends with a constant acceleration and roaches 
a height of 900 foet in one minute. Shew that a pendulum clock, 
which has a seconds pendulum and is carried in the balloon, will gain 
at the rate of about 28 seconds per hour. 

15. A cage-lift is descending with unil acceleration ; show that a 
pendulum clock, which has a seconds pendulum and is carried with 
it, will lose at the rate of about 56 seconds per hout. 

16. Show that a seconds pendulum would, if carried to the 
moon, oscillate in 2l seconds, assuming the mass of the eoj-tli to 
be 81 times that of the moon, and that the radius of the earth is 4 
times that of the moon. 

17. A railway frain is moving uniformly in a circular curve at 

the rate o|ir60 miles per Lour, and in one of the carriages a seconds 
pendulum is observed to beat 121 times in 2 minutes. Shew that 
the radius of the curve is about 1317 feet. « 

18. A particle would take a time t to move down aT straight tube 
from the surface of the earth (supposed to be a homogeneous sphere) 
to its centre ; if gravity were to remain constant from the surface to 
the centre, it would take a time t * ; shew that 


19. A simple pendulum swings under gravity m such a manner 
that, when the string is vertical, the force wbioh it exerts on the 
bob is twice itS" weight ; shew that the greatest i&ollnation of the 

string to the vertical is j ' 

20. A mass is hung on the end of a string 8 feet long and swings 
to and fro through t distance of 3 inches. Find apnroxixnateljr the 
periodic time of the swing, the ftcoelerations at the ends of the swing, 
and the velocity at the middle. ^ 
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jrxiTS AND DIMENSIONS. 

168 . WiiKN %YO wish to state tlio magnitude of any 
concrete quantity we expreas it in terms of some unit of 
the same kind as itself, and have to state, 

(1) wliat is the unit wc are employing, and 

(2) what is the ratio of the quantity we are con- 

sidering to that unit. 

'riiis latter ratio is called the mms^ire of the quantity in 
terms of the unit. Tims, if we wish to express the height 
of a man, wo may say that it is six feet. Here a foot is 
the unit and six is the measure. We might as well have 
said that he is 2 yards, or 72 inches high^ 

The measure will vary according to the unit we employ. 
The measure of any quantity multiplied into the unit 
employed is always the same (<5.^., 2 yanls G feet = 72 
inches). 

Hence, if k and k be ^the measures of a physical quantity 
wlien the unite used are denoted by [/i ] and [AT'], we have 

and hence [A'^] : [iP^] ” j ‘ » 

so that, by the deftiiition of variation, wo have [^iT] x ^.c., 

the unit m ternU of which any quantity is measured varies^ 
inversely as the mea^Wre and cot^)eTsely, 
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169 . A straight lino possesses lengtli only, fiiid »ji<» 
breadth or thickness, and hence is said to lx* <*f ont‘ 
dimension in length. 

An an*a possesses both length and broad tli, but no 
tliickness, and is said to be of two diifensions in lenglli. 
The unit of area usually employed is that whose length 
and breadth are respectively equal to tlie unit of length. 
Jlence if we have i-wo diflerent units of ^iigth in the 
l atio : 1, the two corresponding units of area are in the 
ratio X' : 1, so that, if [J] denote the unit of .*nea and 

the unit of length, then 

.For oxainplo, 12 inches inaike 1 foot, but 144 (i.e., 12") sciuare 
inelics nuike ono squjire foot. 

A volume pos.sessos length, breadth, and thickness, and 
is said to be of three dimensions in length. The unit is 
that volume whose length, breadth, tand thickness are each 
equal to the unit of lengtli. As in the case of areas, it 
follows tliat, if [^'’J denote the unit of volume, tlieu 

L 

)Since the units of area and volume depend on tliat of 
length, they are snid to be derived units, whilst the unit 
of length is called a fundamental unit. 

Another fundamental unit is the unit of time, usually 
denoted by \T\ A period of time is of one dimension in 
time. 

The third fundamental unit is tlie unit of mass, denoted 
by [-If]. Any mass is said to be of one dimension in mass. 

These are the tliftjo fundamental units ; all other unit.s 
depend on these three, and are therefore called derived 
units, ^ 
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4 k 170. In Art. 9 we defined the unit of velocity to te 
the velocity of a point which describes the unit of length in 
the unit of tiin(\ Hence if the u'hit of length, or the unit 
of lime, or V)oth, be altei-ed, the unit of velocity will, in 
general, be altered. 

For example, let the units of length and time l>e changed 
from a foot and a second to 2 f(»et and 3 seconds. The 
jiew unit of velcKuty is the velocity of a point which de- 
scrily's 2 feet in 3 seconds, i.e., wdiich describes f. f(K)t in 
one second, i.f\^ is et^ual to Hrds of the original unit of 
\ elueity. 

Similarly, since a body is moving with unit acceleration 
wl\en the change in its velocity per unit of time is equal to 
the unit of velocity, it follows that the unit of acceleration 
d<q»ends on the units of velocity and time, i.c., it depends 
ultimately upon tlie units of length and ti}ne. 

Again, the unit of force is, by Art. (>1, that force which 
in tlie unit of mass i)roducos the unit of acceleration. 
Hence the unit of force is altered wlieii eitlier tjjie unit 
of mass, or tln.i in lit of acceleration, or both, are altered. 
Hence the unit of force depends ultimately upon tlie units 
of lengtii, time, and mass, 

Ir 

171. Theorem. To s?iew that the unit of i^lovify 
varies iHrectly as the unit of lengthy aud inversely as the 
n it it of time.. 

In one system let the units of length, time, and velocity 
he denoted by \L\ f'/l, and [n, and in a secoiul system bv 
[7/], [r], and [Tj; also let 

[Z], aii<i[7’'l^-n[7j. 
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Thf»n' li body is said to }>e moving 
with tlie original unit of velocity 

when it (fescribes a length [AJ in time [2^J ; 
therefore with velocity rn [ F] 

when it describes a length m [Z] in time [ 7'] ; 

7)lf 

therefore with velocity — [ V] 

when it describes a length m [Z] iff time 'u [7'J ; 

vw * 

therefore with velocity - [ F] 

when it describ<^s a length [7/] in time [7’']. 
Ilut it is moving with velocity [ F'] when it deserihes a 
length [Z'] in time \T'\ 

••• 

..m.m 

^ _ -[ryvA’ 

hence, by tlio definition of variation, 


* 172. Theorem. To shew that the unit of acceleration 

varies directly as the unit of lengthy a/nd inversely ns the 
square of the unit of time. 

Take the units of length and time as/tefore, and let 
[F] and [Z’'] denote the corresponding units of acceleration. 

Then a V)ody is said to be moving 
with the original tinit of acceleration 

when a vel. of [X] per \T'\ is added on per [T] ; 
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tlxereforo Avith acceleration m 

* Avhen a vel. of ?n [Z],per [T"] is added on pei; [7'] ; 

Tti 

tli6»refore with acceleration — f/'’! 

Avlien a vel. of m per n [7^] is added on per [7^] ; 
thi^ref«)re with acceleration ^ \ F"] 

when a^el. of m [A] per n [7^] is added on jM^r w [7'] ; 


tliorei’ore w ith acceleration 

'tr ^ ^ 


when a vel. of [/#'] per [7’'] is tickled on per \T'\ 
-Ihifc iioAv the body is moving with the now unit of accele- 
ration [/■'’']; 


..m.Lrr 
.. . m 

••[^7 • [Tf 

llonoe, by the definition of variation, 


173. Bx. X. r/ the units of tenffth and time he chanip-d fioni a 
foot and a second to 100 feet and 50 seconds respectively ^ find in what 
ratio the units of velocity and ae^celeratiun are changed. 

The new unit of velocity is a velocity of 100 feet per 50 seconds, 
i.c. , a velocity of 2 feot per second. Hence the new unit of velocity is 
twice the original ^nit of velocity. 

Again a body is moving with the new unit of acceleration 
when a velocity of 100 feet per 50 seconds is added on per 50 secs.. 

2 feet per 1 sec per 50 secs.. 

i.c I '^g feet jxir second per sec. 

Hence t&S new unit of aeoelerati^ is %rVth of the original unit of 
acceleration. ^ 
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otherwise tbus; Taking the same notation as in J71 and 

172, we have 

r7/] = 100Lr.], and rT'] = r,0[7’]. 

Ln=r^'Jf^"C=iooxr5or'^"^.--.. 

[I'j 50 

a„.i M ^ . 

[;•’] [/0[7’] ^ 2500 25 

SO that the new units of vehxiity and acceleration are respoctiv*'l\ 
poulde and one twentydiftli of the original units. 

ZtX. 2. J*V;/d the tneasure of the occeleratiou due to (iniviti/ in the 
tford -minute ittf:<tnn, usttuniing its value in the fin)t-sccond 
he :i2-2. 

Jn a falling bo<iv a velocjity of 32*2 ft. per sec. is addeil on £V'r soc , 

GO X 32-2 ft. ]K?r. ininuie is lulded (.ii 

per se^, . , 

GO- X 32*2 ft. jHir lllinutl^ is abided t‘n 

lK*r ijiin.. 

60*^' 

/ x32‘2 y»ls. per rninuto is ;ul<le<i 

on ))er jnimile. 

GO- X 32*2 

the required jneasure-- ' = 3iSf>h). 

o 

This may bo more concisely put as follows: 

Let .r be the new measure; then 

.rx[/'’'J.-32*2x[^’], 

rn wwn" s:m~' 


= 32-2 X =38640, as before, 

fix. 3. If the aeeeleratwu of a falling l/odg he tahen as the unit of 
orcelerulUrn^ and the vdoeitij generated in a falling hodg in one minute 
tfs the unit of velocity ^ find th^ units of length and time. 

Using the same notation as in Arts. 171 and 172, the same accele- 
ration is Jn the two .systems represented by 

32. [FJ and 1 .[F'f 

l//]Lrr‘-32.[/0(2'J ^ (1). 

In ft. -sec. units the vehxiity generated in one minute = 60 x ,32. 

Hence 60x32.[r] and l.[r'l rei)rcsent the same ^eJocity. 
lienee 


1 . 1 r\ I T'J * 60 X 32 [LI [ 7’]" 
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l)i\iiling tho square of equation (2) by (1), we have 
fiO-* . 32- 

• [ V\ = - J ^ - [/.] 60- X 32 feet. 

Hence, from {2j, 


|7"]_ 1 

[/’] 00.32 



1 

6U 'x 32 


X fKV' X 32. 


.• f 7’''J = G01 'f’j~00 soconds = one minute. 


EXAMPLES. XXIX. 

1. If file unit of lengtli be one mile, and the unit of time one 
miniilV', Hod the units of velocity and jicoeleiation. 

2. Tf tlie unit of length be one mile, and the unit of time 4 
:-ooonds, fiml the units »tf velocity and acceleration. 

3. If the unit of v^^locity be a vcloc‘ity of 30 miles f>er hour, and 

the unit ».if time be one minute, liiid the units of length and accele- 
lation. '* 

4. If the unit of aceeleralion be that of a. freely falling bfaly, and 
tlie unit of time lx* “> seconds, shew that the unit of velocity is a 
M'locity of loo It. per sec. 

5. What must be tho unit of length, if the aoeeleration due to 
gravity Ik' repic.st'iitcd by 14, and tho unit of time bo tivo si'conds? 

6. If the unit of velocity be a veltx*ity of 3 miles ncr hour, and 
the unit of lime one iniiiute, lind the unit of lengllj, 

7. If the aceeleralion of a falling bv^ty ho the unit of aeeelcia- 
tion, and the velocity aeqniiVil hy it in 5 siH'onds bo the unit oi 
velocity, shew th it tho unita» of length and time are 8110 feet ainl * 
o .st‘Conds restx'ctivdy. 

8. IVhat i.s the measure of the acceleration duo to gravity, 

(1) when a foot and half a second are the units ol length and time, 

(2) when the units arc a mile and eleven seconds, 

(3) when the units are 10 yard.s and 10 minutes respectively? 

9. Kind the measure in the centimetre-minute sy.stcm of tho 
accolerj|tion due to gravity, assuming a metre to be 3i)’37 inchc;.. 

10. The acceleration produced by gravity being 32 in ft. -sec. 

units, find its measure when the Units anj joJotT liour and a 

centimetre, given 1 centinioti’o-- *0328 ft. 

11 . If the area of a ten aci*e field be rcin’cseiitcd by 100, and 

the acceleration of a hoav7 falling particle by 5H§, find the unit of^ 
time. • 
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174. Dimengions. Def. Wh^n we m*/ that the 
(Ii/twiifSions of a physical quantity are a, yS, an.d y iv- length, 
time, and mass respectively, we mean that the unit in terms 
ijf which the quantity is measured varies as 

[LY[rf[M]y. 

Thus the results of Arts. 171 and 172 are expressed by 
saying that the dimensions of the unit of velocity are 1 in 
length and - I in time ; while those of the unit of a<*(;ele“ 
ration are 1 in length and — 2 in time. 

The cases in Arts. 171 and 172 have been fully written 
ou|r, hut the results may Ixs ohtfiined more simply as in the 
foyowijig article. 


175. (1) Velocity. fjot V denote the numerical 

meiisure of the velocity of a prhnt which undergoes a dis* 
placement whose numerical measure is s, in a tmie v liose 
numerical nieasure is t, so that 

~ rt, 

^ If [£], [7^], and [K] denote the units of length, tinu', 
*aiid velocity respectively, we have, as in Art. 1G8, 


ITenco 


1 1 

s cc , and v cc ^ , 


, 1 11 
• Tl]^[v] [fy 

[F]«[Z][7r. 


(2) Acceleration. Let v denote the velocity ac- 
quired by a particle moving with acceleration / for tinjo f, 
so that 
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If [/'"] denote the unit of acceleration, M e have 

r>r 

• ^ ^ _L 

•• [vxmiTY 

Hence U'’]^ [H m" «[/■<] [^T’- 

(S) Density. T-et cl \>e the density of a body M’hose 
mass is 7/1 and volume w, so that m — du. 

I'f [/>] and denote tlie units of density and volume, 
M'o liave 

“"-pV 

[Mr mn 

[D]rr.[M][Ur^[M][L]-\ 

If the body be very thin, so that it may be considered 
as a surfuice only, w© see similarly that th<5 unit of surface 
density 

o.[M][Lr. . 

So, if the body be such that its breadth and thickness in«by 
be neglected, (so that it is a mateiial line only), m o have S 
unit of linear density oc [J/] [i^] ^ 

(4) S^orce. If p bo the force that M^ould produce 
acceleration f in imiss 7/1, we have p - - mj. 

Hence, if [/*] denote the unit of force, we have' 

(5^ Momentum. If k be the momentum of a mass 
in moving with velocity v, we have 

k = mv» 

Hence, if [A'^] denote the unit of moinentiim, 
[K]<^[M][V]o^[Jf][Z][Tr\ 



nrjVAMics 


•J-J2 


(C) Impulse. If i be the hiipiilse of a force acting 
for time we liave 

I = jj(. 

I!en»*e, if [/] denote tlie unit of impulse, 

so that an impulse is of the same dimensions as a ni<>~ 
meiituin. 

(7) Kinetic Knergy. If e be the kinetic energy t>t' 
a mass m moving witli velocity v, we have 

I •> X 

e ~= 

Ilenci*, if [l'J\ denote the unit of kinetic energy, 

(S) Work. If tv be the work done when a force jj 
moves its p<*int (»f a])plieation through a distance x, then 
* tv - - p.'i. 

lienee, if [IF] deiu »tc tlic unit of work, 

[W]<n[P][L\<r.[M] [Lfirr. 

Hence w(;rk and kinetic energy are of the sajne dimensions. 

(9) Power or Hate of work. If It be tlie power ai 
wliich work ?r is done in time then 

h - — tvfrK 
t 

Hence, if [// ] denote the unit of power, 

[//].: [ir][ 7 T^cc[j/][zn 77 

(10) Angular velocity. If m be tlie angular ve- 
locity of a point which moves with velocity r in a circle of 
radius we have 

oj = --vr ^ (Art. I^G.) 

Hence, if fill denote the unit of angular velocity, tlien 
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176. Sx. 1. If the unit of muss he. 112 Ihs.., the unit of h ufjth 
one juile^ and the unit of time one minute^ Jhul the unit of force. 

The Vnit. of force is (Art. 61) the force which in unit mass 
produces unit acceleration, 


i.e.y wliich in 112 Jbs. produces an acceleration of 1 mile pc^r min. 


per min., 

i.e., in 112 lbs 

1 -1 

.... mile per sec. per 

()0 

• 

min., 

i.t., in 112 111 '- 

mile per .sec. i)cr 


.sec.. 

i.e., in 112 lb- 

1760 0 . 

”’60-'“ 


per see.. 

i.e., in 1 lb 

1760 x.Sx 112, 
— 


s't*. per src. 

Hence tlie new unit of forcc=: 

17C0x3xlJa , , 

i)ourid:ils 


— 161 poundals = \vt. of about 5 ^“5 lbs. 


Otlierwl&o tlius: By Art. 175 (4), wc have 

in 'sx((K)) = 

M'l l‘Vj[r.][iT 


U2x]7fi0^3 
‘ 60'' 


™ 1 C> 1 ^\ , as before. 


£x. 2. The hinetic enertjy of a body expressed in the fiM)t-ponnd- 
s(yonil system is 1000; fntd its value in the wetre-ytninme-mintUr 
.^ifstenij hariny yiven ] foot = 'S0’o cuts. ^ and 1 Zb. = 4 p'50 rjraminrsy ap- 
pro:i imately. 

Let .r be the measure in tlic new system, so that 
.r[/‘;']..^1000[7?;], 

i.e., X [I/f [2T*=1000 [J/] [/.f [7r'-. 

But t.V]-450[J7'], [/,J=-306[J:a an.l [T]= s\s[r’]. 

.T 1000 X 450 X [ -SOSP X BO^ 

= 150,700,50#. 
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Bz. a. If the viiit of velocity he 12 feet per second, the vnit of 
accderatUm 24 foot-second units, and the unit of force 20 poundoU, 
ichat are the units of mass, lenyth, and time} < 

Find also the correspondiny unit of U'ork, 


The unit of velocity [ F'] is equal to 12 [ 

tL'][rr*=12[/,][71-‘ 

The unit of acceleration [F'] is equal to 24 [F]. 

[/,'][i’T*=-24[/.][ir' 

The unit of force [P'J is equal to 20 [7^J. 

[ii/'][/y][r'r*=20[.i/j[/0[rj - 

Dividing (2) by (1), we have 


••• l'/''] = ^[7]--58ec<>n.l. 
Dividing tlie square of (1) by (2), we have 


Divifiing (J3) by (2), we have 


Hence tlie required units of iniiss, lengtli, and time, arc 
l} lb., 6 feet, and J sec. 


Also, by Art. 17-"i (&), we have 



.. ( 2 ). 
....(H). 


[W'JsslSO foot-pound»ls. 


EXAMPLES. XXX. 

1. If 39 indies be the umt of length, 3 seconds the unit of time, 
and I cwt. the unit of mass, nnd the unit of force. 

2. If the units of mass, length, and time be 10 lbs., 10 feet, and 
10 seconds respectively, find the units of force and work. 

3. If the unit of length be 2 feet, what must be the unit of time 

in order that, one pound-weight may be the unit of force, the unit of 
mass being one pound? ^ 



UXITS AXD I)I}rE]\\STOA\S 

4. Tt tijc unit of mass ho 1 cwt., the unit, of force tlie weight 

(f one ton, and the unit of length one mile, shew that the unit of 
hme is seconds. • • 

5. If the unit of velocity be a velocity of one mile per minute, 
t.l)f5 unit of iWHioloratioii he the aecideratioii with whieli this velocity 
would be H(‘quivc.d in 5 minutes, and the unit of force bo equal to the 
weight of half a ton, lind the units of length, time, and mass. 

6. If a hundrodwauglit bo the unit of mass, a minute the unit of 
film*, apd the unit of force the weight of a i)ound, find the unit 
i)f length. 

7. If th»‘ unit, of force be equal to the weight of 5 ounces, the 
unit of ’timo he one minute, and a velocity of GO foot per second be 
ilcnotfd by 0, lind the units of length and Jiiass. 

8. If o J yards be the unit of length, a velocity of one yard pen* 
second the unit of velocity, and G poundals the unit ot force, what is 
tJic unit of mass? 

9. I’aking as a rough approximation 1 foot = 30*5 cms., 1 Ib. =453 
grammes, and the acceleration of a falling body = 32 ft.-scc. unit.;, shew 
t I'.at 

(i) I Poundal - 13HIG Dynes, 

I i i ) 1 Foot- I'onndal = 421103 Krgs, 

(iii , 1 Erg = 7*410 x 10"** Foot-Pounds, 

(iv) 1 liorse-Power= 7*410 x 10*' Fii-gs per sec. 

10. In two different systems of units an acceleration is repre- 
.■;cntt‘d by tlie same number, w*bilst a velocity is represented by 
numbers in the ratio 1:3; compare the units of bmgth and time. 

If further tlie momentum of a body be represented by numbers in 
llie ratio 5 : 2, compare the units of mass. 

11. If the units of length, velocity, and force be (acli doubled, 
shew that the units of time and mass will be unaltered, and that 
of energy increased in the ratio I : 4. 

12. If the unit of time be one hour, and the units of mass and 
force be the mass of one hundredweight and tlin w’eiglit of a pound 
respectively, find the units of work and momentum in absolute units. 

13. Find a system of units such , that the momentum and 
kinetic energy of a mass of 4 lbs., movitjg with a velocity of 5 feet 
ix'r second, may each bo numerically equal to unity, and such that 
the unit of force may be the weight of one pound. 

14. If the unit of acceleration be that of a body falling freely 
the unit of velocity the velocity a(*.quircd by the body in 5 socomis 
from rest, and the unit of momentum that o4 one pound after falling 
for 10 seconds, find the units of Icngthf time, and mass. 


L. 1). 


15 
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15. If the unit of work be th^t done in lifting one hundredweight 
through three yards, tlie unit of momentum that of a mass of 
one poi^nd which has fallen vertically 4 fcjet under gravity, and the 
unit of acceleration three tiinea that produced by gravity, find the 
units of length, time, and mass. 

15. Find the units of length, time, and mass supposing that 
when a force equal to the ^Yeight of a gramme acts on the mass of 
^ 16 grammes the acceleration produced is the unit of acceleration, 
that the w’ork done in the first four seconds is the unit of work, 
tind that the force is doing work at unit rate when the body is 
moving at the rate of 00 cms. per second. 

17. The velocity of a train running at the rate of 60 miles po* 
hour is denoted by 8, tJie resistance the train exjxiriences and which 
is equal to the weight of 1600 lbs. is denoted by 10, and the number 
of units or work done by the engine per mile by 10. Find the unitb 
of length, time, and mass. 

18 . In a certain system of absolute units the acceleration pro- 
duced by giavity in a body falling freely isMenoted by 3, the kinetic 
energy of a 600 pound shot moving with velocity 1600 feet per second 
is denoted by 100, and its momentum by 10 ; find the units of length, 
time, and mass. 

19 . If the kinetic energy of a train, whose mass is 100 tons 
and whose velocity is 45 miles per hour, be denoted by 11, whilst 
the impulse of the force required to bring it to rest is denoted by 5, 
and 40 horse-powder by 15, find the units of length, time, and mass, 
and shew that the acceleration duo to gravity is denoted by 2016, 
assuming its measure in loot-second units to be 32. 

20. If the unit of force be the weight of one pound, what must 
be the unit of mass so tliat the equation V^mf may still Ix^ true? 

Verification of formulae by means of counting 
the dimensions. ^ 

177 . Many formulae and results ftaay be tested by 
mo 2 ius of the dimensions of the quantities involved. Sup- 
pose we have an equation between any number of physical 
quantities. Ilien the Mim of the dimensions in each term 
of on<3 aide of the ecjuatihn in lengthy time, and mass 
respectively must he equal to the corresponding sums on 
the other side of the equation. ^!For suppose that th(3 
dimensions in of one side of the equation differed 

from the corresponding iimensiomil^on the other side of 
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the (*quat.iori ; tlien, on alt(iring the unit of length, the two 
niernher.^ of the equation would be altered in different 
ratios and would be no longer equal ; this however would 
be clearly absurd ; for two quantities wliieli are equal must 
have tlie same measures whatever (the same) unit is used. 
For example, if two sums of money are the same, their 
measures must bo the Si«no whether wc express the amounts 
in pounds, shillings, or pence. 

Again, suppose an e(iuation gives us as a result that 
3 feet -.10 seconds; this would be clearly iucojyect. 

•8o such an ec^uatioii as 

5wm*-*+ 

iiiust lx; incorrect; for two of the terms are of no dimensions 
in mass, and the third term, is of one dimension in 

nuiss. This latter term is thei*efore the; one that is probably 
i?icorrect. 


(Consider again the possibility of the equation 

/W f - 10ry--=0, 

where the symbols have the moaningjj we have used 
througliout this book. 

Let us set down the dirnensioiis only ; they are, for the 
sevt*ral terms, 


The equation is thus hofjeiessly ^correct; for the terms 
have neither the ^me dimensjbns in mass, nor in length, 
nor in time. 

So again if, in solving a question where we w-aiit the 
work done, we get an answer of the form 
VfotV^MPvlZMvf, 

f _ 9 15—3 
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tin’s is clearly incorrect. PV)r, by Art. ITT), tlie cUmensions 
nf a AV'ork are 

r 1/1 L^.l 

Also tlie diinonsions of MPv arc 

I'^'T 'lyT [^t’ 

whicli is of wroii" diinonsions in both mass and lime. 

A1 Mi, the dimensions of 3J/?y’aro 

[L] [A] M\LX 

I- ■ [rj‘ ’ 

which is of the wron^ dimensions in time. 

178 . Much information may be often easily obtaincjl 
by considering the dimensions of the rjuantitiea involved. 
Thus the time of oscillation of a simple pendulum (whicii 
consists of a mass m tied ])y means of a liglit string' of 
length f to a fixed iioint) may be easily shewn to vary as 

y For, assumirm the time of oscil ation to ho inde- 

U 

peiidiuit of the arc of oscillation, the only quantities that 
can appear in the answer are m, I, and g. Let us assume 

the time of oscillation to vary as 

The dimensions of this quantity expressed in tlic usual 


[jir [/>r 


..r 

Xow tlie answer is necess^irily of one dimension in time, 
and of none in mass, or length. Hence we have 
a — 0, /? -1- y = 0, and - 2y 1. 

/, y z= ~ .J- and ^ , 

. " /I 

and the time of oscillation therefore oc / - . [Art. IhO.l 

^ Wf/ 
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Table of Dimensions and Values of . 

Fundamental Quantities. 



Dimensions in 

Plnjitical Quantiti/ 


Li^ntjth Tiuif 

Vt)luTiio density 

1 

— 3 

Suvfaeo densit y 

1 

_ •/ 

Jjino density 

1 

- 1 

\'elucity 


1 1 

Ajtct'leration 


1 -2 

-e 

1 

1 2 

JMoinetitiini 

J 

1 1 

1 inpuJse 

1 

1 - 1 

(viiietic energy 

J 

2 - 2 

Power or Hate id 

worV I 

2 - 3 

Aiiirular veloeitv 

Vdlae^a of “y. 

I 

PI, a' 

unit* 

f'lfi.-sic. unif' 

The equator 

;^2'091 

*97S*10 

tiiiti tilde 

32 17 

9<so-f;i ' 

J^aris 

321«S3 

980-!» : 

liOiidoii 

32*1 91 

98117 

Nor til Pole 

32 '27)2 

9S:M1 

Li*ngt li of the seconds pendulum 

at Jjonduii 


39*139 inches 

-- 99*4 1 3 ceil timet n^s. 

1 con ti metre 

•39370 indies 

-032809 f ei. 

1 foot. 

30’ 1797 centimetres. 

1 gramnKJ -- 

15*432 g!*ain.s 

= •002201G 11> 

1 ib. 

4 7) 3 * 5 9 gram nies. 

1 dyne 

weight of 

gnmniie approx. 

1 pouridal " 

13825 dynes. 


1 foot-poundal - 

421390 erg.s. 




MISCELLANEOUS EXAMPLES. 


1, A pax’ticle falls frcelv from the top of a tower, and during tliL- 
iast RpooTid of its motion it falls -jjths of the whole height ; what i^ 
the height of the tower? 

2, A man ascends the Eiffel Tower to a certain height and drops 
a Plonc. He then ascends another 100 feet and drops another stone. 
The Ifittci^ takes half a second longer than the former to reach the 
ground. Keglecting the resistance of the ak, ffnd the elevation of 
the iiiiin when ho dropped the first stone and the time it took to 
drop. 

3, A bullet moving with a velocity of 1200»ft. per seo. huB this 
velocity reduced to one-half after penetrating one inch into a target. 
Assuming the resistance to be uniform, how far will it penetrate before 
its velocity is destroyed? 

4, Two scale-pans, each of mass 7 ozs., are connected by a light 
inextonsible string .which passes over a smooth pulley. If a mass 
of 5 ozs. be pliuied in one pan and one of 8 ozs. in the other, find the 
f>ressnr|e of the masses on the scale-pans. 

5, Two equal masses, attached by an inextensible weightle.ss 
thread which passes over a light pulley, hang in equilibrium. Shew 

that the tension of the thread is unaltered when -th of its mass is 

n 

added to one, and of its mass removed from the other. 

?i+2 

6, A weightless string, of length o, wjUh masses in and Urn 
attached to its end.s is placed on a smooth horizontal table i)er^n- 
dicular to an edge with the mass m just over thq edge. If t))o height 
of the table above the inelastic floor be also a, shew that the mass Hnt 
will strike the floor at a distance a from the mass m. 

7, A particle falling under gravity describes 100 feet in a certain 
second ; how long will it take to describe the next 100 feet, the resist- 
ance of the air being neglected? 

If owing to resistance it lakes *9 sec., And the ratio of the resists 
anoe (assumed to l>e constant) to the weight of the particle. 
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8. The bob of a piniplo pemlulnm is held so that the string 
13 horizontal and stretched, and is then let go. Shew that jluring 
the subsequent motion the tension of the string varies as the vertical 
distance of the bub below ita^iitial position. 

9. A particle hanging vertically from a fixed point by means of 
a string of* leiif'tli r is projected horizontfilly with velocity 
Shew that the tension of the string when the particle is at the end of 
a liorizontiti diameter is to its tension when the particle is at the 
highosl, iKiinc as 4:1. 


10. . A locomotive engine draws a loiul of m Iba. up an incline of 
inclination a to tJie horizon, the coefficient of friction being //. If, 
starting from rest and moving with uniform acceleration, it acquires 
a velocity v in i seconds, shew that the average horse-power at which 

the engine has worked is j^^ + /acosa-Hsin 


>]■ 


11, A body is tlirowm up in a lift with a velocity u relative to the 
lift and the time of flight is found to be U Shew that the lift is 

moving up with an nccoloration . 


12. The smoke from a steamer which is sailing due north extends 

'n the direction E.S.K., 'whilst that from another sailing wifc|i the 
same velocity due south extends in the direction N.N.B.; shew that 
the wirul blows in the direction N.E. with a velocity equal to that of 
the steamer. • 

13, A horse gallops round a circus, whoso radius is 60 feet, with 
a velocity of 15 miles per hour; shew that the least value of the 
coefficient of friction between his hoofs and the ground is about J . 

14, A slip-cari'iage was detached from a train and brought to rest 
iu II minutes during which time it dpscribed a distance of s feet. 
Assuming the refcaudation to be uniform, find the velocity with which 
t)ie train was moving when the carriage was slipped. 

15. A ship sailing south-east sees another ship, which is steam- 
ing at the same rate as itself, and which alw^ays apix^ars to be in a 
direction due feast and to be always ooining nearer. Find the 
direction of the motion of the second vessel. 


16, A perfectly elastic particle is projected with velocity v at ,ni 
elevation 0. A smooth plane passes through the point of projection 
and is inclined at an angle a to the horizon. Bhew that the particle 
will rectum to the point of projoetio% provided cot a cot - a) is an 
integer. 
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17. A pjirticle niovos from rest in a slriiij,^lit. lino with altoinatr* 
jict't'h'ration mjuI rotaiilation of inagnilucles f and f diirinjj: Lijiuil 
intiTsiils of time at tlie end of 'In siicli intervals pro\'fe that the 
w 

space it has described is - ^ [(2a + 1)/^,(2// - 


18. A particle is plac(‘d upon a, roiij»h horizontal plate (cooflh'iciil 
of friction ^l) at a distance a from a vertical axis n,l>.)ut which th<‘ 
))late can lotalc; tind the greatest number of rev oliiiion;[i per m mule 
which the plate can make Vvilhout the particle moving relatively lo 
The plate. 

19. A cannon hall has a range* 11 on a hm izontal plane. -Tf h ami 
h' arc the greatest heiglits in the two paths for which this is iH»ssibh‘, 
prove that li~-i Jhh\ 

20. I’ind tlie greatest aaigle Ibrougb wliieh a. j^ rson can oscillate 
on a swing, the ropes c)f winch can just siiptiort twice the person’- 
weight when at re.'.t. 


21. Two masses, m and vt\ are conneet(‘d by a stiing of given 
length passing through a small smooth ling which liinis fu'cly a bout 
a vertical axis. The paitiele tn' is made to rotate ’with aiigul n 
volocily u) in a liori/ont<il circle, so thai the particle, m rcniairis ar. 
rest hanging freely 1‘ioni the ring. Shew th.it the distance ot m' troni 

the nng IS 

/// w- 

22. Two inclastjic halls of equal si/o, hut oi mas-'(*s m and /w', Ji.* 
in etmtaet on a smooth table. 'I'lio former receives a blow in fi 
dircclion through its centre ninlving an angle a with the, hue of 
Centres. »Shew that the kinetic energy of the halls is 

m' {ill VI sin- a) 
lit {III' -{- III sin- a) 

of what it would have hern if the halls laid been inteicliangc<l and m' 
had received tlie blow. 


23. A heavy particle projected witli vfdocity u strikes at an angJ'* 
of an inclined plane of angle fi which passes through the point ot 
projection. Shew that the vertical height of the point struck above 

. . . . . . . 1 d ti 

the i)o<nt of projection i« - 


24, An elastic body i.s projected fi-oin a given jxiirit with a. given 
velocity Tand after hitting a vertical wall returns to the inint from 
which it started. Shew that the distance of the point from the w.iU 


must be less than 


\+e (f 


w}<^,re fi i.s the cotdlicient of resti till ion. 
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25. 3\vo piiitiolcK, of musses vi nntl 7J/', are moving in pimllrl 

straiglit. lim;s at a distance a apart with given velocities v and v‘ ; tlic* 
partirle^ aie cunnoctcd by a string of such a length that at the 
insiant when it becomes taut it is inclined at an angle a to the h\o 
parallel straight lines; asafiming that shew that the impulsive 

iension on the string at the instant it tightens is - , fr - v') ensa. 

^ /// + nt' ’ 

26. ^ smooth wedge, of mass ^1/, is placed on a horizontal plane 
and fi pin tide, of mass ;a, slides down its slant face which is inclined 
at an aiigle a to the hoiizon. Shew that the acceleration of m relative 

ff> plane faee IS ,, , .^/siiia. 

' M i- m hill' a 

27. A })avli(*le is phieed on il»e face of a smoolli wedge wliich 
(Mil slide on a hoii/onlal table: find how the wedge mast he moved in 
order that the paiticle may ncith(?r ascend nor deseeiid. AKo find the 
p^^s^ule between the particle and the wedge. 

28. A ]>ar(icle, of mass a/j , is fastened to one end of a string, and 
one of mass a/.* to the middle point, llie other end of the stiing being 
fastened to a. fWc'd point on a smooth horizontal tabic, 'riie particles 
are then projochd so that the I wo poll ions of the siring are ahvays 
in the same straight lim* and so that llio jiarticles dcscnlu* horizontal 
eireJiM; sIhmv that the tensions of the two iKirtions of rlui string areas 

2///1 j- ///.^ : 2//(, . ' ^ 

29. At OIK’ end of a light string passing (kvi-r a small fixed pulley 
a weie.ht of o llis. is su^jK-ndod and a light pulley is sus^xmded at the 
other end. Omt tliis pulley another light string passes with weights 
ol 2 Ihs. and 1 Ih. suspended at its ends. The whole system is Jet go 
fiom a inr^ition of vest; find the pressure on the fixed jiiilley wdiile the 
system is nioiing and also the acceleriitiou of tJio greatest weight. 

30. In a. system of three movable weightless pulleys in wdiicdi all 
file strings are attached to a beam, the highest stvirig aft(’r passini: 
oNi'r a Jixed pulley has a mass of .3 lbs, attaelied to it, and tlie lowest 
pulley has a irniss of 2.S lbs. Inmg on to it. Shew' that the larger mass 

will deseend with an acceleration of !!- . 

5-j 

31. Two straight railways converge to a level crossing at an 
angle a, and tw'o traina are moving towards fhorros^ing w'ilh velocities 
n and r. If n and b arc the initial distances of the trains from the 
erossing, show that their least distance apart will be 

(fir - hii) .sin a 
^/,{2 r-^2uvc:OAa 
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32. If tho distQ|Kia between two moving points at any time be ^ , 
if V be their ^lative velocity, and if u anj^ v be the components of V 
respectively in and perpendicular to the direction of a, stfew that 

their distance when they are nearest to on^nother is , and that the 

tij^e that elapses before they arrive at their nearest distance is yl . 

33. 7^vo particles, of masses M and ilf + are connected by a 

light string and placed near one^nother on a smooth table; on the 
string slides a light smooth puil%, supporting a enass which' is 
plac(^ just over the edge of the table ; find the resulting acceleration 
of the pulley. , 

34. In i^he system of pulleys where each string is attached to the 
bar which supports the weight, if there be two movable pulleys of 
negligible mass and the power be quadrupled, shew that the weight 

will ascend with acceleration 


35. A string, one end of which is fixed, has slung on it a mass 
of 3 lbs. and tjien passes over a smooth pulley and has a mass of 1 Ib. 
attached to its other end ; shew that the larger mass descends with 

acceleration | and that the tension of the string is ly lbs. wt. 


36. A cyclist, riding at a speed V, overtakes a pedestrian who can 
Haove, at a speed not greater than^ o, the two travelling along parallel 
Socks at a distance d apart. Bhew^hat^f the cyclist rings his bell 

when at a distance lets tl^an — d, he may sate^ maintain his speed 

and keep to his course regardless of the behaviour of the pedestrian. 

37. A boy throws a stqne into the air with velocity T** at an 

elevation a : after an interval of time he throws 

' fif[rcosa+ K'ooso'] 

another with velocity V' at on elevation a'; shew that the second 
stone wiir strike the first. 


38. A shot, of mass m, penetrates a thickness t a fixed plate 
o^pmass if Jlf be free to move, and the resistance be sup^sed 

' M 

uniform, shew that the thicbiese penetrated is 

38 , A string Bostains.a m^ i^^t one passes offer a 

fixed pulley, th^ nndet a movaUe j^Uey to vhioti'a' li^ass 'Jit is 
attached, ,and then Avier.a pulley and Is attaohed^^to a mass.Q at 
its^othtf end. . A^akning the maeses' 0f the. string and'puUeys to be 
negligirab, and, that the parts, of the string not iui oon&ot with the 
pulleys sxe yertioal, find me edee^hrionTof H AnA khB tension Of the 
string. 



^fISCELLAKEOUS EXAMPLES 


23o 


40. A wedge of mass M can slide on a snmth horizontal plane, 
and the wedge has a face inclined at an angle a to^^e horizontal. 
Initially the wedge is at rest and a particle of mass m is projected 
directly Up the inclined face. If the particle rise to a height h above 
the point of projection, shew that th# velocity of projection is 


f 



jlf+TO li 
Jlf+wisin^ttf 


41. A particle is at rest on a rough plane (coefficient of friction fx) 
inclined to the horizon at an angle a. The plane is moved hori- 
zontnlly with a constant accclerafion / in a direction away from the 
particle; prove that the particle will remain at rest relative to the 

plAnd i£ 

• cosa+Zisma 


42. A regular hexagon stands with one side on the ground and 
a particle is projected so as just to graze its four upper vertices. Shew 
that the velocUy of the particle on reaching the ground is to its least 
velocity as a/bT to 

43. In order to raise a weight which is half as much again as his 
own a man fastens a rope to it and paF^ses the rope over a smooth 
pulley; he then climbs up the rope witl^ an acceleration relative 

to the rope of y. Shew that the weight rises with acceleration 

, and find the tension of the nppe. 

44. A wedge of mass M and angle a c.in move freely on a smoolfe 
horizontal plane ; a smooth sphere of m strikes it in a direction 
perj^ndicular to Its inclined face and rebrands. Shew that the ratio 
of the velocities of the sphere just before and just after the impact is 

M + m sin® a : eM -» ni sin® a, 
where e is the coefficient of restitution. 


45. Over a smooth light pulley is passed a string supporting at 
one end a weight of mass 4 lbs. and at the other a pulley of mass 1 lb. 
A string with masses 2 lbs. and H lbs. attaclied to its ends passes over 
the second pulley; shew that the acceleration of the 4 lbs. moss is 

49 

_ 46. of natural length a» is stretched on a smooth table 

between two fixM points at instance no apart and a particle 6f mass 
m is nttCbQhsd to the middle |bint of the string; the particle Is then 
dis^aosd ^wards one of the fixed points through a distance not 

exceeding a tmd then llb^ated ; shew that it will perform oseUla- 

tions iri^ a pedod wliich .is Independent of n and of the distance 
through which it is displaced. ^ ' 
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47. If the unit of kinetic enerj^j be that of 5 lbs. which has 
fallen r)0 feet &om rest, the unit of momentum the momentum thus 
f'ciienited, ana the unit of length the distance through wliAch the 
particle has fallen, find the unit of time. 

48. A i)articlo P moves in a circle, of which OA is a diameter, 
and OF is drawn perpendicular to the tangent at P, Shew that the 
velocity of Y relative to P is equal to the velocity of P. 

49. Two men, of masses M and JlJ+w, start simultaneously from 
the ground and climb with uniform vertical accelerations up the .free 
ends of a weightless inextensible rope which passes over a smooth 
pulley at a height h from the ground. If the lighter of the two men 
reach the pulley in t secs., shew that the heavier cannot get nearer to 

it than + It”] . 

M H- 7n 1^*2 J 

50. A train, of mass il/, is travelling with unifonn velocity on 
a level line; the lust carriage, whose moss is m, becomes uncoupled 
and the driver discos ers it after travelling a distance I and shuts off 
steam. Shew that when both parts come to rest the distance between 

them is resistance to motion be unifonn and propor- 

tional to the weight, and the pull of the engine he constant. 

51. A smtill smooth pulley of mass M is lying on a smooth table ; 
a light string passes round the nulley and has masses in and in' 
attached to its ends, the two xiortioflb of the string being iierpendicular 
to the edge of the table and passing over it so that the masses hang 
vertically ; shew that tl^ acceleration of the pulley is 

4mm' 

jil (m + m') + 4mm' 

52. Shew that, if the effect of a horizontal wind on a projectile 
be an acceleration / in the direction of the wind and the effect of tlie 
resistance of the air be neglected, the latus-rectum of the path of 
a j)article projected with velocity v at an angle a to the horizon in 
the same vertical plane as the direction of the wind is 

ws a + / sin g )^ 

53. A particle lies on a smooth horizontal table at the foot of 
a smooth wedge of angle a and height and the wedge is made to 
move along the table with constant ifccderation /. If />p tan a, 
prove that the particle will ascend the plane. Shew also that if the 
wedge moves in this way for time t, and then moves with constant 
velocity equal to that gained, the particle will just reach the top if 

/s- 2f//*Beoa 
/ (/bos NYg Bin a) * 
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54. Weights of 10 and 2 lbs. hanging by vertical strings balance 
on a wheel and axle. If a mass of 1 lb. bo added to the smaller weight, 
hnd th# acceleration with which it will begin to descend, /ind the 
tension of each rope, neglecting the mass of the wheel and axle. 

55. In the differential wheel-and-axle c is the radius of the 
wheel, and a and h the radii of the two parts of the axle. A weight P 
attached to the wheel-ro][ie just keeps the system in equilibrium ; if 
P be doubled, prove that it descends with acceleration 

. • 2c 

the ]iniss of the wheel and axle being neglected. 

56. ‘ A perfectly elastic particle is projected with a velocity r in a 
vertical plane through a line of greatest slox>e of an inclined plane of 
elevation a ; if after striking the plane it rebounds vertically, shew 
that it will return to the point of projection at the end of time 

6a? 

p [1 +88111*-* a]- 

57. Two pulleys, each of mass are connected by a string 
hanging over a smooth fixed pulley ; a string with masses 2m and *6m 
at its ends is hung over one pulley, and one with masses m and 4.m 
over the other. If the system is fjge to move, shew that the accelera- 

tion of either pulley is • 

58. A roiigli vertical circle, caiTjiiig a bead, turns in its own 
plane about its centre with uniform angular velocity greater than 



v.hcrc <i is the nulius and /a is the coefficient of friction. Shew that 
the bead will never slip. 

59. A particle is projected along the inside of a vertical hoop 
from its lowest point with such a velocity that it leaves the hoop and 
returns to the point of projection bgain. Find tlie velocity of pro- 
joction and determine where the particle leaves the hoop. 

00. A particle which hangs from a fixed ^int by a string of 
length a is projected horizontaUy from the position of equilibrium 
with a velocity due to a height a + b. If 2b<3a, shew that the siring 
will bo loose for a time t given by the equation 
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61. A heavy particle is attached to one end of an elastic Btrinp;. 
the other end of which is fixed. The modulus of elasticity of the 
string is. equal to the weight of the particle. The string is drawn 
vertically down till it is four times its natural length, and then is let 
go. Shew that the particle will return to this point in time 

a/;;[2V3+t]. 

where u is the unstretched length of the string. 

62. Two men, A and /?, each of mass 7/t, sit in loops at the ends 
of a Tight flexible rope passing over a smooth pulley, A heing h feet 

7/1 " 

higher tlian 7?. In Jf’s hands is placed a boll, of mass , which he 

instantly throws up to so that it just reaches him. Prove that 
by the time A has caught the ball he has moved up through the 
distance /i, and that he will cease ascending when ho has ascended 
a total height of h, 

63. A smooth ring, of mnls ilf, is threaded on a string whose 
ends are then placed over two smooth fixed pulleys witli masses vt and 
7//' tied on to them respectively, the various portions of the string 
being vertical. The system being free to move, shew that the ring 
will remain at rest if 

4 _J. 1 

7/i' ’ 

‘ 64. A ]^rticle, of mass m, l^blaoed on the face of a sinootli 
we^e, of mass M, which moves along a smooth horizontal table 
being pulled horizontally by a string which, after passing over a 
smooth pulley carries a hiass M' hanging vertically, the motions being 
all in a verti^ plane pa.ssing through a line of greatest slope. Shew 
that the acceleration of m relative to the wedge is 
(il7 -h M' + m) sin «+ 3/' cos a 
l/TJ/'+‘»Isiu»o 


where a is the inclination of the face. Find also the pressure of w on 
the wedge. « 


65.4 A smooth wedge is free to move on a horizontal plane in the 
direction of the projection of the lines of greatest slope and is held 
whilst a particle is projected up its f^ in a direction inclined to the 
lines of greatest slope, and is then immediately released. Shew that 
the track of the particle on the plane ip a parabola. 

66. A perfect^ elastic ball is thrown from the foot of a ^lane 
inclin^ at an angle a to the horizon. If after striking the plane at 
a distajoce I from tibe ^int of projection it vebonnds and retraces its 
former path, ebew that the velocii^ of'projeetioii is 
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67. A heav 7 mass M, which can alide along a straight horizontal 
bar is attached to a fixed point at a distance c from the bar by a spiral 
sprinff qf natural length a less than c such that a mass m hupg on to 
it will stretch it by a length e ; ^hew that the time of a small oscilla- 
tion of M along the bar, when it is slightly disturbed, will be 

li. 

68. A railway carriage is travelling on a curve of radius r with 
velocity v ; if /i be the height of the centre of in^tia of the carrisge 
above the rails (which are at the same horizontal level) and 2a be tne 
distance between them, shew tliat the carriage will upset if 

\ h ' 


69. A wedge of mass M rests with a rough face in contact with 
a horizontal table and with another face which is smooth inclined at 
an angle a to the table. The angle of friction between the wedge and 
the table is e. A paiiicle of mass m slides down the smooth face. 
Find the condition that the wedge may move; and prove that, if 
it move, its acceleration is 


fnoos a c) sin e 

M cos € + }/i sin a sin (a - e) 


9 - 


70. A window is supTOrted by two cords passing over pulleys in 

the fnime-work of the window (wl^h it loosely fits), the other ends of 
the cords being attached to weigb^reach equal to half the weight of 
the window. Ode ooid breaks and the window descends with accelera- 
tion/. Shew that/=p , where fi is tb^ coefficient of friction, 

and a is the height and h the breadth of tlie window. 

71. A weight of 300 lbs. is lifted by a vertical force which varies 
continually as the weight is raised acooraing to the following table ; 

Height in feet above the ground ; 0, 1, 2, 8, 4, 3, 6, 

Lifting force in lbs. wt. ; 450, 320, 270, 410, 480, 610, 900. 

• Find at the time when it is #'5 feet from the ground (i) the 
potential enem stored in the mass, (ii) the kinetic energy of thp mass, 
(iii) the work done Jby the force. 

72. A mass of 10 lbs. is attached to the ground by a spring which 
requires a pull of 10 lbs. weight to stretch it one inch. The mass is 
lifted by a fproe which continually varies with the height as in the 
following table; 

a; in inches; _ 0, 1, 2, 8, 4, 5, 6» 

Force in ib8.wt.; 22, 86*2, 44*5, 49, 52; 51^,. 48. ^ 

Estimate the kinetic and* po^ntial.^ergies of the massW&eh it 
has been lifted 2 inches and 4 inches respootlvely and estimate the 
velocity ^ lifted finches.' 
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73. An engine pumps water through a hose, and the water leaves 
the hose with a velocity v ; shew that the rate at which the engine is 
working yuries ns v^, 

74. The weight snpprjited by the driving wheels of a lixjomotive 
engine is 24 tons and the coeflicient of friction between the wheels and 
the rails is if the engine be of 700 h.p., shew that the maximum 
velocity which the train can have, so that the wheels do not slip, 
is about 30 miles per hour. 

75. A railway train, of mass 3/, goes from rest at one station to 
rest at a second station, a distance l/\nt seconds ; the friction of the 
rails, etc. causes a resistance of R lbs. wt., and for a portion of the 
distance the engine exerts a constmit pull equal to P lbs. wt. “Hhew 
that 

P- . 

Ry(‘-2m' 

and that P acts for a time 

2Ml 

ligi' 

76. A cyclist and his machine together are of mass M lbs. ; if he 
ride, witliout pedalling, down an incline of 1 in m with a nnifonn 
sjK'ed of V ft, i)er sec., shew that to go up an incline of 1 in n at the 
same rate be must work at a rate equal to 

3/1"- + -"I ii.p. 

Lmi nj ooO 

77. A cyclist ridesf at the rate of 12 miles per liour on the level 
and 5 miles per hour up an incline of 1 in 40. The resistance to his 
motion other than that duo to the incline being supposed constant, find 
this resistance, and also his greatest velocity down an incline of 1 in 100, 
if the weight of the rider and his machine be 180 lbs., and if he 
always works at a constant ii.p. 


78. Find the velocity acquired by a block of wood, of mass 
J/lbs., which is free to recoil whbn it is struck by a bullet of mass 
VI Ihs.,, moving with velocity v in a direction passing through its centre 
of giMvity. 

If the bullet bo embedded a feet, shew that the resist:ince of the 
wood to the bullet supposed unifomi is 


Mni V- 
il + m 2ffa 


lbs. wt., 


and tliat the time of penetration is — secs, daring which time the 

V 


711 

M+ni 


a feet. 


block will move 



ANSWERS TO THE EXAMPLES. 

I. (Pa^es 13—16.) 

.4^ 100 feet. 5. 120". 

7. At an angle cos“^ (~^)» .126* 52' with the 

currwA ; perpendicular to the current so that his resultant 
direction makes an angle tan ’ i.e. 59" 2', with the current. 

8 . 4.^3 miles per hour; 12 miles per hour. 

9. At an angle of 150" with AB produced; it will 
strike S at right angles at the end of fifteen minutes. 

10. At an angle of cos“^(— with the direction of 
the car’s motion. 

11 . at an angle of elevation of tan“^| with a 
horizontal line wliich is inclined at ^ north of east. 

12. (v'3-l) «; (76- 72 ) 5 . 13. 60°. 

14. 14 at an angle cus'^^-jJ- with the gi’e.atest velocity. 

n. (Pages 21 — 24°.) 

1. 55 ft. per sec. at an angle tan“^(— J) with the 
direction of the train’s motion' 

2 . 20 miles per hour at an angle tan“‘ J west of north, 

3. 1 5 miles per hour north-east. 

4. 10 miles per hour towards the south-east. 

5. 39 miles per hour in a direction nortli of 

east. 

6 . 32 Yx miles per. hour. 

7. 2^31 niile-s per hour at 45* ta the vertical. 


L. D, 


16 
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8. 7 V 5—2 miles per hour. Draw OA ( = 14) towards 
the east and OB (= 7) towards the south-east and complete 
the parallelogram OABG. Then OC is the required direc- 
tion. 

10. secs. 13. 24 minutes ; 6 miles? 

14. 2yV ft. per sec. at tan*"* | with BA j 3 feet at the 
end of l|-g- seconds. 

16. 4^2 miles per hour towards the south-east. 

17. Towards the cast. 18. S?’ and v. 


1 . 

2 . 

3. 

4. 

6 , 


III. (Pages 26—28.) 

20^r 

— ^ radians per sec. 

Sir r.idiana per sec. ; .50^ ft. per sec. 


ft. jmr sec. ; raiUans per sec. 


300 


1 ; 20 : 360. 
D-d 
"D ^ 


5. 2| miles per liour. 


8 . 

u 


10. 60^3 (= 103‘9) miles per hour at + 30'* to the 

Ijorizon. 


11. -V- radians per sec. ; 30 miles per hour. 

12. 22 radians per sec. ; 30 miles per hour. 

13. 20 miles per hour; 10 miles per hour at +60* to 
the horizon; 10^3 miles per hour at + 30* to the horizon. 


IV. (Page 30.) 

2. 5 miles per hour in a direction tan' * ^ north of west. 

3. 6 ft. per sec. at 120** with its original velocity. 

4. 20>/2 — ^2 ft. per sec. towards N.N.W. 

5. * 12 ft* per sec. at ISO** with its original direction. 



ANSWERS 


iii 

V. (Pages 39—41.) 

A * 

1. (1) 17 ft. per sec.; 47i feet. (2) 0; 24 J feet. 



~ TK ^ ^ T1 (4) 3 ft. 

per sec. ; 6 secs. 

2. 

40 ft. per sec. ; 400 feet. 3. 

40 secs. 

4. 

20 ft.-sec. units. 5. 

10 secs.; 150* cms. 

* 6. 

In 50 secs. ; 25 metres. 7. 

18 ft. -sec. units. 

8; 

10 ft. per sec. ; — ft. -sec. unit. 


9.. 

19 ft. per sec.; 3 ft. sec. units; 

60^ ft. 

10. 

5 secs. ; 12^ ft. 11. 16 ft. -sec. 

units; 30 ft. per sec. 

12. 

30 ft. per sec. ; — 2 ft.-sec. units. 13. 30 ft. 


14. and secs, respectively. 

O O O 

15. In 2 secs, at IG ft. from 0, 16. Yes. 

17. Its displacement is \/61 + 42 ^/2 ft. at an angle 

2 + /2 

tan~^ - north of cast. 

18. 1 0 secs, or 30 secs. 20. 3G^ mile^ per hour. 

21. 323'5 feet; in the 4th sec.; 24 ft. -sec. units. 

22. 372-5 feet ; J ft. -sec. units. 


VI. (Pages 46—48.) 

1. 25 ft. ; J sec. and 2| secs. 

2. (i) In -J. I sec.; (ii) in seas. 

3. In H and 2^ secs^ ; 50 ft. 

4. (1) 1600 ft. ; (2) ^v^lO sec. ; (3) 60 ft. per sec. 
upwards. 

5. 432 ft. 6. 44 secs. 7. 2 secs, or secs. 

8. 545 cms. per sec. ; ^ 9- 1^*2 secs. 

16^2 
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10. 

218 metres ; . secs. 

11. 

3218. 

12. . 

900 ft. ; 7 J secs. 

13. 

100 ft 

14. 

400 ft. 

15. 

144 ft 

10. 

256 ft. per sec. ; 1024 ft. 



17. 

^ ~ 5 ; 64 ft. per sec. 

18. 

784 ft. 

19. 

1120 ft. j)er sec. 

20. 

.150 ft 


Vn. (Pages 60.) 

1. 200 ft. ; 5 secs. 2. ,16^3 ft. per sec. ; ^/3 secs. 

3. 30\ 4. '^1 : 4. 

5. (1) - 89^ ft. ; - 60|^ ft. per sec. 

(2) 217-J ft. j 92^ ft. per sec. 

6. 30“. 7. CO 8 - 4 , 75** 31'. 


Vm. (Pages 54—57.) 

1. 40^0 ft. 2. 1 sec. ; 1 secs. 

3. 96 ft. per sec. ; zero. 

4. The first will liave fallen through one-quarter of the 
height of the tower. 

^ Vi 

5. 

6. sIffK where h is the height of tlm plane. 

7. At the end of time i (*^ + 4^0 starting of 

the first particle and at a ^ 

a 19 secs. 9. 96 ft. lo! 196 ft. ; 112 ft. per sec. 
11. The parts are 32, 96, and 160 feet; 3 secs. 


/2X * 

— cosec a sec a, 

9 » 


20 . 


v/;-F5- 


« , 


19. 
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24. I \ ft. -sec. units ; ft.-sec. units ; 40 miles per 
hour. • 

25. CO miles per hour; 44 secs. ; 1936 ft. ; 8 secs. 

2^ 15 ft.-sec. units ; 40 ft. per sec. 

29. ft.-sec. units; ft. -sec. units; 2 hrs. mins. 


IX. (Pages 66—68.) 

M (1) (2) (3) jlg ft.-sec. units. 

5. (1) 200 poundals; (2) 6|; lbs. wt. 

6. 15 lbs. wt. 7. 15® lbs. wt. 

8. 48 ft.-sec. units ; 720 ft. 

9. 1 : 64 ; 5 ft. per see. 

10. 7\ secs. ; 13^ ft. per sec. 11. 2 min. 56 secs. 

12. 14 secs. 14. 180 feet. 

15, 363^ cms. per sec. ; 1^1,^ cins. ; 21800 cms. 

16. 49*05 kilogrammes. 17. 144 lbs. 

18. 12 lbs. 19. 7)J lb4 wt. , 2372 lbs. wt. 

20. They are equal. 21. 110 lbs. wt. 

24. 133 J ft per sec. 


X. (Pages 81. 82.) 

1. wt. 


2. (1) 4 ft.-sec, units; (2) 7| lbs. wt. ; (3) 20 ft. per 
s(‘c. ; (4) 50 ft. 

3. (1) 10| ft. per sec. ; (2) 21 J ft. ; (3) 640 and -512 
ft. respectively. 

4. 4*41 . . .metres ; 495 grammes’ wt. 6. By 2 lbs. vrt. 



m 

* 5 - 


8 . 


9. 16 ft. 
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10. (1) ^ j (2) >/5 secs. ; (3) ft. per sec. ^ 


11. 

2 secs. 





12. 

(1)2 ft. -sec. units ; 

(2) 

lbs. wt. ; 

(3) 6 ftj. 

per 

sec. ; 

(4) 9 ft. 




13. 

3~2 /2 

— Y ^ ^ ri v-* + 

l)sec. 14. 

40 ft. 


15. 

21 lbs. 10 ozs. 16 

. 5 

ozs. 17. In 

ratio 19 : 

13. 

18. 

21 and lbs. wt. ; 

y 

6 ‘ 

19. 29 ft. 

9 ins. neai-Jy. 


XI. (Pages 86—88.) 


1. 

11,,. .Q 

U <7 i/ ♦ 

2. 40*6 ft. per sec. ; 9G feet. 

3. 

•1. 

4. ” sec. ; 8 .^^2 ft. per sec 

5. 

ly/5 secs. ; ^ 5 - Jo ft. per sec. 

6. 

16;^/5 ft. per sec. ; 80 ft. per sec. 

8. 

The larger mass descends with acceleration 


t 

2v'3-3 

9 - 

9. 

The particles 

do not move. 10. 2117^ ft. 

11. 

C05 : 18. 

12. (i) 5 min. 8 secs. ; (ii) 67 7 G feeU 

13. 

1 min. 42f secs. ; 2258-| feet. 

14. 

tons' wt. 

15. 1 mile 1 408 yd.s. 

16. 

1224§ yds. 

17. 411^Vfffeet. 

18. 

tons' wt. 

; 1 in 77 about ; 1 in 50. 


XU. (Pages 93—97.) 

1. 

Zero. 

2. (i) 20 lbs. wt. ; (ii) 20| lbs. wt 

3. 

164 Ibs^, wt.. j 

70 lbs. wt. 4. 


5. 2067| ft. 

6. 297 grammes’ wt.; 2^0 and 264 grammes’ wt. 
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vii 


7. 

8 . 

10 ., 

14. 


21 , 

24.; 


3 ozs. wt. j j ; 2^ ozs. wt. ; 3 ozs. wt. 

•938 ton’s wt. 9. 30-4 lbs. wt. nearly. 

7521 lbs. wt. nearly. 13. 10 hang vertically. 

3 : 5. 16. 80 feet. 

2:1. 22. 1-9... secs. 


18. tons. 


23. 


3WP 


m goes up with acc. 


%. 

13^ 


Af go^is down with«^icc. 


(/ 

13- 


4 : 7)1771 . . m 

26. Jz -- — — 7 ; the acc. is 


- 7)1 


7f)i + m 


i/- 


Hi + t)i 

27. ft. -sec. units. 28. 

29. 320 feet ; 28 miles per hour. 




XIII. (Page 102.) 


1. ft. per sec. 
5, 17'f ft. per sec. 
7. 9HSI tons’ wt. 


4. 6^ ft. per sec. 

6. 6*8... ft. 

8. 1431 ft. per sec. nearly. 


XIV. (Page 105.) 

1. IGO. 2. 213 J. 

4. 14-685 lbs. wt. 5. 21 

7. 7,392,000 ft, lbs. ; 7-46 ir.-p. 

9. 209*2... tons’ wt. 


3. 119*4(5, 

6 . 

8. 152 ft. lbs. 


XV, (Pages 111, 112.) 

1. (i) 5120, (ii) 1280, (hi) 0, units of kinetic energy, 

2. 15625. 3. 125 X 10®. 

4. 625 X lO'"; 3125 x 10«. 5. 3160^?- ft. lbs. 

6. 1 : 2; 15 : 1 ; 300 and 600 poundals; 600 ami 20 

feet. 
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3. 

5. 

6 . 

7. 

8 . 

11 . 

12 . 

14. 

16. 

18. 

19. 

22 . 

24. 

26. 

27. 


XVI. (Pages 114—117.) 

896000 units of impulse ; 4 ft. 

I ft ; tVn/ 10 ( = •226...) secs. ; f 

I 

7 ’997 cms. per sec. ; 40775 grammes^ wt nearly. 
Wt. of 104 cwt. 

The masses move with a telocity of 24 ft. per sec. 
ft. per sec. ; ft. per sec. 

^ , where ti is the common velocity. ^ 


13. 7 ft. ; 26 J secs. 


M + in ‘ 

The velocities become ultimately equal. 

*160 : 1. 17. 20»J2 ft. per sec. ; 560,000 ft.-lhs. 

28, 233, 333 J ft.-lbs. 

21. 3520 ft.-lbs. 

SSA^u 

jij 

3 lbs. wt. j *24^ lbs. wt. 

33 J units; lbs, wt. ; ti.-p. 


11 tons’ wt. ; 

Ilf. ST 


lOJS. 


69 '12 lbs. wt 


XVU. (Pages 127, 128.) 

1. (1) 16 ft ; 2 secs. ; 1 10-9 ft ; (2.) 75 ft ; 4%33 secfs. ; 
173-2 ft ; (3) 134-4 ft. ; 5-795 secs. ; 144 ft ; (4) 225 ft ; 
7^ secs. ; 1200 ft. 

2. 72 ft; 112Jft; 3l2Jft 

3. 2609 -58... metros; 652-39... metres. 

4. 4-04 seca ; 20 metres^, 

6. 1333| ft per sec. (. 


7. 2A; 
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IX 


8. 50*1 at taii“^ ( = 28* 36') to the horizom 

9. <(1) 16^17 (“65*97) ft. per sec. at tan”^ 4( = 75‘* 58 ) 

with the horizon. * 

(2) 16^37 (- 97*32) ft. per sec. at tan"' 6 (== 80* 32') 
witli 1;he horizon. 

10. 5543 yards nearly. 11. 13 secs. ; 33*28 ft. 

13: 40^6 ( = 97*98) ft. per sec. at 45* to tlie horizon. 

U. . 80^110 (^839*04) ft per sec.; 48^110 (- 503-4) 
ft. per sec. 

J5. 1 : ^3; 1 : ]. 17. (1) 45^ ; (2) 30*. 

18. 15*or75“. 


XVm. (Page 133.) 

1. 2500 yards; 21*7 secs. 

2. At a distance (^/3 - 1) ; . 

3. 62-5 ft. nearly; 1|(3 v^2— J&), i.e., 1’2 secs, nearly; 
S.'iLft. 

4. (1) 16000 ft; (2) 112000 ft 

5. 11716 ft and 27 secs, nearly; 10718 ft. and 25*9 
secs, nearly; 19048 ft. and 34*4 sees, nearly; 14444([- ft. 
and nearly 30 secs. 

<3. 2929 yards nearly ; 17071 yards nearly. 

8. 84*95 metres; 441*4 metres. 

» ' 

XIX. (Page 138—141.) 

1. A circle of about 91 miles radius. 

2. About tan” 43') to the horizon. 

3. 3i ft; 9*185... ft 4. About 121 ft 

In ^\;th sec. at a point whose horizontal anct vertical 
distances from the first gun 47*63... and 27*46 ft 



X 


BYUTAMiaS 


8. 30°. 14. 2. /--cos a. 

V g 

15. The rifle intist l)e pointed at the balloon ; the bullet 
will strike the body when it has fallen 16 ft. 

18. L>ilbs. 19. 5-6 ft.; 29-32 ft! 

20. 272ift.; 324 ft.; 225 ft. 

21. ~ (sin a + cos a) secs., where u is the velocity, and a 

U 

the angle, of projection. 

23. 80 ft. per sec. 

XX. (Page 148.) 

1. 7-29 ft. 

6. 2,^13 (-7*2) ft. per sec. at tan~^ '^(-- 16“6') with 

the plane. 

8. (1) 4y^43(-26*2)ft. persec. attan”^ ( 52'’25') 
with the plane ; 

(2) 20^/2 ( -28*3) ft. per sec. at tan ^ ..*36'’ 52') 

with the plane ; ^ 

(3) 4^57 (= 30-2) ft. per sec. at tan-' ^^(-23° 25') 
with the plane. 

XXI. (Pages 154—166.) 

1. and 4^ ft per sec. 2. Sf and 5J^ ft per sec. 

3. The first remains at rest; the second turns t^ack 
with a velocity of 6 ft. per sec. 8. 

9. (1) The masses are as 3 ; 1; (2) the velocities are 

as 1 : 2. * 

11. 5*66... and 2*5 secs. 

17, 5v'5m(=7^x 1M80...) at tan-'|^(=26"34'), and 

V^m(=« X 14-318...) attan-»^\(= 12° 6') 
with the line of centres. c* 
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XXIL (Pages 162—164.) 

3. 60 ft.; 3-464 secs. 4. 8 secs. ; 443*4 ft. 

6. At a distance h from the foot of the tower. 

9. At a point distant j^^th of the circumference from 
the starting point. 

16. * I pI sin® a cos a. 17. 2 ^3 ne ( 1 + e) ft. 

19. . Draw BN perpendicular to the vortical plane, and 
produce to C so that BN ~e .CN , tlie required direction 
lb then AC, 

XXin. (Page 172.) 

]. GO poundals. 2. 28*6. 3. 48*3. 

5. 24 ft. per sec. 6. About 13*1. 

7. 1 , ^ ^ tons’ wt, 8. 2* 12 tons’ wt. 


XXIV. (Pages 178-181.) 

1. About 5*GG lbs. wt. ; alioiit 8*24 ft. p^'r see. 
4. 12 ft. per sec. 6. 4 9 iiiolios. 

7. 3*02 inches. 8. G’18 inches. 


10. 60 


:alxmt 108. 


13. 371 : 3G<) : 370. 


16. m (ff — 4wV^6) poundalb ; \/ b * ^ 

19. iiitr : m'v\ 20. } * / , . 

Jtt V in {0 — a) 

21. It must be reduced to one quarter of its origiii.il 
value. 

22. 1 : J I 2 secs. 23. 

25. (1) *57 ton’s wt. on th^ inner rail approx.; (2) *80 

ton’s wt. on the outer rail approx. 
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XXV. (Pages 190—193.) 

1. (1) 20*8 ft. per sec.; 22*6 lbs. wt.; (2) 15*5 ft. per 
sec.; 7*6 lbs. wt. 

2. 21*9 ft. per sec.; 30 lbs. wt. 

3. 8^3 ft. per sec.; Smg. 

4. (1) 24ft. per sec.; (2) 12^2 ft. per sec.; (3) 8^3 ft. 
per sec.; 12 ft. per sec. 

5. 6 times the wt. of the particle ; 40 ft. per sec. 

6. 448 ft. per sec. ; wt. of 9 cwt. ; wt. of 4 cwt. 

9. ^f the radius of the circle. 


10. ^ and where d is the diameter of tlie circle. 

ol cl 


11. e — 13. 7^3w lbs. w't. ; 5^37/i lbs. wt. 

14. ^ Jga{iS7 + IIJ2). 18. 12 ft. per sec.; 9 ins. 

20. 80 cms. nearly. 


XXVI. (Pages 199, 200.) 


TT 

1. (1) Itt ^2 secs. ; (2) ^secs.; (3) 1 sec. 

2. 2J2, 1^, aftnd TT ft. per sec. 

3. (1) TT, (2) 32ir, and (3) 2 ft. per sec. 

4. 3*46 ft. per sec. 6. w secs.; 20 ft. -sec. units. 

7. 25 centimetres nearly. 8. 4 ins. ; I’ll secs. 


9. 

10 . 


- J2 secs. = *56 sec. 
o 


, where a is the unstretched length of the 


string, k its modulus of elasti<Hty, and m the mass of the 
particle. 


X±7IL (Page 206.) 


1. -20*4 f^ 3. 32-249. 

4. (1) 9-78 ins. j (2) 2-445 ins. j (3) 156-48 ins. 

5. 330. 7. 32-1^^... 8. 777^6 nearly. 



ANSWERS 


xiii 


XXVin. (Pages 211, 212.) 

1. ^2-185. 2. 100046:1. 3. About 215. 

4- It must be shortened by *008 incli: 

5. * It must be lengthened by *0045 inch. 

6. 432. ' 7. 55. 8. 981. 

9^ It loses about 10 secs. 10. 1630 yards; 5 secs. 

11. 10005 : 1; 1-852 miles. 

12, • 10-8 secs.; about -01 inch. 

20. ■ TT secs, > i ^ P®** 

XXIX. (Page 219.) 

1. 88 ft.^per sec. ; ft -sec. units. 

2. 1320 ft. per sec. ; 330 ft. -sec. units. 

3. 880 yards ; ft.-sec. units. 

5. 57^ feet. 6, 88 yds. 

8. (1) 8, (2) (3) 384000. 9. 3511303. 

10. 126 IJ. 11 secs. 

XXX. (Pages 224—226.) 

1. 40-^ poundals. 2. 1 poundal ; 10 foot-poiiiidals. 

3. I sec. 6. 8800 yards; 300 secs.; 543*\ tons. 

6. 342|^ yards. 7. 400 ft. ; 90 lbs. 

8. 11 lbs. 10. 1 : 9; 1 : 3; 2 : 15. 

12. > X 120^; 115200. 13. ft. ; | sec. ; b lbs. 

14. 800 ft.; 5 secs. ; 2 lbs. 

15. 14112 yards; 21 secs.; lb. 

16. 18*21... metres; 5'45 secs.; 4*30... grammes. 

17. 1 mile; 8 minutes; 99|| tons. 

18. 600 ft; 7^ secs. ; 1200 lbs. 

19. 2|^ miles; 15f minutta; 88 tons. 20. ^ lbs. 
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MISCELLANEOUS EXAMPLES. 
[Pages 231—240.] 


144 feet. 

1 J inclis. 

•77. ..sec. ; 217 : 162. 


2. 57 6 feet ; 6 sees. 

4. 7J^ oz. wt. ; 5;’ oz. wt. 


15. South-west. 


14. 


18. 


30?/- ’ 
30 

TT 


/ ^0 
V « • 


20. 00“ on each side of the vertical. 

27. Witilf an acceleration ^tana toward the side on 
which the particle is ; sec a times the weight of tlie particle. 

29. S’llbs. wt. ; f_ . 33. 

*■ ’17 6J/ + 5»f' 


„„ /I 1 4\ /I 1 4\ , n 1 4\ 

43. times the weight of the man. 

. 47. J ^2 secs. 54. i S^^lbs. wt. ; 10}*^ ll)s. wt. 

59. \/ ^~^ ’ point where the radius makes ;it 

angle of 30“ with the horizon. 

M+Jf'-M'tnna 


64. 7?ii7COS a „ . 

M + M ’¥ m sin^ a 

69. 3'he coefficient of friction must be < 


7/1 cos a sin a 


' M+ m cos'^ a * 

71, 1650 ft. lbs.; 737-5 ft. lbs.; 2387*5 ft. lbs. 

72. 2*45... and 3^ ft, lbs.; 3-89... and 10 ft. lbs.; 3 9 
ft. per sec. 

77. 3-^j- lbs. wt.; 27-i\ miles per hour. 
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